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Preface 


In 1976 the 8.Y.J C. (XIIth Std) svllabus was introduced for 
the first time. The first batch of students appeared for the S.Y.J.C. 
examination in 1977. The question papers set at this examination 
were a radical departure from the previous Inter Science examination. 
The questions were more of an objective nature. No proofs of 
theorems were asked. In genera] stress on theory was much less. 
More emphasis was laid on applications ‘.e., on solving problems. 
This experiment was continued for three years. The result was a 
tendency towards training students in mechanical applications of 
theorems and formula rather than understanding and appreciating 
mathematical reasoning. Consequently when these students took up 
Mathematics in F.Y.B.Sc., they found it extremely difficult to cope 
up with mathematical rigour and appreciate real mathematics. 


. Fortunately the H.S.C. Board has done some rethinking in the 

matter and has issued some clarificationsof the syllabus. These 
clearly seem to be intended to reverse the current trend. Now more 
emphasis is being gradually shifted to theory. Questions on theory, 
proofs of theorems will now be asked. There will be less number of 
objective questions. There will be only internal options in questions. 
Otherwise all questions will be compulsory. This means that the 
student will now have to study the theory carefully and be prepared 
to answer questions which will really test his understanding of the 
subject and concepts. He must bs able to prove theorems and also 
apply them to problems. | 


An wmmediate result is that books based on unclarified syllabus 
will not now meet the requirement of the students. Further the 
erpertence in teaching for the last four ears has brought home to 
the authors the lacuna in the books available and also the real needs 
in the light of the clarified syllabus. This is the reason why we 
have ventured to bring out these two volumes. 


(v2) 


We trust that these books will be appreciated by teachers and 
students. Any suggestions for improvement will be gratefully 
accepted. | 

We sincerely thank Shri T.N. Goel and Shri P.J. Singh of 
S. Chand & Co. for bringing out these books with their usual 
enthusiasm. | 


| 
June 1980.  A.R. CHANDEKAR. 
V.D. DESHPANDE: 

S.V. Kamat. 
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Syllabus 


S.Y.J.C. (MATHEMATICS) PAPER II 
Calculus 


1. Comvergence. Bounded and unbounded sets of real 
numbers. Least upper bound and greatest lower bound. The axiom of 
least upper bound. Every non-empty set of real numbers which is 
bounded above has a least upper bound. 


Convergence of a sequence to a limit. Motivation of (e,N) 
definition. Examples of non-convergent sequences. Algebra of limits 
of sequences (statements only). Monotonic bounded sequence has a 


limit. ¢ asa limit of the sequene ( V4 = Y'computation of limits 


simple examples. 
Convergence of series-com parison and ratio tests. 


_- 2, Limits and Continuity. Intervals, neighbourhood of a 
point. Deleted neighbourhood of a point. Behaviour of a function 
in a neighbourhood and at a point. Increasing and decreasing 
functions. Limit of a function at a point. Motivation of (<«,8) and 
(€,K) definitions—simple illustrative problems 


Algebra of limits—(without proof)—Assume lim ae =log, a 

| zyQ TF - 

Continuity at a point and in a interval. Examples of disconti- 
nuity. Algebra of continuous functions—(statements only). 

3. Differentiation. Derivation of a function at a point. 
Algebra of derivatives. Derivative of composite functions (upto two 
functions), chain rule. Logarithmic Differentiation. Derivative of 
implicit functions. Derivative of inverse functions. Geometrical 
and mechanical and mechanical applications of derivatives, Subtan- 
gent and subnormal. Interpretation of sign of a derivative. Relat- 


ed of rate and error problems. Mean value (Lagranges’) theorem. 
Maxima and minima. 


(+0 ) 


(x ) 
4. Integration. Integralas a lim of a sum. Integration 


of standard forms. Integration by substitution. Integration by 
parts. Integration by partial fractions. 


If | F(x)=[J (x) dx 


) 
then F(b)—F(a)= I. F(x) da 


; ae 
Reduction formulae for {, sin" «dx and 


relZ . 
| cos” a da. 
0 


Evaluation of area by definite integrals (intuitive approach). 
Volume of surfaces of revolution. 

5. Differential Equations. Graph of sin (ax-+ 5), cos (ax+6). 
Formation of a differential equation. First order differential equation 
in which variables are separable. | 

Second order differential equation of simple harmonic motion. 


dz, 
—_-- Ber 5 
dt see : 
Graph of y=a sin (bx -+-c) 
ana y=a cos (ba+¢). 


Applicavion to problems on motion under gravity, growth and 
deoay and law of cooling. 


CLARIFICATIONS 
CALCULUS—PAPER II 


Sr, ; Scope, limitations and Suggestions 
No. Unit/Subunit concepts to be empha- 
sized 
l 2 3 4 
SECTION I 


1. Convergence 
1, Bounded sets The definition of upper bound, Review of sequ- 
least upper bound, lower bound, ences. Graphical 


greatest lower bound representation 
must be emphasiz- 


ed throughout. 


(1) Condition that a given number 
is not a lower bound/upper bound. 


(x2 ) 


a eee 


Sr. : Scope, limitations and Suggestions 
No. Unit/Subunit concepts to be empha- 
sized 

i. 2. 3. 4 

(2) not least upper bound/greatest 

lower bound. 

Axiom of upper bound. Corres- 

ponding property of the greatest 

lower bound. 
2. Limit Limit of a sequence. Motivation lim - =0 using 

n— ~o 


of (© ,—N) definitions. Convergent the (c€ — N) defi- 
and nonconvergent sequences. nition is to be 
Examples of nonconvergent se- shown in_ the 
quences. class. | 
Algebra of limits of sequences 

(statements only) Computation of 


limits. While computing 
Uniqueness of a limit of a se- limits, the steps 
quence. must clearly iadi- 


Axiom: Monotonic bounded se- cate the Jaws of 
quences arc convergent. Discussion limits which have 
of convergence of geometric sequ- been used in each 
ences, considering different cases. step. 


The sequence 8,=( 1+- =) is , 


monotonic and bounded must be 
shown and is expected from the 
students. 
3. Convergence Concept of partial sums. Conver- Finding the sum 
of Series gence of series as convergence of of an__infinite- 
a sequence of partial sums. series is not ex 
pected. 


Convergence of > _ expected 


from students. 


Derivation of comparison and 
ratio tests in the limit from to be 
shown in the class. Applications 
only expected from the students. 


1 


( vit ) 


2 3 4 


2. Limits and 


Continuity 
1. Neighbour- 
hood 
2. Limit of 


a Function 


Intervals, neighbourhood, deleted 
neighbourhood. Behaviour of a 


function in a neighbourhood and 


ata point. f(x) is said to increas. lim f(z), 
L=> co 


ing at v=a if for some interval ;, 
(a—8, a+8), and for any two- ae US as 
points x, , x, in this interval such are not expected. 
that z,>2x, we have f(x,)>f(x) In examples of 
finding the limits 
of sequences and 
functions, sepa- 
Similar definitions for decreasing, rate steps must 
strictly deereasing & strictly de- indicate clearly 
creasing functions. the theorems on 
limits which are 
being used, but 
the theorems need 
not be stated 
Motivation of (€,, 5) definitions. verbatim. 
Algebra of limits (without proof). 


lim geaeni=s {Hm gen) | 
sin ay 


lim * 
t=a X 


=I 


and lim gos x=1 
x—»0 


to be assumed. No other trigono- 
metric limit should ve assumed. 


‘ qz—lI 

ao on = log, a 

to be accepted (without proof) and 
all other steps should be shown 
clearly. 


Uniqueness of a limit of a function. 


( iit ) 


1 2 


—_— 


3. Continuity 


3. Differentiation ( 


1. Derivatives 


2. Applications 
of Derivatives 


3 4 


Continuity at a point and in an Entire motiva 
interval to be defined. Examples of tion of continuity 
discontinuity. Algebra of conti- and discontinuity 
nuous functions (statements only). should be through 
Informal dicussion of continuity of graphs. 

standard functions, viz., constant 

function, power function, polyno- 

mial function, rational function, tri- 

gonometric functions, exponential 

function, logarithmic function. 

Discussion of inverse trigonometric 


functions through graphs. 
( 


Definition of a derivative of a 
function f as 


limit /(@+42)—S(2) 


h->0 h » (#0) 
and 

Lim LOL) 

eee x—a 


Using the definition to find the deri- 
vatives of : x", n positive integer ; 
trigonometric functions ; exponen. 
tial functions (ez, a‘) ; logarithmic 
function, 

Proofs of theorems on differentia- 
tion : 

u-+v;ku uv, u/v, composite fun- 
ction (use Leibnitz’ notation). 
Derivatives of inverse trigonome- 
tric functions; Derivatives of impli 
it functions, parametric differentia- 
tion ; logarithmic differentiation. 
Concept of higher order derivatives. 


Geometrical interpretation of the 


derivative at a point. Equations 
of tangent and normal to a curve 
at a point. Subtangent, subormal. 


4. Integration 


( xiv ) 


Angle between two curves. Ortho- 
gonality of two curves. 


Interpretation of the sign of the 

derivative, to be shown informally, 

using the definition of increasing 

and decreasing functions. Applica- - 

tions to polynomial functions — 

only. 

Maxima and minima of functions Define maxima 

and their applications. To decide minima geometri- 

the maxima and minima of a fun- cally as: 

tion, solve f’(z)=0. If f'(c)=0, use. 

the definition to decide the maxi- A function f has 

mum or minimum. Test of seconda maximum at 

order derivative is not permitted. 2—c if in some 

Lagrange’s Mean Value theorem, nbd of x=c it in- 

(Geometrical demonstration). creases from left 
upto c, and de- 

Derivative as a rate measure. creases to the right 

Related rate problems. velocity of x=c, Similarly 

and acceleration. Errors and for minimum. 

approximations, percentage error. 


1. Antiderivative Integral as antiderivative. Rules 


2. Definite in- 
tegrals 


of integration : 

S({F(x) + 9(2)]da= [f(x)dx + [o(x)da 

fk. f(x) dx = k ff(x) da; 

to be proved. Integration of standard 
forms. Rule of integration by subs- 
titution and parts to be proved. 
Integration by partial fractions 
(denominators involved should ke 
factorisable into linear and distinct 
factors). 

Notion of an area bounded by curve 
of a continuous function y = f (2), 
ordinates at z= a, x = 6 and the 
x-axis as the limit of a sum. Integral 
of a continuous function v = f (2) 


3. Applications 
of Integration 


(20 ) 


3 


defined on [a, b] as an area bounded 
by the curve y = f (x), ordinates at 


o =a, x«=b6 and the z-axis. 
Examples on definite integrals asa 


limit of a sum. Fundamental theorem 


of integral calculus (without proof) Converse pro- 
properties and evaluation of definite blems not ex- 


integrals. 


a a a 

Sf (x) dx = Sf(a—z) day [f(x) dx 

0 9 bs 
a 

= 2{f(x) dx if f(x) is an even function 
0 


a 
and {f(z) dz =0 if f(z) is odd. 


n/2 
Reduction formulae for f sin" n dz, 
ae 


7/2 


f§ cos"z dz. In any numerical pro- 


0 


blem the first reduction must be 
shown by the method of integration 
by parts. Other steps can be induced. 
For example— 


7/2 2 


m/ 
f sin7wdx = $f sin’ x dz has to 
0 0 


be calculated and shown and aubse- 
quent steps could be written down by 
induction, 


Evaluation | of area under a curve 
bounded by the axis of x and bet- 
ween the tivo ordinates ; 


Evaluation of areas enclosed between 
two curves, (simple examples) when 
points of intersection are given. 
Volumes of solids of revolution (about 
the axes of coordinates only) as a sum 
of volumes of elemental discs expiess- 
ed as definite integrals. 


pected. 


Proofs of pro- 


perties expec- 


ted. 


Sr. No. 


Unit/ 
Subunit 
l 2 


(xvi ) 


emphasized 
3 


5. Differential Equations 


1. Formation 
of Differential 


Equations curves 


Solution of a first order differential 
equation in which variables are separ- 


elimination of 


Scope, limitations and concepts to be 


Formation of differential equations of 
first and second order of a family of 


parameters. 


rable, and reducible to variables sepa- 
rable where a substitution is given. 


2. Simple Har- Formation of 


monic Motion 


dea 
dt? 


from the fixed point. 


Solution of this differential 
tion in the form x = Acos kt + B 
sin kt or x = Rain (« + kt), Graph 


of x = Rain (« + kt). 


+ k2x = 0, as a 


linear motion of a particle being att- 
racted towards a fixed point, the force 
of attraction varying as its distance 


equa- 


Suggestions 


4 


3. Application Application to problems on simple Sufficient dril- 
| harmonic motion, motion under grav- ling must be 


ity, growth and decay and the law of given in 


cooling. 


con 
version of 
simple physical 
situation into 


differential eq- 
uations depen- 
ding on _ the 
forms discussed 
above. 


I 


Sequences and Series 


1-1. Sequences 

A sequence is a function whose domain is the set of all 
natural numbers or positive integers. 

If f:IN — Risa sequence function, then its values are f(1), 
F(2), F(3)s veeeee , £(n)...... These terms are respectively called the 
first term, second term, ...... , nth term of the sequence, and more 
often than not we are concerned with the values of the sequences or 
the range of the sequence function. We normally write the terms of 
the sequence a8 Q, Qo, dz, ...... wo AY pit da eens etc., in place of f(1), f(2), 
f(3), «- ++ S(m)- 

a, is called the nth term of the sequence and we shall represent 
the sequence as (@2,) Or <a,>. We shall represent different sequences 
as (An), (Bn), (Cn), -.. ete. 

We give below some examples of sequences. 

(Oy TT Te le Vas Ie Vs waa 

(it) 0, 0,0,0,0,0,0,0, .......... 

(iii) 1,3, 5, 7,9, 11, 13, 15,17, .....0... 
(iv) 2,5, 10, 17, 26, 37, 50, 65, 82, 101........ 

(v) 3, 32, 33, 34, 35, 38, 37, 38,0. 

(vs) 100, 97, 94, 91, 88, 85, 82, 79, 76, 73, ........ 
(vod) oT, LL, LUT, -LV11, -VLM11, 2.000... 


(ii) VE VIVT » VINTT > VIVT FT 


(tx) 1,—1, 1; —I, I, —I, I], —l, 1,—l, 1. —l, wececcves 
(2) I, —2, 3, — 4, —5, 6, —7, 8, —9, 10, —ll, 12, —13 ecccce 
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A careful scrutiny of the above sequences reveals that each 
sequence is controlled by some sort of formula. In the first 
sequence, each term is 7, and in the second sequence, each term is (). 
A sequence, whose all terms are the same, is called a constant 
sequence. A sequence whose all terms are 0 is called a null sequence. 
In the (227) rd sequence, we have enumerated all odd numbers and the 
nth term of the sequence is given by (2n—1), In sequence (iv), the 
mth term is (n?+-1) where the nth term of sequence (v) is 3". The 
terms of the sequence (v) are in gevmetric pr gresston with a common 
ratio 3. The sequence (vi) has its terms in arithmetic progression 
with the common difference —3. In the (viz) th sequence, the nth 
term has in the first n places after the decimal points, 1 and the 
other places zeros. In the same way wecan put the terms of the 
sequence (viii) in some formula—which we shall discuss later. The - 
terms of the sequence (zz) are alternately 1 and —] and the mth term 
of this sequence is given by (-—1)"+1!. Such a sequence is called an 
alternating sequence. Inthe sequence (x), the nth term is given hy 
(—1)"*in. 

Thus, we observe that we are dealing with sequence in which 
the nth term of the sequence can be obtained by some formula. It is 
necessary to stretch one’s imagination and develop quick mathe. 
matical thinking to link the nth term of a sequence (a,) with 
natural number ~. 


1-2. In the llth standard, only arithmetic and geometric 
sequences were discussed in the form of progressions. The discussion 
was restricted to finding the genera] term (nth term) and an ex- 
pression (or a formula) for the sum of the first » terms of the 
sequence. The number of terms of the progression used tobe finite. 
We now discard this restriction and consider sequences which have 
infinitely many terms and therefore we call these sequences as 
infinite sequences. The discussion in this chapter, however, will be 
centred around the nth term of the sequence and the sum of the first 
m terms of the sequence. In the first part, we shall discuss the 
behaviour of the nth term as n increases without any ceiling. This 
will lead us to the concepts of convergent and _non-convergent 
sequences. A similar consideration of the sum of the first » terms 
of the sequence involves the discussion of a new concept, that of 
infinite series. 

1-3. Convergent sequences 
Let (a,) be a sequence such that, 


Ay,==2-+- oiea 


Sequences and Series 


Let us write down a few terms of this sequence. We have, 


therefore : 
ay = 22s i] = l, 


tg = 2— : = aa 
pntiedind, 
ts = — = ay 
A, = 2— = = 7 , etc. 


Observe that the first term is < 2, 

the second term is > 2, 

the third term is < 2, 

the fourth term is > 2 and so on. 
Also each term is closer to 2 than the previous term. 


The following figure makes this clear. 


} 1 2 3 
Fig. 1-)- 
Now | a,—2 | = 1, | a,--2 | = 4, | a,-2| = $, [ a—2] = } 
| as--2 | = 3, |. ag—2 | = 3 and so on. 
In general 
L 
ela ge 
Observe that 
1 ) 1 1] 
0? i see — BD es ee 
| @; | oes < 6’ | ag | 8 6 
and in general 
¥ 
| a, —2| = ce = for alln s6. 
n 6 


This means that all terms after the 6th will be inside the 
interval. 


) } 
sit, ne cae 
(2-9 26) 
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of which 2 is the mid point. Similarly all terms after the 7th will 


1 


lie inside ( 2— 247] and all terms after the 8th will lie 


oom ] 1 
inside (2— ra 2+ x) ‘ 
Conversely suppose we are given the interval 


1 l 
(2 To00 °*+ To00 ) 
We know that 


| @,—2 | = 
| 2:000—2 | — 
| iea-2 |= F055 
| @o02—2 | = a etc. 


e e 1 ] 
i i De eee een | 
all terms after tyo99 will lie inside ( “— 50> 2+ 1000 ) 


One can now verify that given any (small) interval around 2, 
we can always find a positive integer m such that all terms after ¢,, 
will be inside that interval. Mathematically this can be stated as : 
given €>0 we can find a positive integer m such that, 

| d,—2 | <e for all n>m. 

Here the interval is (2—e, 2+€). It is called the €—neigh- 
bourhood of 2. To conclude the discussion we observe that, 

(i) as we take larger and larger values of n, the terms of the 


(—1)” 
nr 


sequence (a,) where a, = 2-+-—— come closer and closer to 2 and, 


(iz) given €>0 we can find a positive integer m such that, 
| dn—2 | <e for all n >m. 


We say in this case that the sequence (c,) converges to the limit, 
2 as n tends to infinity and write, 


lima, = 2. 
m~ ~o 


2 is called the limit of the sequence (a,). 
Ex. 1. Consider the sequence (a,), a, = 34+ Let us write 
down a few terms of the sequence. We have, 


1 1 
a, = 341, 02 = 3+ > a= 3+. 
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1 et 
a4 = 3+ ye As = 3+ 5 5 
1 1 1 
we represent these terms in the following figure. 


oe es Ee ee 


3 l 
Fig. 1-2 


It will be observed that as becomes larger, a, comes closer 
to 3. | 


Also we have, 
Ap —d | = 
Consider the interval 
1 | ] 
| ( 3—FE900" °* 10,000 


Observe that | 
1 l 


| 00-3 | = i902 = 10,000 
1 ] 
joer 3 | = gir <T00 
I l 
| Ayy,—3 | = 1022 <"Tpor et: 


for all n>100. 
1 
| m—3 | < 7908 


- all the terms after ajo, will lie inside the interval, 


] 1 
( >— 10,000 3+ 15,005) 

Similarly given any interval (3—e€, 3-+€) we can always find a 
positive integer m such that all terms after a,, will lie inside this 
‘nterval. Mathematically we say: given <> 0 we can find a positive 
integer m such that, 

| a,—3 | <e for all n>>m. 
lim an — 3. 
ney Cc 

After carefully studying the above two examples, We are now in 
a position to appreciate the following definition of the limit ofa 
gaquence. 
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Def: 1.3.1. A sequence (a4,) is said to converge to the limit / 
if given €> 0 we can find a positive integer m, where m may depend 
upon €, such that | a,—l | <é forall xn > m. 

We then write 

lim «, = 1. 


?—> «wo 


Illustrative Examples 


Ex. 1. Show that the sequence (a,), where «1, = a con. 
n 
3 
verges to 9 
Sol. We have, 
pe on+l 
Ta 
3. oo] 
Bon 
3 3 ] } I ] 
mee ah ea ia ae 
Now, let € > 0 be given, 
. ] 
| dm —- 5 < € if ‘9, > § \ 


and consequently 


I - € ifn> 
Qn ~ 2€° 
ee cad 1 
Let m be a positive integer such that m >-—> . 
JE 


Clearly n > whenever n > m. 


Aan— 5 | < € if n 2m. 
3 
lim a, = 9 
Nyx 


It may be, however, remembered that every sequence need not 
be convergent and consequently every sequence need not have Jimit. 

Remark. It can be proved that the limit J of a convergent 
sequence is unique, whenever it exists. Also, only a finite number ] 
can qualify to become the limit. This means whenever a sequence is 
convergent, it has limit and the limit is unique and finite. 

We shall now consider those sequences which are not 
convergent. 
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1:4. Non Convergent Sequences 
Il. Divergent Sequences 


Consider the sequence (a,) given by a, = n?+2. Letus write 
down some terms of this sequence. They are — 


dy = 2412 = B, dy = 24272 6, a, = 2497 =, 
Q, = 2442 = 18, a, = 2-52 = 2%, 
dion = 2+1002 = 10,002, dtyq4, = 2-+1000? = 1000,002...ete. 


It is clear that the terms of this sequence go on increasing with 
increasing values of 2. 


Now, consider a positive number, say 1578938-78. 
Clearly @ys599 = 2+ (1500)? = 2250002 > 1578938-78 
Since the terms go on mcreasing with n, we have 
1591 > 1578938 78 | 
(y5y2 -> 1578938-78 ete. 
In general, : 
dy, >> 1578938-78 for all natural numbers 7 > 1500. It can be 
similarly verified that given any large positive number, we can always 


find a positive integer m such that a,, and all the terms after a,, are 
greater than the given number. 


Mathematically we state this as given any k>0, we can find a 
positive integer m such that 


dy, > k forall n > m. 
We shall now put this in formal definition. 
Def. 1. A sequence (a,) 18 said to diverge to+oo, if given 
k > Q, we can find a positive integer m such that 
a, > k for alln > m. 
we then write 


lim a, == +00. 
n—> co 


Some sequences diverge to—oo. The following example illus- 
trates this. 


Ex. 1, Show that the sequence (a,) given bya, = —n3 
diverges. 
Sol. dy, =—n3 


ad) =—l, a, = —(2)8= —8, 
A, =—(9)8=—125, ayy. = — (100)? = —1000,000 


It is clear that all the terms of this sequence are negative 
and they go on increasing in magnitude as n increases. 
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Consider now a positive integer, say 2000000. Then, we observe 
that 
3) = —(130)8= —2197000 < —2000000, 
Also, since all the terms of this sequence go on increasing in 
magnitude, 
Q431< —2000000, ay. < —2000000- ete. 
In general, 
an< —2000,000 for all » > 130. 


It can be similarly verified that given any large positive number 
k, we can always find a positive integer m such thata,, and the terms 
of the sequence after a,, are less than—k, 


Mathematically we can state this as: given k > 0, we can find 
& positive integer m such that | 


an<—k for all n>m. 


In this case, we say that the sequence (a,) diverges to—oo, 
This can.be put in the formal definition as follows : 


Def. 2. A sequence (a,) is said to diverge to—oo if given 
k > 0, we can find a positive integer m such that 
Q,<—k for all n>m., 
We then write 
lim a, = —oo. 
n—> © ‘\ 
1-5. Oscillating Sequences 


So far we have considered two types of sequences—convergent 
Sequences and divergent sequences. However, there are sequences 
which are neither convergent nor divergent. These sequences are 
known as oscillating sequences. 


Consider the sequence (a,); @, —(—1l)". The terms of this 
sequence alternately become —1! and I, irrespective of the magnitude 
of n. Since the terms of this sequence do not increase in magnitude 
with increase in value of n, this sequence cannot bea divergent 
sequence. Also, since the terms of this sequence alternately become 
— {and J, no real number can serve as the limit of this sequence and 
therefore this sequence is not a convergent sequence. Consequently, 
this sequence is an oscillating sequence. 

The sequence (ap); a, = (—1)n, takes the values —1, 2, —3, 
4, —5, 6, —7,......... The terms of this sequence are alternately 
positive and negative. The odd terms of the sequence diverge to—oo 
and the even terms of this sequence diverge to —oo. It is evident 
that this sequence as a whole, does not diverge to —oo or to+ oo. 
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Also, it is clear that this sequence does not converge. Therefore, 
this is an oscillating sequence. We say that the sequence in this case 
oscillates infinitely. | 

In the last two examples, we have considered sequences which 
are alternately positive and negative to _ illustrate oscillating 
sequences. However, an oscillating sequence need not be an alterna- 
ting sequence as shown by the following example. 

Consider the sequence (@,) given by ad, = 2+(—1)*. 

Here we observe that 

a,== 1, a <-2 3, @& = I, ag = 3,a, = lia, = 8......, ee 
Thus, the terms of the sequence are alternately 1 and 3 respectively. 

Since the terms of this sequence do not increase or decrease 
progressively, this sequence is of divergent. It can be verified that 
no real number can be a limit of this sequence and hence this 
sequence is not convergent. Therefore, this sequence is an oscillating 
sequence. 

We shall now give formal definitions : 

Def. 1. A non-convergent and non divergent sequence (a,) 
is said to be finitely oscillating if there exists a positive number k 
such that 

| an | <& for all natural numbers n. 

Def. 2. A non-convergent and non-divergent sequence (a,) 

is Said to be infinitely oscillating if it is not finitely oscillating. 


EXERCISE 1-1. 


1. Show that the sequences whose ‘nth terms are given below, are 
finitely oscillating : 


(i) (-1)"-12 (ii) sin (iit) cos nx 


(iv) sin [(2n~—1)7z/2] (wv) 54+(—1)?2 (wt): 14-(-1)". 
2. Show that the sequences, whose nth terms are given below, are 
in infinitely oscillating : 


(4) (—1)" 2" (tt) sin ( *) (i177) n2 cos nz 


os : —])"x~ 
(v) neos( 2 ) (v) (-1)" m5 (wi) 3 tan [ ¢ wl ] 


4 
(vii) —n Sec (nm). 
16. Algebra of Limits of Sequences 
On the basis of above discussions, we conclude that a sequence 
ig either convergent or non-convergent. If it is non-convergent, then 
it may be divergent (diverging to+oo0 or —oo) or oscillating (oscillat- 
ing finitely or infinitely). If a sequence hasa limit, then it ., 
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convergent. Whenever the limit of a sequence exists, it is wnique 
and finite. If a sequence coes not have a limit, then it is non- 
convergent. Thus, the problem of deciding whether a sequence is 
convergent or divergent reduces to the problem of finding its limit, if 
it exists. 


To find the limits of convergent sequences, we shall depend on 
some theorems, (or results) anda few standard sequences. These 
results are exactly similar to the results of finding the limits of 
functions which are discussed in the XIth standard. 


Theorems on limits of Sequences 


Let (a,) and (5,) be two convergent sequences such that 


lim a, =a and lim b, = 6 
n—> ow N— @ 


Then we can prove the following theorems : 
Thm. 1. lim (a, + b,) = lima, + lim 6, 


N—> co N-> wo n> » 
=a + b. 
Thm. 2. lim (a,—,) = lima, — lim 6, 
m—> @o N—> co my ~ 
=a — b. 
Thm. 3. lim (a,. 6,) = (lima,) /lim }, 
N—} co n>o /\ n>o 
nf 0 Sa b. 
Thm. 4. lim (k. a,,) = k lim a,==k. a \ 
m—>- oo lIh— oo 


Thm. 5. If}, 40 forall n and t -4 0 then lim / @ ) 


N—> a \ by 


lim a, 
eee “fi a 
~ hm 6, os 
mN—»> co 
Thm. 6. (7) lim Sin (a,) = Sin (lim «,) 
nm— ow m—> @ 
= Sina 
(it) lim Cos («,) == Cos (lim a,,) 
m— cw m— wo 
= Cosa 
(lim @,) 
(ii2) lim (22) = 2"? = 24, 
m—- 2 


provided z > 0. 


(2v) lim log (a,) = log (lim a,,) 
n= © N-> @ 


log a, 


! 
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provided a, > 0 for all n and a > 0. 


(vi) Ifa, =k for all n, then lima, = kt. 
NM) ~ 


Thm. 7. (i) If a, < >, for all, then 


lim a, < lim b,; t.e., a < 0. 
N—> M—> co 


(i) Ifa, < 6, for all x, then 
lim a, < lim 6,; ie, acl 


it=-> co tt—> 
(it) lim f[a,{|=| lima, |=({a|. 
ma N—> 0 


The above theorems imply that whenever (a,) and (b,) are 
convergent sequences, then (@n+0n), (@,.— nx), ( Qn), (Gn On), (An/On) 
(sin @,), (cos @,), (log ay), (2"), (| a, | ) are all convergent sequences 
and they converge to the limits indicated above. Therefore, when- 
ever we want to discuss the convergence of a sequence, we shall first 
explore the possibility of expressing the given sequence in terms of 
a sutn or difference or product or ratio etc., of two or more convergent 
sequences. If we succeed in doing so, with the help of above 
mentioned theorems and some standard results given below, we can 
obtain the limit of the given sequence without any difficulty. Before 
we actually deal with examples directly, we shall consider some 
standard results. 


1-7. Some Standard Sequences 
1. Let (a,) be given by a, = n?. Then, 
(t) (a,) converges to zero if p < 0, and (it) (a,) diverges 
to + cif p > 0. 
2. Let (a,) be a sequence given by a, = a". 
Then the sequence (a,) 


(a) converges for —1 <a < land lim a, = 0, 
m—> oo 


(5) converges when z = land lim a, = 1, 
™2—> co 


(c) diverges to + colfx > 1, 
(d) oscillates finitely if 2 = — 1; and 
,e) oscillates infinitely ifz@ << — 1. 
Proof. (a) Let|z|]<lor—l< x<landz = oo |e 
Now, | a} =]2r]=|2]* 
Let € > O be given. 
' Then, | a,| <eif | a | <e. 
But, | 2" | < eif nm log | z |< loge. 
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Since | x | <1, 4 0 and € is supposed to be small, 
log | x | < 0 and loge < 0. 


log € 
f eed Ea 
nlog|a2|< log €ifn > forest 
; eee | log € 
Choosing .m a positive integer such that m > i eas ; 
x 
we observe that | a,—0| = | an | < € if n > m. 
But this result is true for all small e. 
lim a, = 0 
nm=— co 
Also, if « = 0 then |x| = 0 and hence a, = 0 for all n. 
This being a constant sequence lim a, — 0. 
m=—> co 
lim a, = 0 for|2|<l. 
N—> 
“. If] 2] < 1, the sequence converges to 0. 
(6) Letx =]. 


Then a, = (x") = 1 for all n. 
| 


| @—L| = 1—1 | — 0 < e€ for all n. 
lim an = ] 
n—> co 
.. The sequence converges to 1 when x = 1. 
(c) Let x>l. 


Clearly a, = 2" > 0 for all n. 
Let k > 0 be any (large) number given. Then a, > k when- 
ever x” o> k, 
Now, x" > k whenever n log x > log k. 
Since x > land £ is large, without any loss of generality, we 
can assume that log z and log & are both positive. 
log k 
log x 
log k | =e 
log x ~ 
Then, @, > k& forall n > m. 
given any large positive number k, we can choose a positive 
integer,m such that a, > k forall n > m. 
The sequence (a,,) diverges to + oo. 
(d) Letx =—l. 


ay, = x2" = (—1)*. 


nlog x>log k ifn> Choose a positive integer 


m such that m > 


The terms of this sequence are namely —1, 1, —1, 1, —1, ], 
ae ae eee 1.e., the terms are alternately —1 and lL. 


Sequences and Series 13 


Clearly the sequence is not a convergent sequence. But 
| a, | =1. Therefore the sequence is not divergent. Hence the 
sequence oscillates finitely. 

(ec) Let 2 <—land let |z| =a. 

Clearly x =—a anda > l. 

w dn =O" = (—ay® = (—I1)" a"; a> 1. 

It is evident that the terms of the sequence are alternately 
and positive. 

Let & be any large positive number. 

Now, {| a, | = | (—1)" am] sar. 

|a,| > ifar > k. 
| a, | >& if nloga > log k, 


Since a > 1 and k is large, both log a and log & are positive. 
log k 
og a 


Choosing a positive integer m such that m > 


We observe that 
|a,j)>kifn Dm. 
The sequence (| @, | ) is divergent to + oo. 
The sequence (a,) cannot be convergent otherwise ( } a, | ) 
would have been a convergent sequence. 

Also, the terms of the sequence are alternately negative and 
positive. Therefore the sequence (a,) is neither divergent to —oo nor 
divergent to + co. 

The sequence (aq) is an infinitely oscillating sequence. 
3. Let (a,) be a sequence where 
d, =a ins a>0. 
Then (a,) converges to 1. 
Proef. (2) Suppose that a > 1. 
ain >] for all n. 
Put ai/s = 14h. Clearly h > 0. 


az (L+h) 
= l+nh+ sae | oases el eee a 
> l+nh. 

a > 1+nh. 

_ a—l 


Also, | d/2—1 | =@"—1=h, 
Now, let € > 0 be given. 
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|a/r—l | <eifh< e 
Dead 
| av/n—ll< € if aa ee 


a—l 


Choose a positive integer m such that m > 
Then, we have 
, ati7—] | < € whenever x > m, 


lim alin = ], 
m— oo 


(11) Suppose now that O <a <l.. 


a 


Clearly b >1 anda = - 


Jim (6U") = I by (2) above. 
R—> co 


By Thm. 5 and Thm. 6 (v), we have 
Jim (a) = lim ( ) 


N—> co N-> co bliin 


lim qi/n — ] 
N—> co 


(it) Leta = 1 
Then a, = a/n = ] for al) n. 
By Thm. 6 (v). 


| lim a, = 1. 
Nn @ 
By (2), (#2) and (212) above, = 
lim ai’» = 1] ifa > 0. 
n—> © 


4. The sequence (a,) given by a, = (—1)" n?. 
(1) converges to 0 if p < 0 and 
(si) oscillates if p > 0. 
Ylustrative Examples 
Ex. 1. Examine the convergence of the sequences whose nth 


terms are given below. 
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(2) m®, (ta) m9 (tat) (= Po)™ 5 (HH) (BS (w) (BY 
(vt) (2/5) 5 (vet) (—L)rn. 
Sol. (7) Put a, = n*?. Then (a,) is of the type (n?) where 
The sequence diverges to + x. 
(77) Puta, = n°3, This sequence (a,) is of the type (n®) where 
p=—3 < 0. 


Clearly the sequence (a,,) converges to 0. 


(101) Put a, = (— 9)”. In this case, the sequence of the type 
(z") where x = —,. Since —l< 2<1, the sequence 
converges to 0. 

(iv) Put a, = (2)". Then a, = 27 = (2)"and0 <2 <1. 

The sequence (a,) converges to 0. 

(v) Put a, = (2)7. Once again, here a, = (8)" and 2 > 1], 
The sequence is of the type (x") where z = 2 >). 

Clearly the sequence (a@,) diverges to + oo. 

(vi) Puta, = 2/5 = 5», 

There a, = a'/" wherea = 5 > 1]. 

The sequence (a,) converges to 1. 
(victy Puta, = (—I)* n. 
We have, then a, =(-—1)" n» where p=1. 
Clearly the sequence is infinitely oscillating. 


Ex. 2. Find the limits of the sequences whose nth terms are 
given below. 


J bt 
(t) T+ sa (tt) 3 + (—1)*n-?2, 
Sol. (1) Leta,=1 + ee : 
1 


Let (u,) and (v,) be two sequences such that wv, = 1, v, = a 
for all natural numbers. 
Then a, = Uy, + Un. 


Also lim u, = 1 and 


n—> co 
~ r= @ 
lim a, = lim u, + hmv, 
N—> wo N—> co N—> 


l—> CO n—> 2 
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= | + 0 = 1. 
lim a, = 1 
N—> co 
(ii) Put a, = 3 + (—1)" n-? 
Let u, = 3 and v, = (—1)" n-? 
Then lim u, = 3 and 
N—> co 
lim y= 0. 
n> © 
Also An = Un + M% 
lim a, = limu, + lim v, 
N~> eo N= co Mh—> co 
= lim 3+ lim (—1)"* 773 
n— wo n—> co 


Ex. 3. Obtain the limits of the sequences whose nth terms are 
given below : 


? ; 1 +28 : cee 
oo ee Gis) Lb24+ 3° tote 


3 


Qn? +1 n? +. 2n n2 
; n? +. 3n 
Sol. (t) Let an, = on? + : 
Dividing the numerator and the demoninator of a, by n?, we get 
3 : 
a shi 7 
rn —<—————————— 
L 
2-4 = 
Now, 
1 on al 4 
lim ( 245 | = lim 2 + lim 
n=) wo N—~> co N—> co 
=2+0=20 
] ’ 
and. ( 24+—y | + 0 for all n. 
Jim (2 +=} - 
lim a, = 28) fh 
n—> co lim ae: 
n—> © (2 v n? 
L+0 1 
2+0° 2 


In this example, we have used Thm. 5. 


Pe n+l 
(20) Let a, = “2? + On 


Sequences and Series 17 


Dividing the numerator and the denominator of a, by 1%, 
we get 


1 oo. 
a ee 
n= 9 
1+ 
‘ 2 
Also, lim (2 +5] =-14+0= 1+~0 
N—> aw 
Bae ee 
and ji + + 0 for all n. 
Applying Thm. 5 we get | 
I 1 
re ae 
hm a, = lim os 
—> 2 T—> co ' Se: 
I 1 
— lim aes aes 
lim ( “ 
i eee 
(ee a) 1) ) 
ier 
jim a, = 8) 
%m—> co 
1 2 3 
(té¢) Put ap Ble r ale 
_fe2@+)) 
_ Q _mtti_ 11 
=~ mt OD + T° 
lima, = lim I 1 
n= oo n—> © > + =} 
= }+0=}. 


Note: Whenever a, is the ratio of two polynomials in 2, 
to obtain the limit of the sequence quickly, it is advisable to divide 
the numerator and the denominator of a, by n? where p is highest 
index (power) of m in the denominator. Afterwards, on taking the 
limits, one can easily obtain the limits of the sequence whenever it 
exists. It is observed that if the highest power of m in the deno- 
minator is greater than or equal to the highest power of n in the 
numerator, then the sequence is convergent, 
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Ex. 4. Find the limits of the sequences whose nth terms are 
given below : 


; In 3n-1 a 3” he Ont] 5nt+1 ath Dn 
r ; 
O) gare) (8) gear 
n n-1 
Sol. (7) Puta, = ill i 
5n+2 
2n \ I 3" \ 371 
Th a= ~~) eat 
en al ( Bn F - (s-) 
2\r I 3 \" I 
=(=) aT iz) 125" 
lim a, == lim 2 \" I " 14 
we” wool (oe) X ap + (5) X Tae] 


Ny>ao tl 5 25 N—> co 95 
J l 
— 0 ie 
X gp + 2X 455 
”. The sequence (a,) converges to 0. 
as | 3” Qntl 
(77) Let an = ETT 
Divide the numerator and the denommator of a, by 3”. Then, 
we get 
Qn 2 \n 
mie aa eae 1+( | xe 
Oy == — a 


I: i 1 \» 
oe (5) 
3 3 Re 
Now, 1+(4)" 40 for all n and also lim [1+(3).] = 140=1 
n~—> oo 
lima ™ = lim 1+(%)"x2 
N—> co N= © 14 (2)" 


lim 
noe (L+)x2y ‘ 
lim (14+(4)"] 


Na dD 


The sequence (a,) converges to l. 
prtl + an 


(022) Let ay, = Bn-1 1 3ntl | 
Divide the numerator and the denominator of a, by 5". Then. 


we get 
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~ an . 29\n 

; 7 &r lis (=) 

iy = I Sn == aay a 3 
ee ee ee (=) x3 


Now, 2 -- (2)" x 3 4 0 for all n and lim [ 3 + (3)? x 3] = 


lim 4,, = lim 5 + (2) 
10—> co N—> co f 1 re (2)" x 3 
lim 
_ me [+5] 
lim {3 + (3)" X 3] 
n+ Oo 
— Op. a 95 
pa ee OP alg) | 


The sequence converges to 25. 


Note: In case of Ex. 4, it can be seen that the nu- 
merator and denominator of each term of the sequence consists of 
the sum of the terms of the type a*+? where p is some constant. 
In case of the number a+?, we call the number aas the base and 
(n + p) asthe index. Ifthe terms of the sequence are of the type 
given in Ex. 4, it is advisable to divide the numerator and the 
denominator by x" where zis the greatest base number among the 
terms appearing in the denominator. This helps to evaluate the limit 
of the sequence quickly. 


Ex. 5. Iivaluate the limits of the sequences whose nth terms 
are given below. 


(2) a e 2n24+2n+5 
J nmi+l— vn—l; (2) loss Soaaaae |) 


(217) Sin (21), 
Sol. (1) Let a, = Vn?+1—,/n?-1. 
We are aware that 


lim «f/f nm? + 1 = + oo and 
> @ 
N=> ow 


Therefore, apparently it seems that lim a, dves not exist. How- 
7t—> 20 


ever, if we rationalize the term, then we observe that the Immt dees 
eMUSt. 
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os vie } 
— (vl — a," (rr Jie =I) 
_ (+h) — (Wt = 
fm + 1 4 ft 
2 
Pe ap ed 


Now dividing the numerator and the denominator by n= 72, 
we get 


a) 
1+ is |. Vi : 
Also lim (visi ee vI=Ipe ) 2 res Ae 
lim a, = lim Boece | 
n=> N=» ew V 14 Unt 4+ J 1-12 
=, =0. 


.. Ihe sequence (a,) converges to 0. 


. Qn?42n+5 
(22) Let an = logs ( spear) 
Now, we know that 


ie ( prt ents | 


N—> © 2+5n+ 7? 
2 9) 
2 toe 
lim sigs ges 24040 2, 
= n> “= ie = 0+0+1 = T = _ 
ar Sie 
lim ay — lim log, ( 2n?+4 2n4-5 
N—-> co n> » 2+5n-+ 12 


2 
= log { Himf Stet oe | }} 
24 5n nn? . 


ee ee by Thm. 6 (iv) 
lim a, = i, 
i—>o 


-. The sequence (a,) is sonveloent: to l. 
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(224) Let Gp == Sin (21/r), 

Now, we are aware that 

lim (21/7) = l. 

nr—> wo 
lim Sin (2!/*) = Sin (lim 2 1/7) 
n—> ao u—> 


= Sin l. 


The sequence (a,) is convergent to Sin l. 


ee 


ee 


EXERCISE 1:2, 


1, Examine whether the sequences, whose nth terms are given below, 
are convergent, divergent or oscillating. 


; 1 i 3 ade (—1)” : ice 
(BP eae Gt HE SS ey. Bm ames: (OO AEX! FO aN nae. 


(vt) L4(—h)*tts (very mt (—1)" 5 (wide) Ttsa s(t) ae 


] F «oe eee . 
(@) do — 3 (wt) 2—nP 3 (wit) B—dn 5 (witty) QM; (win) (3.5;1 


2. Prove that the sequences, whose nth terms are given below, are 
convergent and evaluate their limits, 


-{-2 2n+3- pay 8-2 1—n) 
CR) a aE as M8) angi ° (1V) gz 3 (uv) Fag ? 
n243 Mant) .... 2-4-5 4-2 _. nory 
one d Goan OO) Enea FH) SG 
r3—3n2-41  Tn3-L2n2+ 5n--2 : 12. 92.1 92 bape 
(x) 73 (Tt) ON mee ay Pa a (72 ) abe Neal ie et ca ai , 
4.2n—n n8..-n2—4n 4.5 (n+ L)in+2)in43) ? 
on n®+-5n-+6 
(Beery eae an” 


3. Prove that the sequences, whose nth terms are given below, 
converge to Zero. 

n—l _. 2n+3 Te n2 1. 5n—l (i ]— n2 8n_ 2 

eas. (Gel aaa ese Ue ea eaeae 

n2B Tenant? () 7rys' () aro 


4. Show that the sequences, whose nth terms are given below, are 
divergent. Point out which sequences diverge to +o and which diverge 
to—o, 


met J _., ne4-3n-4-5 .. 8n+2n2—n3 a, Pa 
(i) ——= 3 (8) i hia ey Wi) sa ae (iv) ” ined 
n 2ni-1 2n++3n42 4n23.° 
ae | 9, 1] 2__53 
(v) Bolten (vi) =~" (v1) pee 
tage aaa 8) aa 
noe: 
(viii) Vin ty ” 
Wn tv n 


5. Find the limits of the sequences whose nth terms are given below 


1434+5+...--(2n—1). 
Loo. 3 in 


[4+-2+-3+4...20 


meth 5 () 


(«) 


> 
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©. 184-234-384. bs 24.92 _ 2 
( ie ) | ae | i u ; (Gv) ] 7 2 L 4 
ae lb ) 18 
}--44-7-b...+(87—2) 38 4-7-- 114... (4n—1) 


Spy 4 } ee ee 


(a eee cet a a tn aa 
Vo PeGg cactus). 1-427... 2(3n—9) 

6. Examine the sequences, whose nth terms are given below, for con. 
vergence and obtain their limits whenover they exist. 


G) V¥ne2— Vn; (ii) Vn enV eT 
(iiNet Vn oe 8) Vand Se 
_(®) (Vn+3- Vn—-LV n; 
(vi) (Vn—27 V 2-5) Vin 3 
(vit) Von2+3n+2~ V Inte n—3. 
4. Find the limits of the sequences, whose nth terms are given below, 


whencver they exist. 


Qe)" oy) gen tae Des” 3n+1__9n 
(+) ( )» (%) ’ (ere) j22" : (cv) Sntlpan? 
113.2" oe .. OMF+1 1 Ete ee 3\n 
C2 a pears CS (+) 
/ 
1\" co 
(:z) L-2-"  (@) (-z): (vi) 143-"—2-"; (xii) i 
2. 
e_(=y) 
rit") (+) (@1V) n/ § 3 vy s—T=—- 
( 5 X/ 5 (v1) n/ 249 
 5n-243n-3 _ QN4113n-3 
de In-242n-3 ” re) 4n—-1 4 5n+2 | 


ie 5x 2-38 x 3874246 x 7241 
(wort) TYR aT K6"-14.9K 72 


8. Find tho limits of the sequences whose nth terms are given below 


=) 2n+3 2n+5 
Cir ( Sn ) (aio) 


(i) 2 (‘i) 4 (iii) 9 
| In-+5 (ne +in+ 6 
——— : l —— : 
up oe ( 3 ous Canty) 
- 2209 
(yi) (—1)" tan ( (—1)” 7): (wii) sin (Feats : 
a n24-6n+7 ; : n2+ In +6 
(vil) cos 373 6n2 ao ; (72) Cos [ sin Css )] ; 
ANSWERS 
1. (i) 0; (ij) Lo ; (17%) 35 (iv) Finitely oscillating ; 
(v) Infinitely oscillating ; (v/) Finitely oscillating ; (vti) diverges 
Se ee (vidi) 1; (t7) 3; (w) 4; (wz) diverges to— a; 
(citt) diverges to— x ; fete) 1; (coi I. 
ee naps 2 3 | 
DQ Gia MORE) eas Ee (Uy), Saas 


ds Rid «2 : ] 7 
(viz) —15; (#vI2) ae (22°) 33 (x) —]; (272) fae ae as 


(iit) 2. 
\ 


( 
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4. (t) +0 ; (v2) +0 ; (112) —o 4 (vv) +0; (V)—o; (v2) “l= oo 3 


(vit) —w ; (vit) +o ; 
. 1 at Be. ae | ] 3 4 
5. (2) 29 ’ (22) “3 (222) “8 ’ (2v) a , (v) a (vt) 3° 
1 
6. (7) 0; (#2) ou) (172) O; (47) ~+— 3 (¥) 23 (22) = ; 
(vii) VF 
1 


7. (7) O; (tt) 03 (tit) diverges to +o; (tv) a 3 Qe 
(vi) O; (vit) 64; (vitz) diverges to+ oo ; (7%)0; (x)0; (zt) 1 
. fg 
(wit) 1; (wied) 2; (atv) 1; (xv) 1; (ve) = 3;  (evtz) 0; (xvitt) - 


I 


8. (i) V2; (#4) 13 (tt) 35 (2) a3 (%) Os (vt) Ls (wit) 0; 


(viii) 1; (2x) 13 (a) 1. 
18. Bounded and Unbounded Sets. 


Consider the sets A, B, C, D given as 

A={3, 4, 5, 6, 7, 8, 9, 10}, 

B={2, 3, 4, 5, 6,......}={r +1 /n EN}, 

oe ee , —3, —2, —l}=The set of all negative integers, and 

D ={—3, —2, —1, 0, 1, 2, 3,......}, 

All these four sets are sets of real numbers. These sets have 
gome interesting properties as mentioned below. 


(i) No element of A is larger than 10. Also if « is any real num- 
ber larger than 10, then it isclear that no element of A is larger 
than «. Similarly no element of the set A is smaller than 3. Also 
if 8 is any real number smaller than 3, then it is evident that no 
element of A is smaller than 6. 


(ti) In case of set B, no element of B is less than 2, Also if 8 
is any number smaller than 2, then no element of Bis found to be 
smaller than @ also. However, we cannot find a number « such 
that no element of J is larger than «a. 


(iii) In case of set C, it is observed that no element of C is 
larger than —1. Also, it can be verified that if « is any number lar- 
gerthan —1, then no element of Cis found to be larger than «. 
However we cannot obtain areal number @ such that no element 
of C is less than 3. 

(iv) Incase of Set D, we can not find real numbers « and 8 
such that no element cf D is greater than « and no element of D is 
less than 86. 

Then sets of the type B are said to be bownded below, the sets 
of the type C are said to be bounded above, the sets of the type A 
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are said to bounded (bounded above and bounded below) and sets of 
the type D are said to be unbounded. We shall now give formal 
definitions of these concepts, 


Def. 1.8.1. A nonempty set X of real numbers is said to be 
bounded above if there exists a real number « such that 


a<afor all xin X. 


Def. 2. A nonempty Set X of real numbers is said to be 
bounded below if there exists a real number @ such that 


8<-x for all x in X. 


Def. 3. A nonempty set X is said to be bounded if it is bounded 
above and bounded below. 


Def. 4. A nonempty set X is said to be unbounded if it is 
neither bounded above nor bounded below. 


It is observed that if X is any nonempty set of real number, 
then only one of the following statements is valid for X. 


(t) X is bounded, 

(ti) X is bounded above but not bounded below, 

(i*t) X is bounded below but not bounded above, and 

(iv) X is unbounded. 

The following examples will further clarify these concepts. 

Ex. 1. Classify the boundedness of the following sets of real 
numbers. 

(i) A={x [| —2<4<5} 

(it) B={2/ 2<2} 


Git o={—|nen} 


wv) Da{x /z<0} 

(v) B=z{x /x €/R} 

(vt) F={x /x<3} 

(vit) G={x /2gurgod} 

Sol. (i) A is a bounded set. 

(it) Bis bounded below but not bounded above. 

(i277) Cis a bounded set. 

(iv) Dis bounded above but not bounded below. 

(v) His an unbounded set. 2.e. His neither bounded above 


nor bounded below. 
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(vi) FF is bounded above but not bounded below. 

(vit) Gis a bounded set. 

Least upper bounds and greatest lower bounds 

Let A be any nonempty set of real numbers. 

Def. <A real number 7 is called an upper bound of Aif 

x<p for all x in 4. 

Def. Areal number q is called a lower bound of A if 

qx for all win A, 

ae the set A given by 

={—3, —2, —1, 0, ], 2, 3, 4, 5, 6} 

ae the set A is bounded above and bounded below. We 
may take —4 to be its Jowery bound and 7as its upper bound-as 
any number x of A satisfies the relation. 

Soh Ca], 

However, we observe that any number greater than 7, say 7-1 
or 8 or 100 or 1000 or 59200 ete is also an upper bound of A. Simi- 
larly, it can be verified that any number less than —4 is alsoa 
lower bound of A. This means, if A has anupper bound then A has 
infinitely many upper bounds ; and if A has a lower bound then A 
has infinitely many lower bounds. 


We ,may summarize these observations as the following 
remark. 


Remark. (a) Ifa nonempty set A of real numbers is boun- 
ded above, then A has at least one upper bound, and consequently A 
has infinitely many upper bounds. 


(6) Ifa nonempty set A of real numbers is bounded below, 
then A has at least one lower bound, and this implies that A has 
infinitely many lower bounds. 


Now, consider the interval I, 
[=(2, 3)a{a /[2<x<3, x E/R} 
For this set, 2, 1-5, 1-2, —3, 0, ete are lower bounds, But we 


can show that 2 is the ere: among all, these lower bounds. 
Since 2<z for all x in I, 2, qualifies to be a lower bound. 


Now, if y>2 is a lower bound of I, then y<za for all zx in I. 
y+? 
2 


<y and hence pte 


However, since 2<y, 2<< 5 


is an element 


of I. This means that I contains an element gave which is greater 


Sead 
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than 2 and further z<y. Hence, certainly y can not be a lower 
bound of I. This anamoly has resulted because we made a wrong 
assumption that y>»2 can be a lower bound of 2. This means that 
no number larger than 2 can be a lower bound of /. Thus, we observe 
that 2 is a lower bound of / and 2 is the greatest among all lower 
bounds of I. 2.¢. 2 is the greatest lower bound of I. 

In the same way, we can verify that 3is an upper bound of J 
and 3 is the least (smallest) among all upper bounds of J. 1.e. 3 is 
the least upper bound of I. 

We shall now define mathematically the greatest lower bound 
and the least upper bound of a nonempty set. 

Def. 5. Least Upper Bound (lub) 

A real number p is said to be the least upper bound of nonem- 
pty set A of real numbers if 

(2) is an upper bound of 4 and 

(22) no upper bound of A is less than p. 

Def. 6. Greatest Lower Bound (glb) 

A real number gq is said to be the greatest lower bound ofa 
nonempty set H of rea] numbers if 

(1) qis a lower bound of A and 

(22) no lower bound of A is greater than q. 

Ex. 2. Obtain the glib and lub of the following sets whenever 
they exist. 


(t) A={—3, —2, —1, 0,1, 2, 3, 4, 3} 

(2) B=[2, 3)={t/2Q74<3; «x ER} 

(iti) C=(--3, 7)={z/ —3<x<7; x eR) 

(iv) D=[0, c)={z/0K x; 2% ER} and 

(v) H=(—oo, —5]={z/xr<q—5 ; x CR} and 

(vi) 4 =Set of all real numbers =(—oo, 00). 

Sol. (7) The glb and lub of A are respectively —3 and 5. 


(it) The glb and lub of B are respectively 2 and 3. 

(iit) The glb and lub of C are respectively —3 and 7. 
(iv) The glb of DisO. Hewever, the set D has no lub. 
(v) The lub of £ is —5. But the set # has no glb. 

(vz) The set F has neither Jub nor glb. 


Now, we observe that some sets have lub but no glb ; 
some sets have glib but no lub, some sets have both lub and glb while 
some sets have neither lub nor glb. We shall therefore like to know 
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the conditions under which a given and nonempty set of real numbers 
has the lub and glb. 

We give below the criteria under which a nonempty set of real 
numbers has the lub. and glib in the form of axiom. 


Axiom of least upper bound 

Every nonempty set of real numbers bounded above has the 
least upper bound. 

It can be shown the same is equivalent to the following. 


Iivery nonempty set of real numbers bounded below has the 
greatest lower bound. 


It is worth noting that the lub of a set bounded above may 
or may not be an element of the set. In the same way, the glb ofa 
set hounded below may or may not be an element of the set. The 
following examples illustrates this aspect completely. 


The open interval (—2, 6) is both bounded above and _ below. 
Therefore, by above axioms, it has the lub and glb. It is an easy 
exercise to check that —-2 is the glb and 6 is the lub of this open 
interval (—2, 6). But neither —2 nor 6 is an element of (—2, 6). 

The set H=—{—3, —2, —], 0, 1, 2, 3, 4, 5} is both bounded 
above and below and hence it has the lub and glb. It is observed 
that—3 is the glb and 5 is the lub of #. In this case both —3 and 5 
are the elements of the set. 


The set F={x | —2<x <ll, x CR} is both bounded above 
and below and therefore it has the lub and glb. It can be verified 
that —2 is the glb and 11 is the lub of F. However, the glb —2 
is not an element of / though the lub 11 is an element of F. 


Ex.3. Find the glb and lub of the following sets whenever 
they exist. Examine whether any of them, whenever they exist, 
belongs to the set. 


(() A-{a/r=n? ;n CN} 


l 
(ii) B={z/z=1+ — 5 EN} 


(iv) D=(xJx=(—1)" 2 52 EN} 
(7) H={e/r=(—1)"n EN} 


Sol. (i) The set -4 can be written as A={1, 4, 9, 16, 25, 36, 
4(',,.., n?,..3. Clearly the set 4 is bounded below but not bounded 
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above. The glb of the set A is 1 and it is an elment of A. A has 
no lub. 
] 


(ii) The Set B can expressed as B= i ; i 1+ 


1+—,.., 1+---...,$. It shows that B is bounded above and below. 
n 


The lub of B is 2 and it is an element of 6. The glb of B is 1 but it 
is not an element: of B. 


1 1 
(iit) We can write the set C as c=42— T 2+ a 2, 
1 
244 eee |. Which op. rearrangement, can be put as o={ 2s 7 
I ] 1 1 ] 
9 Bahra nee, (oe rm Th) 
2 go> 2 Rootes Bhp 2p Bs hb This reveals that 


C is a bounded set and the lub of C is 24 and the glb of Set 


C' is 2 al, Both the lub and glb are the elements of C. 


(iv) D={(—1)" 2 /n EN}={—2, 2}. The glb of D is —2 and 
the lub of D is 2 and both lub and glb of D are the elements of D. 


(v) We can express the Set H as H={...... seasnes nay Gage) eres 
—1, 2, 4, 6, 8, 10,...... }. Since £ is neither bounded shave nor bo- 
unded below, # has no lub and no glb. 


Ex. 4. Examine the following sets for boundedness. Find 
their lub and glb whenever they exist and determine whether they 
belong to the set. 


(i) A={r/x?—8e+15<0; 2 ER} 

(ii) B={2/e’—3x4+250 52 ER} 

Sol. (i) A={x/x?—8x+15<0 ; x ER} 

We have, 22—82x-++ 15=(z—3) (x—-5) 

v2—s8xe+15<0 whenever (x—3) and (x—5) have opposite 
signs, 

Now, if z—3<0, then x—5<0. 

Also, if z—5<0, Then z—3>0. 

Therefore, whenever 3<x<5 then (a—3)>0 and (x—5)<0. 
Consequently (x—3) and (x—5) have opposite signs only when 
3-4-5. 

oe gt 82+-15<0 only when 3<4%<5 

we A={x/e29—82+15<0; « ER} 


{ 


Sequences and Series 99 


={xs<24<5 © ECR} 
=(3, 5). 
Clearly A is bounded, the lub of A to 5, the glb of A is 3. Both 
lub and glb do not belong to the set A. 
(11) B={x /x EC/N; 2?7—-32+2>50}. 
We have, 2?—3r7+2=(r%—1) (x—2). 
x°—3x+2>0 whenever (r—1) and (x—2) have the same 
signs or when either of them is zero. 
Solving x?—3r+2=0, we observe that z=1 or x=2. 
Also, when x<1 then (x—1)<0 and (x—2)<0 and hence (z—1) 
and (x—2) have the same signs, Similarly, when x>2, then 
(x—1) >0O and (z—2)>0 and hence they have the same signs. 


But when l<x<2, then (x—1)>0 and (x—2)<0, te. (x—1) 
and (z—2) have opposite signs. 
Consolidating above arguments, we observe that 
B={z/e ER; x<Klor x>2} 
B is not a bounded set. Therefore 6B has neither lub nor 
glb. 
+ EXERCISE 1-3. 
1. Examine the following sets for boundedness. State the glb and lub 
when they exist and find whether they belong to the corresponding sets. 
(1) Aw {z/t CR, 42-2} 
(7) B= {z/e ER; x>0}; 
(422) C= {z/x ER; %<10}; 
(iv) D = {z/z ER; eQ—2}; 
(¥) E= {z/x ER ; —1<7<2}; 
(vt) F = {z/rER ; 2<% <5); 
(vii) Ge {z/x ER ; 0&r<7} and 
(viz) H = {z/x ER; —3Q2<3}. 

_ 2. Write down the following sets by the roster method. Hence or other- 
wise find out whether they are bounded. State the g.l.b. and the lub when 
they exist and find out whether they are elements of the corresponding sets. 

(() A= {z/z = 1-2n,n EN}. 
(12) B= {x/z = (—1)" 2",n CN} 
(144) C = {x/x = Intl; nEN} 
(iv) D = {x/z = (—1)", » EN}: 
(v) E = {zx/x = sin “on EN); 
(vt) F = {z/x = (})"3n EN}; 
(vit) G= (e/x = — ;n EN); 


1 
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Gale 
n 


(viet) H = {aJ/x = 3-- -3;n ENN}: 


Ge) I = {tla = 2~ : : 2 EN} and 


re 
se 1\ 
(v@) J = {a/c = — ;n€ JN}. 


3. Examine the following sets for boundedness. Find their g.l. 6. and 
l.w. b. and determine whether they belong to the corresponding sets. 
(4) A= {t/t CR; (C—2) (vx—S5) <0} 5 
(ii) B= {x/m ER, z(e—3) >0): 
rt) C == {ule ER ; 'e+2) (x—4) <0} ; 
uv) D= {z/e ER ; 2°—5x+6<0} ; 
EK 
F 


) 
(222) 
(¢v) 

= {z/x ER; v?7~-4 u >0} and 
= {t/e ER: 222--5x0-+.3.<0). 


ANSWERS 


Key : m stands for the glb of the set 
M stands for the lub of the set. 


l. (t)m=—2€EA4; (12) m=0 GB. (127) M =-l0OEC 
(wv) M = —2ED. (vy) m=—l ge E,M=2€EE. 
(Vi)m=2 ARMS EF. (Viijm=aOEG;MA7 eG ; 
(vit?) m=— 3 EH, M=3EH; 
2. (1) M=—lEA; (27) Unbounded set. (272) m= 3 EC, 
(iv) m =—I, M = 1 both ED; (v) m =—I1, M = 1 both belong 
to E (vt) m= 0¢ F,M=i} EF. (viz) m= 3 ot G M 
=4 EG ,(viit) m = 2, M — 3:5; both belongtoH. (iz) m =1 ET, 
M—2 & I, (x) m =— = M = = both belong to J. 
3. (4) m= 2, M = 5; both belong to A. (47) ~unbounded set, 


(iit) m =—2, M = 4; both are not inC; (7v) m= 2, M = 3 ;both 


belong to D. (v) unbounded set ; (vz) m= 1, dD aes ; both belnog 


to E. 
1:9. Bounded and Unbounded Sequences 

With every sequence, we associate a set consisting of the terms 
of the sequence. Thus, with the sequence (a@,), we associate the set 

{x/a = a, ; m € N}. 

The sequence (a@,) is said to be bounded if the set of terms of the 
sequence is bounded. If the set of terms of the sequence has the 
lub, then it is called the lub of the sequence. Similarly, tf the set of 
terms of the sequence has the glb, then it is called the al: of the 


sequence. 
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Illustrative Examples 


Ex. 1. Let the sequence (a,) be given by 


a, = nt], 
Then, the set of terms of the sequence (a,) is 
{ 2,5, 10, 17, 26, 37, 50,......... ; 


Clearly the set is bounded below but not bounded above. The 
glb of the sequence is 2 and the sequence has no lub. 


Ex, 2. For the sequence (ap); a, = 1—2n, the set of the 
terms of the sequence is 


{—], —3, —5, —7, —9,......... }. 

It is evident that the set i3 bounded above but not bounded 
below. Therefore, the lub of the sequence is —1 but the sequence 
has no glib. 

Ex. 3. If the sequence (a,) is defined by 

a, = (—I1)*n, then the set of terms of the sequence (a,) is 

{—1, 2, —3, 4, —5, 6, —7, 8, —9, 19, ......... } 
which on rearrangement can be written as 
OU (eens eee eed Ree: ON es a || eR 

Clearly the set is not bounded. Therefore the sequence (a,) is 

not bounded. 


Ex. 4. Let the sequence (a,) be defined as 


eS ee Soe Then the set of the terms of the sequence is 
{0, 1+}, 1—}, 1+-4, ]—32, 144, vases sees } 


Clearly, the set 1s bounded and its glb and lub are respectively 
0 and 8. | 


Therefore, the sequence is bounded and its glb and lub are 
respectively 0 and 2. 
Ex.5. For the sequence (a,) given by a, = (—1)"3, the set of 
the terms of the sequence is 
{—3, 3, —3, 3, —3, 3, ...... } = {-38, 3}. 


Clearly the set is bounded. Therefore the sequence is bounded 
and its glb and lub are respectively —3 and 3. 


Remark. (2) In Ex. 1, 2 and 3, the sequences are not bounded 
above or below or are unbounded. However none of these sequences 
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is convergent 1.e., either they are divergent or they oscillate in. 
finitely. 


(ti) In Ex. 4, 5 the sequences are bounded. However, in Ex. 4, 
the sequence is convergent whereas in Ex. 5, the sequence is finitely 
oscillating. 


Note: (i) A divergent sequence is either not bounded above or 
not bounded below. 


(ii) An infinitely oscillating sequence is unbounded i.e., it is 
neither bounded above nor bounded below. 


(iat) A convergent sequence is a bounded sequence. 


(iv) A bounded sequence is either convergent or finitely 
oscillating. 


(v) If A sequence is either bounded above or bounded below, 
then it is either divergent or it is infinitely oscillating. 


1:19. Monotonic Sequences 


Def. 1. Monotone Increasing Sequence. A sequence (a,) 
is said to be monotone increasing sequence if, and only if, 


Qngi— Qn > O for all n. 


Ex. 1. Let (a,) be a sequence given by a, = 2. 


Clearly dni, = GQ, = 2, for all x. 


Ong — An = 2—2 = O. for all n. 
Qn, — Qn > O for all n. 


By above definition, (a,) is a monotone increasing sequence. 


Ex. 2. Let (a,) be defined asa, = a1 ; 
Then, | 

2 fos a n+l n 
Anti on = “intl+l ~~ n+l 


(m1)? — n [(n+1)4]] 
[(m+)+]) (n+) 
l 
(n+l) (n+2) 


Anz, — 4, > O forall n. 


— 


>O0. 


(2) 18 a Monotone increasing sequence. 


Remark: If the sequence (a,) is a monotonic increasing 
sequence of nonzero terms, then 


Ans1—4n > O for all n. 
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This implies that a,,,; > a, and 
consequently 


Sn+t_ > 1 forall n. 


n 
Sometimes this condition is used to define a monotone 


increasing sequence. 
Def. 2. Monotone Decreasing Sequence. A sequence 


(@n) is said to be monotone decreasing if, and only if, 
Anz1—@n < 0 for all n. 


Ex. 3. Let (a, ) be defined asa, = 5. 


Clearly, a...) = a, = 5 for all n. 


An+1— An 5— a= 0. 


Aniy—An <O for all n. 
(an) 18 a Monotone decreasing sequence. 


Ex. 4. The sequence (a,) defined by a, = = 1s & monotone 


decreasing sequence because 


— ol 1 _n—(n-+1) 
a os rr Sr oC es by 
—I 
meee 


Ongi—4n & O for all n. 
If the sequence (a,) is a monotone decreasing 


Remark. 
then as_ discussed above, we have 


sequence of nonzero terms, 


‘ntl <1 forall n. 


an 
Ex. 5. Prove that the following sequence, whose nth term 
is given below, is monotonic and bounded. 
2n+3 
‘An = eT 
2n+3 
Sol. i = a ae 
_ 2(n41)+8 2n+5 
antl = “a th+l ~ n+2 
_ 2n+5 2n+3 
Anti— On = TT. n+l 
_ (2n +5) (n+1)—(22+3) (n+-2) 
(n-+-1) (n-+2) 
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__ (2n?4-Tn 4-5)—(2n? + 7n +6) 
7 (n+1) (x+2) 
—l 
~ (n-+1) (m-+2) 
Seo < 0) 
(m+1) (n+2) 


Angi—4n <0 for all n. 


Anyi an = 


The sequence (a,) is monotone decreasing. We now show 
that the sequence (a,) is bounded. 


The sequence (a,) is bounded below, because for each n, 


As the sequence (a@,) is monotone decreasing, 
Ay D> Ag D3 -...0000. 
and therefore, 
Oo ay for all n. 
Hence (a,) is bounded above. 
2.e. The sequence (a,) is a bounded sequence. 
We now state the following results in respect of the monotonic 


sequences. We omit their proofs as they are beyond the scope of 
this book. _ 


Thm. 1. Ifa monotone increasing sequence is bounded above, 
then it is convergent. | 


Thm. 2. Ifa monotone decreasing sequence is bounded below, 
then it is convergent. 


Further, using above theorems, we can easily deduce the follow. 
ing results. . 


Thm. 3. If a sequence (@,) is monotone increasing and 
bounded, then the set of terms of the sequence has both lub and glb, 
and in particular | 


lub = lim Ly, 
N—> xo 
and gib =: ay. 


Thm. 4. If a sequence (a,) is monotone decreasing and 
bounded, the set of terms of the sequence has both lub and glb, and 
in particular. : 

lub = 9, 


and glb = lim a,.. 
einer 5 
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We shall now illustrate the above theorem with the help® of 
examples. F 


Ex. 6. Determine the lub and glb of the set of terms of th 
sequences whose nth terms are given below, S) 


142+4+3-...... n |. 
(i) a ae a saaie . 
Sol. (i) We know that 14+2+3.....42 = ee) 
eo e gS a soa, 2, Bat 
e ne 2ne ~ On 


(n+1)+1 n-+-2 


Any = Pia (n+ 1) = Oink (n 4-1) ° 
_  n+2 n-+1 
. Anzi— On = 2 (n+) es ae 
in (n+2) — (n+1) ees, | 


2n (n+l) ~~ 8n (n+h) 
An41— An 0 for all n. 


The sequence (a,) is monotone decreasing. But a, > 0 for 
all 1. Therefore (n) is bounded below. On application of the above 
theorem, it is evident that (a,) is monotone decreasing and bounded 
below and hence 

glb of the sequence = lim a,. 
N=} 0 
= lim n+ 


n ~~ s. 
ee In 


and lub of the sequence = 2 


9 
ge 
n+2 
(22) an, = as 
n+ 3 
fig (m+ \))-+2 n+3 
WA SS 
na-Y)--3 n+4 
3 93.1 >? 
nt. 4 +3 


ee eee 
(W+4) (# +3) 
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_ (n24.6n+49)—(n®4+6n-+8) 
(a4) (23) 
_ 1 
~ (n-+3) (n+4) 
OL Ong In = a. > 0. 
(%-+3) (n+4) 
(a,) is monotone increasing. 
n+2 
n+3 
A (a,) is monotone increasing sequence which is bounded 
above. 
.. (a) is a bounded sequence. 


e 
ee 


< 1 for all] x. 


But t, = 


Re glb of the sequence = a; = es 
and lub of the sequence = lim a,. 
N—> @ 
lim n+2 
ee yg 
— oe 


Remark, (i) If a monotone increasing sequence is not 


bounded above, then it is divergent and lim a, = + oo. 
N=—> Cc 


(ii) If a montone decreasing sequence is not bounded below, 
then it is divergent 
and lim a, = —oo. 

mo 

Following examples illustrates above remark. 

Ex. 7. Show that the sequences, whose nth terms are given 
below, are divergent. 

(2) a, = N4+2n+3; (8) a, = 14+2n—n?. 


Sol. (1) a, = n?+2n+3. 


. Anyy = (H+ 1)? +2 (n+1)+3. 
= n?t4n+6. 
Anyy—An = (n?-+4n+6) —(n?+2n+ 3). 


(a,) 18 monotone increasing. 
However, the sequence is not bounded above and as per above 
remark 


lima, = + oo. 
N—> a 
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(48) a, = 1+2n—ni?, 
. Any, = 142 (n+1)—(n+1)?. 
= 2—n?, 
Anyzi—4n = (2—n*)—(1-+2n—n*) 
= ]~2n <0 


oo Angi —-An < O for all n. 
Clearly the sequence (a,) is monotone decreasing but it is not 
bounded below. Therefore, as per above remark, 
lim a, =—oo. 
R= co 


EXERCISE 1-4. 


1. Give examples of : 
(t) monotone increasing sequence bounded above, 
(it) monotone decreasing sequence not bounded below, 
(ii¢) montone decreasing sequence bounded below, 
(tv) ® monotone sequence converging to 5, and 
(v) monotone increasing sequence which is not bounded above. 


2. Show that, the sequences whose nth terms are given below, are 
monotonic. Determine their lub and glib whenever they exist by making 
use of the theorems given above. 


(4) @_ = 1—2n; (i?) a, = 2n+1; (207) a, = nda. ; 
go 2 1 7 

(00) “qe (V) 9, = (n+l) (n42) ? 
. 3n +4 

(vs) as, = 4n +65 


3. Prove that the sequences, whose nth terms are given below, are 
monotonic. . 


: 1 1 1 ] 

©) n= pet eg t gag tee tay 
“0 ] ‘J 1 
(22) On = acl ae a 


(n41) (n-+2) 
(n+3) (W+4) 


1-11. General Sequences 


(422) Oy —— 


~ 


Now that we have discussed the sequences in detail, we are on 
the threshold of tackling most of the problems concerned with the 
sequences. In this article, our intention is to consolidate all the 
results of the sequences discussed earlier, and to expose the techniques 
and to illustrate the skilful use of the theorems and the other results 
through some illustrative examples. 
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Ex. 1. Prove that, the sequence given by 


Mathematics 


V8, V5/5, ViV55, V5 V5 A/S Gg. oes 


converges to 5. 
Sol. Let (a,) be the given sequence. Then 


(ea) 
a = Vivk =| 5 (1 +7/2) [a ay 2.2? 
(ded yh 


In general, 
] 1 1 1 
(gta tytetR | 
by, = 5) 


Now, we know that 


5 
, Also, lim 1— (5 y = 1-0 =]. 


m—> wo 


lim a, = lim ol! 
n= ox Nd x 


., The sequence converges to 5. 
Ex. 2. Prove that the sequence (a,), where 


° l l 


converges to a limit lying between j and }. 


1 


1 
On = Sapl tangs tInpe ttt oem 
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Sol. We have, p + 
J 


1 ] 1 
on = nl Ton+3 T In as T in—8 


T dn—l 
] 1 1 Ll 
Qnti=97 73 Tong + ....., Tage ern © 
1 
+an73 
1 ] ] 
Ony1—4n = GT tan43 an 
4n+1+4n+3 1 
= (dn Fyn 3) — Qa) 
4(2n+-1) 1 


~ (4n41) (4n4+3) (2n+1) 
4 (2n41) (2n+41)—(4n41) (4n43) 
(4n-41) (4n43) (2n-+1) 
(16n?+ 16n+4)—(16n?+4 16n-+438) 
(4n-11) (4n-+3) (2n+1) 
1 
= (nF Ga P3) (FL) 
On4i—@y, > 0. for all n. 
(a,) 18 Monotonic Increasing. 
Observe that, in | 
1 1 


1 1 1 
a= Fn tenp3 tinge tT in—1 oma | 


is the smallest term. Replacing all the terms 


l 
the largest and (4n—1) 
1 
of 2, by Sal ’ we get 
: : to n ter 
An < onl +iaa1 to n ms. 
% 
Qn <Sn pl ‘wel h) 
, we get 


Similarly, replacing all the terms of a, by = i 
1 1 t t 
> an—l1 Tan_—1°"°°° o n turns. 
nN 
4 a, aay ...(2) 
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Combining (1) and (2), we get 


n 


acne for all 
in <% < onl or all n. 


o+.(3) 
Also, a, < = 


Ln | 
n+l ~ In =? 


an < 3. 


(a,) is monotone increasing and bounded above and there- 
fore it is convergent. 


Taking the limits as 1-> «, (3) give us 


lim n lim a lim n 
N=> x (a)< "S ( 


tp 2 SN->x 27.41 


1e.¢< lim a, < t- 
N= x 
Ex. 3. Show that the following sequence 
‘-1,-1l, -111, -111, -L1111,........ 
is,convergent. 


Sol. Let (a,) be the given sequence. 


— 0 
1 41 
ag = :ll = io +108’ 
l ] 1 
a, = ‘lll = io +io2t+ ioe etc 
In general, 
| 1 1 1 WL 
An — 10 t+imtigt:: Tipn 
_il 
an = 10 


n——~ 
p~ 
B+ 
| ped 
si 
S| — 


l 
— 
T 


Je Srl sl 


1 1 
Te CR Ce 


| S| + = 


I 
o| 

— 

ae: | Gace | Se 0 

—_ 

| 

) mend 

ed eed 


Q 
3 
+ 
i) 
I 
| 
= 
| 
Oa «fet 


jl 
co) 
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1 1 \" ] \s+1 
soonm= $f) ("> 


Anyi—, > O for all n. 


(a,) is Monotone increasing. 


But a, < | for all n. 


41 


The sequence (a@,)'i8 monotone increasing and bounded 


.bove, and hence it is convergent. 


1~ , l \" 
Non, m= 31 1-(i9)'} 
Taking the limits as n->«, we get 


lima, = limJif, (1) 
T= x n=> x 9 10 | 


The sequence (a,) converges to (z ) 


EXERCISE 1.5. 


1. Prove that the following sequences are bounded and monotonic. 


Hence or otherwise obtain their limits, 


eeeoeeceere 


(iv) 738 VW34VE, V 347 5 
| 3) 

(v) 0-2, 0-22, 0-222, 0-222, ...... see 

(vi) 0-7, 0-77, 0°777, 067777, ..csecesee. 


eeeree yoeceee 


2. Prove that the following sequences, whose nth terms are given below 


are convergent. 
1 


1 1 1 
(1) Q_ = intl t3nq2t3ng3t soe sees +iron : 
ie 1 1 1 1 
(ii) @y = Ina t+ y-3+ Gast seanediess aay ase 
(iii) a, eee ee eo 
: Vn2+1 af/n2 +2 eeereerees af n2+n 
3. Prove that the sequence (a,) where 
ay = = ae ee fe costes ekeuce - az 
Yn '/n+2 Vntn 


and diverges to+«. 


is monotone increasing 
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4. Prove that the sequence (a,) in which | 


l ] 1 : 
a, = aL ee) AriaeSanecuces spore 1s a bounded monotone 


sequence and show that it converges to a limit lying between 3 and 1. 
5. Prove that the sequences, whose nth terms are given below . 
are convergent. 
1 ] ] 


(2) ln = inthe (nade? sceccoeosece Tian 
oO] a 1 
(lt) ay = (n+l +(n+3/3 {etoxiea saan T in tnys 


6. Show that both the sequences in the above example converge to O. 
Answers and Hints 
1. (i) 2; (11) 7; (iii) Positive root of 2?—x—2=0 1.0.2: (iv) Positive 


2 
root of x2—x7—3=—0 ; (v) — ; (vi) 


9 a 


° n , 
2. (i) an< mal < +; (a,) is bounded. 
n 
7 < tnon 


(it) @ = 4; (a,) is bounded. 


ili le 1 etc 
(li) an < (n+1)2 < 
. ast 
3. Hint: t, > TS = Vin 
/n-+n 2 
.*, Q_ diverges to +a. 
: n n 
4. Hint : nin < an Km area | é 
l 
+ <a,< cet etc. 


: n 
5, Hints: (t) @n < (waht ete. 


n 
(N) a, < (wily et 
ads n n 
6. Hints: (1) inane < ae < ale 
(11) i <a,< de 
(n+n)8 : (n+ 1)3 


1:12. The Number ‘e’ | 
We are now in position to discuss the convergence of an impor. 
tant sequence. It is the sequence (U,) where, 


¢ U, = (1+ x) 


We shall prove that it isa bounded monotonic increasing sequence 
and hence it converges. 
First we show that the sequence (U7) is monotone increasing. 
By the binomial theorem for the positive integral indices we 
have 
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von (145) 


] mru—l) LL  m(n—l)(n—2) 1 l 
= 14 i Zt yet 37 8 ee 


eae eee | ee 
=141+4 ae ~+)( ~>) 
oy) era 1 Sea i oreeeneee 


l 2 n—It' 
soueneuee +( 1—-— \(1— =) 1-— 1 


| l n+ 
Onis = ( 1+ wa) 


1+ (n41)—— 


and, 


(ntl) (mt1—1), 1 


Tv 2! (n+4+1)2 


| 


ari) 


caicar, (en) 
— J4,41l— +1 at li\ i} 
= 1+]+ t+ n+ N+ mn 


eo 


( L ( 2 n+l —l1 
| eee | (ge ee ) ( 1) . 
nm =i) n+1 | M+l  fy...... (2) 
(m+)! | 

By inspecting (1) and (2), we observe that (i) the first two 
terms of (1) and (2) are equal and in the remaining terms, each term 
of (1) is less than the corresponding term of (2), (ii) there are 
(n+2) terms in (2) and »-+1 terms in (1) and (dt) all the terms in 
(1) and (2) are positive. Therefore it follows that, 


Oniy > U, for all n. 
The sequence is monotonic increasing. 
Now we show that the sequence (Uz) is bounded. 
Since the sequence is monotone increasing, it is bounded below. 
We shall now prove that it is also bounded above. 


We have, from (1) 


j— ( 1——)( 1-=) 
=z ]+-J+ = Soy CREE A Sonne 40 ee 


mt ee, 
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1 1 1 
U. < l+l+>, + 31 sveaes + al ...(3) 
Now consider the sequence (¢,) where 
1 1 1 I 
= J+ a top tgp. eeeawe ea »0+(4) 
It is evident that, 
Lo ks, *& Lt, as 
at 2° 31> Tess foo Ba 
lL... 1 1 _ il ; 
a> 1234 ~< L232 = 3 ecccce etc 
In general, 
1 | ] 1 
ee ere r S V2a0N. (r—1) factors 
l ] 
FT S Ort 
I I l 1 
tn < 1+ (14 3g tort 38 eeenee + On-1 
1 
: [ 1- 1 
Te. ne ie ena 
= 
] 
t, << 3— Sari < 3. 
t, <3 for all x. 
Now we have from (3), 
Un<tar<3 
U, < 3 for all n.... wee (5) 


The sequence (U,,) is bounded above. 

(U,,) is a bounded monotonic sequence. 

The sequence (U,) converges toa limit. We denote this 
jimit by e. 


N= 2 
lim eae eee 
N—> co n 


Now, from (1), we have, 
U, > 2, for all n. 
9-U0,<3 
By taking limits, we get 
2<limU, <3 


n—> @ 


2<egs. 
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It can be proved that e is an irrational number and its value | 
correct up to 6 decimal places is. 


e = 2-718281. 
Remark 


In the course of the above discussion, we have considered the 
sequence (t,,) where, 


] ] J 
by = At Sq tay tee tot 
: ] ] ] ] 
Olearly, faa = 1+ ap tgp meet apt aay! 
} 
tnay—ln = Tah! > 0 for all n. 


tnay > t for all n. 


The sequence (f,) 18 monotonic increasing. Also we have 
proved that it is bounded above. 


The sequence is convergent. 


It can be proved that the limit of this sequence is the same 


n 
as lim( 1+—) 2.e., the number e. 
r= co n 


Thus we have, 


N—> co nr 
] l 1 
—: lim ae ae 
Be a ort ate +=] 


1:13. Infinite Series 


Uptil now, we discussed the behaviour of the nth term of a 
sequence where 7 tends tooo. We observed that if (a,) and (b,) are 
two sequences, then (ka,), (@_+6n). (ag—bp), (An. by) amd (a,/by) are 
some of the sequences that can be obtained with the help of the 
sequences (a,,) and (b,). There is another way by means of which 
we can obtain a new sequence which has not been discussed hitherto. 
Let (a,) be a sequence given. For each n, define s, as the sum of the 
first » terms of the sequence (a,). Clearly (s,) is a new sequence 
obtained from (a,). It is interesting to discuss the behaviour of the 
nth term of the sequence (s,) when n becomes larger and larger. 


One could straightway ask why we do not add upall the 
terms of the sequence (a,) and discuss rather than by the roundabout 
method proposed above. We shall first answer this question before 
going ahead with the methodical development of the topic. 
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More often that not, the results which are true for a finite 
number of terms in an expression go wrong for infinitely many 
terms. To illustrate this phenomenon, we consider an expression 
containing infinitely many terms. 

1—1-41—1+1—1+1—141-—1+41-1 


We can write it as 


(1—1)+(1—1) 4+. (1—1) +11) 41 Tt owe. which means, 
we have 
0+0+0-40...... +0...... = 0. 
But, on the other hand, we can write the same expression as 
1— (1—1) —(1~1) —(1—1) —(1—1)...... igi 
which is the same as 
1—0—0—0—0—0 .......... y= 1 


This implies that the same expression stands for i as well as 0 
and this is contradictory to our assumptions about the system of real 
numbers. This is a clear indication that while dealing with infinitely 
many terms, we are likely to violate very innocently some rules 
and thereby get results for which we are totally unprepared. There 
are two ways to avoid this embarrassing situation —first one is not to 
’ deal at all with infinitely many terms, which is rather unpleasant; 
and the second one is to deal with infinitely many terms through the 
idea of limits. For this very reason, we are adopting the circuitous 
route mentioned earlier. 


We begin the discussion of this topic with a few definitions. 


Let (a,) be anv sequence. Then the sum of the terms of (q,,) 


Ly + Qo aa (by -L A, +- ge Sievelee eee eve (A) 
is denoted by ee symbolically. We call X a, an infinite 
n—l n—l 


Series, Therefore, an infinite series is sum of the terms of a sequence. 
However, the sum may not be defined as illustrated earlier by an 
example. But we can always obtain me sum of the finite number 
of the terms of a sequence. 


Let: 


Sy = Gy tty Hag H eee +4n ; --» (B) 
We call s, the partial sum of order n of the infinite series Dv. 
Clearly, $8, == | 

Sj Sep Sto ils 


$3 = Uy fig TP May verre. CEC. 
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Consider now the following series : 


; 1 1 1 1 
(t) Lo a + 32 + Dy + oo... + Oner t eeeeee 
(ii) 424324424 tnt on, 
on, ik I 1 1 
(122) BB + 98 + "93 +- eoeecce -{- “3 + eeovece 
(wv) 1l—-l+1—1+1—~—1+4-—1-—-.,,..... + (—1)-?,,.... 
Clearly, for the series (t) above, 
1 1 ] 
Sy = ] -{- oy + “92 +- eoetee + 9n-1 


1 
== 2( 1-5 | : 


For the series (71) above, 
Ss = P+ 2+... $n 
— n(n + 1) (2n + 21) 
ST eee 
For the series (#2) above, we cannot obtain a simplified 
expression for s,. We simply write, 


1 1 l ] 
f. = ja + oF + gs, + seiane Fas 


For the series (iv), 

—_ 0 if m is even number. 

“" “(1 if nis odd number. 
Convergence of infinite series 

Let us consider the behaviour of the sequences (s,) of the partial 
sums of the series (2), (27) and (212) given above. 


For the series (7), we have 


] 
6 =2 (Is), 
i n 


., Hm Ss, = lim 9{ 1 I 
N—> co N=—> @ Qn 
=lm2 — lm 1 
h=~> NM—> co In-1 
2. The sequeace of the partial sums of the series S i 
n= J 


converges to 2, 
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Similarly, for the series (2), we have 
n (n+1) (2n+1) 


8, = 6 
= 2[ 2n3+3n?-+-7n }. 
Now, lim n8 = + oo, 
N—> co 
lim mn? = + » and 
N—> c- 
lim n = -{- 3. 
Ne} co 
lim Ss, = + . 
n= 


The sequence of the partial sums of the series (ii) diverges 
to + x. | 

For the series (217), we cannot draw any conclusion for the 
time being as no simplified expression for the partial sum s, is 
available. 

The partial sum of the series (2%) oscillates finitely as n tends 
to + oo. 


Def. -1. The infinite series 2 a, is said to be convergent 
n=] 


if the sequence (s,) of the partial sums 


Syn = A, + A, + Ag + ...... + Gn, converges. 
In this case, lim s, is called the sum of the infinite series. 
NM— co 

In the same way, if the sequence (s,) diverges to - «, then 
the infinite series & a, is said to diverge to +. « and if the sequence 
(Sn) diverges to — 2, then the infinite series 2 a, is said to diverge 
to—.». Finally, if the sequence (s,) oscillates (finitely or infinitely), 
then the infinite series 2 a, is said to oscillate (finitely or infinitely). 

Let us consider now a few examples to discuss the convergence 
behaviour of infinite series. 

Ex. 1. Discuss the convergence behaviour of the infinite series 


2D 27, | 
Sol. We have, 
8, = 242? + 2+... 4On 
= 2(1 +2 + 22 4 00.... Qn-1) 
2 (2"—1) 


is a 


== 2at1 — 2, 
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Clearly 2"+!1 ——+ + co a8 n —~> oo. 

Sn ——> + 00 a8 2 —-> Oo. 

The sequence (s,) diverges to + oo. 

The infinite series 2 2” diverges to + co. 


Ex. 2. Discuss the convergence of the infinite series 


= (—4)". 
Sol. We have, 


Now, lim (—4)" = 


N—> co 
” ims, = 3, 
N=} co 
@ 
; 1 \"-1 | 
The infinite series > (— 5) converges to # and conse- 
n=l 


quently, } is the sum of this series. 
Convergent Infinite Series 


The convergence of an infinite series is the same as the 
convergence of the sequence of its partial sums. Therefore, the 
problem of convergence of an infinite series is very similar to the 
problem of convergence of a sequence. However, there are infinite 
series for which it is not easy and sometimes impossible, to obtain 
a simplified expression for their partial sum. Therefore, even to 
discuss the behaviour of the partial sum becomes difficult. Under 
the circumstances, we shall have to curtail our desire to know 
whether the series has a sumor not and what is the sum of the 
series if it exists ; and be contented with the information whether 
the infinite series converges, diverges or oscillates. 


Due to limitations of the scope of this book, we classify the 
infinite series into two distinct types and deal with them step by 
step. 
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We consider following two types : 

Type (A). The infinite series for which a simple expression 
for the partial sum can be obtained with the help of some standard 
procedures. Certainly in this case we shall be in position to deter- 
mine convergence behaviour of the infinite series and in addition to 
this we shall be in position to obtain the sum of the series whenever 
it exists. 


Type (B). The infinite series of positive terms to which some 
‘simple standard tests of convergence can be applied to just determine — 
whether the series under consideration is convergent or divergent. 
‘These tests do not reveal any information about the sum of the 
series in case it exists. 


1-14. Series of the type A 


Whenever we can obtain a simple expression for the partial 
sums, we include those series in type A. Wecan certainly decide 
-for the series of type A whether it converges or diverges and if it 
‘converges, then what is its sum. However there are different 
_classea even in type A and we shall consider them one by one. 


(I) Geometric Series | 
The simplest series in type A is the geometric series Xa, where 
the sequence (a,) is a geometric sequence. 
We are aware that ifa, == x", then 
for |x| <1, lim a, = 0 and 
n> » 


‘for x>1, lim a, = co 
n—> ox 


Let us first consider some examples. 
Ex. 1. Discuss the convergence of 2 (—§)"~?. 


Sol. Let S, be the partial sum of order n for the series 
X(— 8). Then, 


eee Le _ at} —(—2)n 
Si. —(— %) rat ( 5) J 


Now, =% < ] and therefore 


a ae 
lim 4s x) 25% 
N—> cD 
lim S, = lim 2 [1—(—13)"] 


no es 
3 


a. 
The sequence (S,) of partial sums converges to 3, 
The infinite series £ (—%)""1 is convergent and its sum is 2. 


Sequences and Series 51 


Ex. 2. Discuss the convergence of the infinite series 
E a(gyet. 

Sol. Let S, be the partial sum of order » for the series under 
consideration. | 
3 ((3)"—V 

(F—1) 
= 6 ((3)"—1]. 

Now, | 3 | 1 and therefore 


m—> co 
Sr = + (oe) 
1—y co 
The sequence (S,,) of partial sums diverges to + 2 and 
ccnsequently the infinite series 2 3 (3)""! diverges to + oo. 


Sn — 


Now, Jet us consider the general infinite geometric series 
Laxz1,a> 0. Let 8, be the partial sum of order n for this series. 


Then, wehave 


a (l—x") a(x"—l) . 
Ss, a (l—z) = (x—1) 5 if x a l 
na oi | ee a 


Case (t). Let |2|< 1. Then—lez <1. 
Clearly lim a2" = 0, 


n—> wo 
lim S, = lim a (l—2") 
N=—> © N—-> wo (1—2) 
—= lim es — an xn 
N—> © l—2z l—x’ 
a 
ie ere 
The infinite geometric series 2 az" converges when 
, a 
—l< x < 1 and its sum is 
(= 2) 


Case (iz). Let x = 1. 


Then, lim 2” = -L oo 
m—> co 
lim S, =Jim ‘ff @ (z"—}) 
n= <x M—> xO (x—}) 
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The sequence of partial sums (S,) diverges to + oo. 
The infinite series & a x""1 diverges to + oo when xz > 1. 
Case (iit), Letxa< —lL 
Then the sequence (2) oscillates infinitely. Clearly the sequence 
(S,) also oscillates infinitely ; and therefore the infinite geometric 
series © ax"! oscillates infinitely when z <—1. . 
Case (iv). For « = —], it can be similarly shown that the 
infinite series Laz*-! oscillates finitely. 
Case (v). When « = 1, S, = na. 
It is evident that 
lim S, = + co 


m—> co 
The infinite geometric series 2 ax"! diverges to + o 
when x = I. 
Hence we can conclude that the infinite geometric series 
YT ax"-l;a> 0. 


(1) converges to if |z| <]l, 


(it) diverges to + co if x > I, 
(111) oscillates finitely if x = — 1, 
and (iv) oscillates infinitely if < — 1. 
Ex. 3. Obtain the sum of the infinite series & 4 (4)"-1. 


Sol. The infinite series is a geometric series of the type 
Y ax"-1 wherea = 4andz =}. Thesum of the geometric series, 


: a 
when |x| <1, 18 


The sum of the infinite series 2 4 (})"-1 is 
4 — 4 
a a 
(II) A very eimple expression for the partial sum of an infinite 
series can also be obtained for certain series other than the geometric 


series. The following examples illustrate this class of series and 
also the techniques used to deal with them. 


Ex. 4. Obtain the sum of the series © = : 
n (n+1) 
Sol. Let the given series be denoted by = a,. 


] 
n (n+1) 


Then, clearly a, = 
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We can express 
] ] 
ny = (= —_ qr) for all nN. 
Now, let S,, be the partial sum of order » for the series under 
consideration. 
Then, 4 = Q, -|- Qs + eccoeence + an 


n (n+l) 


_fil}e [bd h] 


_ Itcan be seen that except for the first bracket, the first term in 
every bracket cancels with the second term of the previous bracket. 


l 
oa n+1 
eres = im ( 1-5) = 
nN—> co n> x i as ] 
decree 1 
The sum of the infinite series & ———__— Fay is 1. 
‘Ex. 9. Find the sum of the infinite series 
] 1 ] ] 
“ay + rae + cyoag tee T Bntlany4)* 
Sol. Let 2 a, be the infinite series under consideration. Then, 
: for all n. | 


“~ = Bn. 1) (3n + 4) 


We can express a, a8 


ee : L for all n 
~$( mel ee — 


Let (S,) be the sequence - of the partial sums for the serie? 
under consideration. 
We have, then 


S, = @, + a, + ...... +- An 
1 1 1 
=a -+- 7-10 +- To13 + ceeeee + sein viele aie 
] 
eros a Bn) (374-4) 
] ] l ] I ] l/l 1 
x(z-7)+ "aa To)+ (70- is) 


io 
qeaseiars Tove (s- a) 
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—iffl 1 1 1 ( 1\ | 
-3|(4-r)+(7-w)+ ere the 


a é£ ] 
~ 3 \4 ~~ 8n4+4 


lim $, = lim [ + (5 ] \]- 1 
n—> co " N= oo 3 4 3n+4 12 7 


The sum of the infinite series is 345. 


Observe that in both the examples given earlier, denominator 
of each term of the series is a product of two consecutive terms of 
an. arithmetic sequence. 

In case of Ex. 5, the denominators of the terms can be written 
as 

1:2: 2:3 3°45, 4°5; 96, ween iisnccs n (n+l) and it can be seen 
that each term written above is the product of the two consecutive 
terms of the arithmetic sequence 

12 3)-42 926, 15 Bisa UAE) cetosvislerett 

Same is the case of I‘x. 6. 


t.e. The denominator of the first term of the scries is the product of 
the first and the second term of the arithmetic sequence, the denomi- 
nator of the second term of the series is the product of the second 
and the third term of the arithmetic sequence and so on. In general, 

the denominator of the nth term of the series is the product of the 
nth term and (n+ 1) term of the arithmetic sequence. 


In such cases, it is advisable to express each term as the 
difference of two terms to simplify the expression for the partial 
sum of order 7. 


A general formula can be given as follows : 


] 


(bn) (5n41) 
where (5,,) is an oe aaa. with common differ ence d, then 


_ «= 4/4 -| for all n. 
by, wel 


It is for this reason, we could write 


]  ] ] ] eee 
m=saan- tien i ; | in Bx. 5, and 


Let Za, be an infinite series such that a, = 


I 


] 
ECA = 3 | sa ~ wr |in Ex. 6. 
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There are also some other infinite series for which it is easier to 
obtain the sum by slightly adjusting each term as we have done in 
the above examples. It may be noted, however, that the principle 
is to express each term as the difference of two suitable terms. 


Ex. 7. Obtain the sum of the infinite series Ss pe 
(m+1)!. 


Sol. Let the infinite series be denoted as & a,. 


Clearly a, = raat 
Now, we have 
ce nm s(n 1)—1 
(21)! — (n+1)! 
(2 +1) l 


a ee 


(n+1)!  (n+1)! 


_ ] ] 
=| ar ~~ (nF) ty? 
Let S, le the partial sum of order 7 for this infinite series.. 


Then, 
S = a, + a. -+ seerecces +- an 


nn} (7 +1)! 
1 
— (n+1)! 
Now, note that 
l 
ny>o (n+1)! = y 
lim S, = lim Tex ] —] 
N—> co n> © (n+1)! eis 


The sequence (S,) of partial sums converges tol and 
therefore the infinite series converges to 1. 


The sum of the infinite series is ], 


EXERCISE 1 
1. Prove that the following series are convergent and find their 
suns. | 
i) 1 + 1 ae l l 
\ 9-3 34 7 a +. “(nt ]) (n+2) + ; vee eeuweune 
1 l l 


1 
is, 36 (og oe n (2n—1) (Qn 41) > 
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eee 1 ] +. 1 t c I 
> (222) T3" + 94 “35. “7 weeeee oe ert Tn (m2) ays ebes Coho sends 
- 1 an oe | l | 
O) Sp 4 es api be Gah G@rypey Te 


(v) > en et oe 
n21.13n-}- 42 
(ei 2n-|-1 
(n2+2) (n2+2n +3) 
(vit) S ee ees 
: (2n24-1)[2(n+1)2+ 1] 
(224) n(n +1) 


(—1)"tln 
(+) Ss “Fr2—1 


Cc 3 
n 
—__— Hint: finiti . 
(2) Ss (F2) | (Hin Use definition of e) 
n=] 
foe) 
; n 4-1 
(eh) (m-\-2) ! 
n=l 
ANSWERS 
F 1 oe | ... 8 : I 1 ae | 
(i) ys (i) ys (HDs le) Se) Si (i) 
eee we Ge ee 3—e (at) 2 
(vit) 3 ( ie 3 (iz) 5 (#) 8-0 (et) > 


1:15. Series of type B 


We shall consider only the series of positive terms in this 
type. Our intention is to develop a procedure to determine whether 
the series of this type are convergent or divergent. There are some 
simple tests to find out whether a given séries converges by compar- 
ing the given series with some ,.known standard series whose conver- 
gence property is already known. However, these tests do not 
indicate how the sum of a given series is to be obtained in case it is 
known to be convergent. We shall have to yet acquainted with 
some standard tests as well as some standard series. We begin with 
some standard tests. 


Comparison Tests 
Let Sa, and Zh, be any two series of non-negative terms 
and let | 
0-0, Tor all M0: ec cinasiscsdaweacecrnedens () 
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Test (1) Ifthe series = 5, is known to be convergent, then 
the series & a, is also convergent. 

Test (2). Ifthe series & a, is known to be divergent, then 
the series & 6, is also divergent. 

Remark. Let =a, and Xb, be series of non-negative terms 
satisfying (1). If Xb, is known tobe diverrgent, then it does nog 
imply that x a, is divergent and if X a, is known to be convergent, 
then it does not imply that & b, is convergent. 

We shall illustrate these comparison testa and above remark 
after discussing some standard series. 


A Standard series for comparison. 
1 , 
Thm. The series oe is 


divergent if p < 1 and convergent if p >> 1. 
Proof. (i) Let p = 1. Then the series is 


1 
T+eHe ee RH Re ht wesc 2 wai 
Let S, be the partial sum for this series. 
- Then, 
1 
S,ezl+tettte dt we. 5 ae 


Now, observe that 
S=1l+3=j, 
S=14+3+44+3 

= 1+ (3) + ($ + 2) 
>144+ (443) 
L+e+3 = 2. 


S, > 2. 

Also, S,=1+3+3+4+3+4+34+4 
=14()+a4+)4+6G4444 
>14+434(44+04+6+3+8+ 
-l+s+htia= 

ce Sg oe Se 
In Se, we have grouped the first term, the second term, the 
third and the fourth and finally from the 5th to the 8th term together. 


Observe that-in the first bracket, there is only one term, in the 
second bracket there are 2 = 2! terms, in the third bracket there are 


= 


Col Nir 
op 
— 


wolor 
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22 = 4terms. Also, for obtaining the inequalities, we have replaced 
each term of the bracket by the smallest term of that bracket. 


We rewrite the earlier results as follow : 


Ss 


= S; ‘etek and 


928 
F 3 
Dyas ee ht Sy 


Generalizing the above results, the partial sum of first 2” terms 
of the series is given by, 


ead 
Som = Il -+- 3 +4 + re + $ ee +- om 
has 6 Gi 
] ] ] 
2 ee = (rrr ae Smt po) sp | 


Now replacing each term of the bracket by the smallest’ term 
of that bracket (which{ is the last term of that bracket), we have 
Sm > 1+ H+ Gt+VY+G+s+h4 H+ 


lL | 1 
as asiegats + (= aa eae news to 2”-1 term 


It is clear that each bracket in the above expression on simpli- 
fication becomey }, and in all there are m such brackets. 
Sym > 1 + m(3) 


Since 1 + > ——> o0 as m —-— oo, it follows that 


Som ——> 00 a8 ™ —-> oO 
We have proved that S, — >» 2» a8 1 —-> oo 
where » = 2™ 
Now, let » be any positive integer. 
We can find n such that n>2” 
S,,>Sam since (S,) is a monotone increasing sequence. 


by test (2) (S,) diverges to + co 


“ Ss — diverges to +00 


(1) Let p < 1. 
Then n? < n forall n. 
1 


Since & Ze is divergent. by (+) above, by the comparison et (2), t 
n 


x ss is also divergent. 
nP 
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(zat) Let p > 1. Then we have, 
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5 ] 1 l 1 
Pi ae ae Ores age ok eooret oes sae 
Now, 8; = 1, 
1 ] 
S =1+(% +) 
1 1 2 
<1+(z + w)=l+ alten 
] 
S,; <1l + Spi * 
Similarly, 
1 i ] 
8, =1+ (a + a )t+ (at 37 
1 1 ] ] 1 
<i + gta )t(etatet 77) 
2 4 
=)+ op + a 
2 4 
ey S=l+ p+ yw: 


Now, we can write 1 = 2— 1, 3 = 2?—1,7 — 23_] etc. 


Therefore, we rewrite above results as 


8S, = So1 = 1 
§, = 8 ae 
ee ee 

2 4 
Sr Son ys bt oe + ar 


To obtain the above inequalities we have grouped the terms of 


the correspondiry partial sums in such a way that 
(i) only the terms appearing after the first 


into brackets, 
(22) 


(172) 


term of that bracket. 
Generalizing the above principle, we have 


have been put 


the first bracket has 2 terms, the second has 22 terms and 
each term of the bracket has been replaced by the largest 


e _ l ] l l 
(aml) Te F oe FT Bp Tee Peep 
{1 1 I ] 1 1 
“lt (gt a)Hotetgeta)t- 
] I 
2 eee + Qari + (Q™-T4 1p TA deean's = 
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On replacing each term of the bracket by the large 2 term of 
that bracket (which happens to be the very first term of each 
bracket), we get 


l 1 ] 1 1 1 
Som_y< 1+ (5 a B)t(ptata+z) raat 
] 1 
Pare + ccceee emi + ori + ... to 2-1 terms | 

_] 2 4 8 2m-1 
= + Bp + Ge te ten TF mip 

1 ] “] ] 
= 1+ 90-1 4p-1 + Brat ses Te (7-1) (p-1) 

] l l 
rae ltr 4. 33 1) -- 53 (p-a) Ss ee 


+ en way 


grt 
7 ] 
Sema) <? [aR | 
a § (om—1) a2. 


Now, for each positive integer », we can find another positive 
integer m such that | 


na Qm—], 


Dy <- 8 < 2, as (S,) is a monotone increasing 


(2"—1) 
Sequence. 


The monotone increasing sequence (S,) is bounded above 
and hence it is convergent. 


* The series ee converges if p > 1. 
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From the above theorem, it follows immediately that 


1 1- 1 1 I 
> area = — aie ee —- are all convergent where as eT 


1 
“Tito are all divergent. 


We can now effectively use the comparison tests and the pro- 
. I 
perties of the standard series 2 =z to discuss the convergence of 


many series. We give below a few illustrative examples. 


Illustrative Examples 


Ex. 1. Show that the infinite series aS is a convergent 
n— 
series. 
So}. We know that the geometric series 


= ()""! is a convergent series. 


We have, 
I 1 
TiS o> 
l l 
31 < BT: 
: | 
31s 52 , ete. 


and in general, 
1 


1 
a < ores for all n. 
Each term of the series ¥ = is less than or equal to the 


corresponding term of the series 5 (J yn-1 which is known to be 
convergent. 


By the comparison test (1), the given series is convergent. 
Ex. 2. Examine the following series for convergence. 


(22) S ee 5 (22) > war nT ; (tt) SS n+l 


ns nd + ne 1 
Sol. (2) Consider the series Sao 
ea 
n n2 
We have, WO Ss a ee ee for all n. 
2 
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| 
But —, is known to be a convergent series. 
| n 


By the comparison test, the series 


nme, 
n 1s convergent. 
nit? 


(22) For the series Ss we have 
n24 1 


pes ey ot » for all n 
mt) ~ nein? ~— 2n 
n 


> a for all n. 


“ na + | 2n 


1 1 
However, the series = and ys are known to be 


divergent. 


, mM. 4. 
By the comparison test (2), the series 3 > a is divergent. 
(22) Now consider the series vin +l ; 

| Vf nt+n?+l 
We hava, 
ck os 
Vv n8tn2?+1 Vv n3 VA “sia” 
for all n. 
Vn+1 


2 
ja for all n. 


snyntti < 
However, the series Ss : 7 


32 48 known to be convergent. 
n3/2 


.. By the comparison test (1), the given series is convergent. 

Remark. In the solutions of above examplés, we have skill- 
fully employed the inequalities. However, it is not always possible 
to obtain simplified expressions through inequalities to discuss the 
convergence of the given series. For this purpose, we have tests 
known as ratio tests which are much easier to handle. 


Ratio Test 
(1) Simple Ratio Test 
Let Xa, and %6, be series of positive terms and further 


suppose that the convergence property of the series & 5, is already 
known. 


If lim ( exists and it is unique and finite number, then 
n 


n> 
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both = a, and & 6b, converge together or both Xa, and Xb, diverge 
together. 

ie. If 26, is convergent then so is a, and if 2 4b, is 
divergent then so is 2 a,,. 


(it) D’Alembert’s Ratio Test 


Let 2a, be a series of positive terms and suppose that 


e a. ° e 
lim 4** exists and is equal to J, 
nya On 


If / < ], then the ‘series is convergent, / > 1, then the series 
is divergent. The test is in-conclusive if] = 1. 

Both these tests are extremely useful though each one 
of them has some short-coming. The following illustrative plesexam 
demonstrate how these tests are to be employed to determine 
ths convergence of the given infinite series. 


Ex. 1. Examine the convergence of the following infinite 
series. 


; ] | - n+l 
0 Saari © > wpe 


an YOM+6 
van yeas 


Sol. (i) Consider the series For the 


] 
> J/n+ /n+l1 
purpose of ratio test, choose the series S a 


Now, the nth term of the given series is : —— where as 


Vnt+V¥n+1 


the nth term of the chosen series is 


—_— 


nr 


fini Creerrd ae vn 
T=} co I N—y co VntJV/ntl1 
Von 


— i 


“= 2 
Both the series converge together or diverge together. 


ni/2 


But > Riad is known to be divergent. 


The given series is divergent . 


bs n+l 
(72) > eons 
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For the purpose of ratio test, choose the series > 2 
n2 


( n+l 
i n8t.2n2+5 } i | n2 (n-+ 1) | 
nave (=x) es Ly ee 
| ne 

=], 
Both the series converge together or diverge together. 


But > 7 , 18 known to be convergent. 
: ] 
.. The given series > give Sa G8 convergent. 


n? + 2n? +8 
+6 
(Cg) Sayer nnd 


For the purpose of ratio test, choose the series > 


=~ 1 
or “nale * 


Now, we have 


( in+6 
eee | 


ao) 


(Tn 46) (n VW) 


lim +" —_——. | = lim me ee ce a 
me (= iyo me vnt5 
nin 
= 7 


Both the series converge together or diverge together. 


But > a is known to be convergent. 


The given series Ss = na % is convergent. 

Remark. To choose a suitable series for the purpose of ratio 
test, the following procedure may be adopted. If Xa, is the given 
series, then let » be the number obtained by subtracting the 
highest index of n in the numerator of a, from the highest index of n 


in the denominator of ap. Then, >< = is the eppropuete series 


which can be ‘used in the ratio test. 
In+6 
myn +5 


is 1 whereas the highest index 


For example, in the series Ss , the highest index of 


™n+6 
nt fn +5 


m inthe numerator of 
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of 7 in the denominator of the same term is §. Clearly p = §—1 = 3. 


1. : Z ; : 
Ss sar 38 the appropriate series which can be used in the 
ratio test. Observe that in Ex. 1 (77), we did exactly the same. 


Ex. 2. Discuss the convergence of the following infinite series, 


! Be \ 
(2) Ss x ; (22) oF , 


Sol. (2) Let > a, be the given infinite series. 


Then we have, 


An+1 == Ont ie 


antl a (n+) x 2 


*. — 


rl 
| 
| 


lim ( An+1 ) > 1. 
By D’Alembert’s ratio test, the series is divergent. 
(it) Let Ss a, be the given infinite series. 


Then we have, 


an = = and 
n+1 
An+2 3n4+1 
On41 = n+ l 3n 
Ay a Qrtl n 
— atl 1 
= 7 z- 


: 
 — 
B 
Nee” 
| 
er 
N 
poms 
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By D’ Alembert’s ratio test, the given series is convergent. 
Ex. 3. Show that the following infinite series is convergent. 
—~ yn 
> ar ; 2 > 0. 
n 
Sol. Let > a, be the given infinite series. 
Then we have, 
at 
Qn = at and 
gntl 
nt = “Heh | 
., lim Qnz1 \ lim eath © nm! 
N= o On es 2 (n+1)! gn 
= lim gntl n} 
me Loe * ED! 
oe | nl ap | = Ofer alle > 0: 
lim GQni1 \ 
en (=) = 0< |. 
By D’ Alembert’s ratio test, the given infinite series is 
convergent. 
Ex. 4. Examine the following series for convergence. 
(i) > nPum; 2 > 03 (ii) Ss 52; > 0, 
Sol. Let > ay, be the given series. 
Then we have, 
a, = n? x” and 
Angry = (M41)? antl 
lim Qnza \ = lim (m-+1)? ant 
n—> x0 an Ramp 08 NMP gn 
=: lim 1 _ 
rae ( 1+ pe ] = 2 
lim ( On+1 ) = 2. 
n= oo An J] 
The given series is convergent if 0 <2 <1 and divergent 
ifa > 1. 


However, D’Alembert’s test is inconclusive if + = 1. 
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Now, suppose that z = 1. 
Then the infinite series becomes > nP, 
Clearly it {is convergent if p <—1 and divergent if p > 1. 
The infinite series > n? x” is convergent for all values 


ofpand0 <2 < 1. 
It is also convergent when p < 1 and x = lI. 
The infinite series is divergent for all values of p and z > 1. 
It is also divergent when p > 1 and z = I. 
(22) Let > b, be the given infinite series. 


Then clearly. 


6b, = 5x” and 

Ongq = Satlyntl, 

lim On41 lim ontlynth 
N=> 6, Nem} eo 57" 


= Oz. 
| .. The infinite series is convergent if 5a < 1 and divergent if 
5x > 1. The D’Alembert’s test fails if 2 = $. 
Put x = } in the given series. Then every term of the series 
is 1. Clearly S, = » and hence the series is divergent. 
| The given series is divergent ifz > 4 and convergent if 
Oa ee 2: . 
Remark 1. Inthe D’Alembert’s ratio test for a series Xan, 
if lim ( “22 ) = 1, then the test is inconclusive. The following 
n> x n 
examples illustrate this further. 


: 1 
For the series > yn we have 


lim ( (2n+1) == lim (***) = 1, but we know that the 


° ] id e 
series = is divergent. 


: In case of the series Ss. we have lim (“2 | = 


Nip co n 
1 
n® 


nr? o ner 


2 
lim [| (%+1) = 1, but we know that the series 3 


is convergent. 
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This implies that for the convergent as well as divergent series, 
lim ({ %n41 
am, (2-) can be 1, 


Remark 2. Let % a, be 4 series of positive terms and let S, 
be its partial sum. 


Clearly S, = aq + a 4+ ...,... + a, and 
Saya = % + A + ...... + An + Anyy. 

Sn41 — Sp = Gn4, > 0 

(S,) 18 monotone increasing. 

The sequence (S,) cannot oscillate. 


It means that either the sequence (S,) is convergent or it is 
divergent. 
It can be easily shown that if the series 2 a, is convergent, 
then 
lim a, = 0. 1.2. Q, —~—> 0 a8 n —-—> oo. 
T=) co 
We can use this result skillfully to discuss the convergence 
properties of the infinite series & a,,. 
Let 2a, be a series of positive terms. Then, as discussed 


above, it cannot oscillate. If it is known that lim a, ~ 0 then the 
N=> co 


series is not convergent. Therefore the series & a, must be divergent. 
The following examples illustrate this point further, 

Ex. 5. Show that the following series are divergent without 
using any ratio tests. 


n+1 n24+2n4-3 

(*) — 2n4+5 (4) 4n?+.8n-+9 | 

, ‘ n+1. n+t1 
Sol. (§) The mth term of the series ~ One (35) ; 


(a4; ee. 
Now, a Inte ; = 


1, : ae 
Since Ss = z is a series of positive terms, it cannot oscillate. 


Also, the nth term of the series does not tend to zero and therefore 
it cannot converge. Hence, the given series is divergent. | 

n2+2n+3 
Ftp in yo 
and therefore it can oscillate. 


Now, lim ni+2n+3 ti 
myo\ 4724 8n+9 


(st) The series — is a series of positive terms 


4° 


The scries cannot converge and therefore it must diverge. 
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EXERCISE 1:8 


1. Examine the following series for convergence, - 


ae ‘ 1. af I 
(2) Si (10) S ars: (227) See 
J n+l 2° —]} 
ey) S ae () D> nee } > sar 
7 n+l oe 5841 
(v27) Ss 784 3nt (v122) ae 
(<2) ; en eee 4 AS aed se 
Vn +Vr+l 
n 1/3 - ) Sin » 6 : 
oH) > Tar | a rs 
(x17) Se | cos(Ojn) | 3 (tiv) > (ve-vewv) 
| sin(@/n) | 
my Sisal 


2. Examine the following series for convergence (Take #>0). 


x3 x e2n—l 

(2) t+ a +- BT oeecccece +- eccrce + (i, — 1)! sieeve 

yyy 2, ihe, eos 

(27) tort os TTT + ceesorere (2n) Pees aes 

2 3 zn 
(iii) nt ie ++ Oe ee ee eee 
1 (v) Vn+1 e 

oe (nl) (2n4+3) ° 2n—1 


| 
(%) > m.2" 
3. Show that in the case of the following series the D’ Alemberta ratio 


test fails but the simple ratio test is decisive. 


1 . n+l 
(7) S n+3 ; cet) ~ 28+4-5n+6 ° 


a n3+2n+3 
(vv) > 4 2245 


4. Show that for the series given below, it is simpler to apply the 


ratio tests than the comparison tests. 
ia” 


34) os 
(2) > nl’ (47) > = 
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5. Show that the following infinite series are divergent. 


>S te. ; 24-5 (n—1) 
) n2i2° | (27) > 34-7(n) ’ 


dos me \. 3n+-21/" 
om) > oe (a) | Gn+5I/" ° 


ANSWERS 
1. (i) Divergent ; (11) Convergent ; (27) Convergent for p> 1 and 
divergent for pq 1; (iv) Convergent ; (v) divergent; (v:) Convergent ; 
(vii) Convergent ; (viii) divergent ; (iz) divergent ; (x) Convergent ; 
(vi) divergent ; (xii) Convergent ; (viii) Convergent if0<x< 1; divergent 
if x1 ; (xiv) divergent ; (xv) Convergent if p> 2. 
2- (¢) Convergent ; (ii) Convergent; (iii) Convergent; for z<l 
Other wise divergent ; (iv) Convergent ;(v) Convergent if x<1, Otherwise 
divergent ; (vi) Convergent if0 <2 < §; (vz1) Covergent for0 < #<1 and 
all p ; (vivi) divergent ; (éz) Convergent (x) Convergent. 
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Limits and Continuity 


2:1. Intervals 
By (a, b) we shall denote the set of real numbers, 
{ejaE,R,a@ <a < B} 

The real numbers a and 0 are called the end points of the inter- 
val. In this case they do not belong to the set. The set is then 
called an open interval. When a and 6 belong to the set, ¢.e. the set 
of real numbers, 

{sje E R,agr<h} | 
is called a closed interval. This ia denoted by [a, 5]. (b— a) is called 
the length of both the intervals (a, 6) and [a, bj. | 

Similarly [a, b) and (a, b] are half-open or semi-open intervals. 
Thus, | : 

| [a,b) ={e/r EC R,acgx< b} 
and (a, b] = {a/¢ C R,a<2z< J}. 

Note. Do not confuse the open interval (a, 6) with the point 
with co-ordinates (a, 6). The context will always make it clear 
whether (a, 5) is an interval or the coordinates of a point. 

IHustrative examples 
Ex. 1. Represent the following sets of real numbers as inter- 
Represent them also by diagrams. 

(i) {a/z E R, —2 < 2 < 3} (ii) {e/t@ CR, 3 Ra < 5} 

(it) {zJe ER, Llgw < 4} (wv) {z7/e € R, -4< tr E-}} 

Sol. (i) {z/zx € R,—2 < x < 3} is the open interval (—2, 3) 

(ti) {z/x © R, 3 < x < 5} is the closed interval [3, 5] 
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—_9—___.-+__@--— 
= 0 3 x 
(1) 
—_________@ ——__@—_—- 
0 3. «CS x 
(ii) 
a 
0 1 l x 
(iit) 
sh. =3 42 =} 0 1° D2. 3. 
(iv) 
Fig. 2-1. 


(#1) {a/x EC R, 1 < x < 4} 1s the half-open interval [1, 4) 
(iv) {a/x © R,—4 < x <—]} isthe half open interval 
(—4, —YJ 
Ex.2. Represent the following intervals in set notation. 
(2) (2, 5), (44) [—1, 3], (#81) [0, 1), (ev) (—1, 1) 
Sol. 
(s) (2, 5) = {a/e E R, 2< 2% < 5B} 
(%) [—1, 3] = {f#/eE R, -—lgezg 3} 
@is) (0, 1l)=f*/rE, ROKer<} 
(iv) (—1, Ll) = fe/x ER, -l< tech 
2:2. Neighbourhoods 
You have learnt earlier that, the modulus of x or the absolute . 
value of x is, 
|e] =—az ife <0 
=z ifzx>0 
You also know that {2 |, geometrically is the distance of x 
from the origin. Let us consider a few examples, 
Ex. 1. |x |= 2. This means,z = 2or x =—2 
Ex. 2. |x|< 2. This means 
—x<2forr < Ote.x > —2 
and x < 2 forz > 0 
if |x|] < 2, then —2 <2 < 2. 
This is also evident from the geometrical interpretation of 
|z|, 
| | < 2, means, the distance of z from the origin 0 is less 
than 2, 
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z must lie between —2 and 2, 
(points A and B in the figure.) 


A B 
SS x 
=2 0 2 


Fig. 2-2. 


The solution set of | z| < 213, 
{e| xe R, —2 < & <2} 
i.e. the open interval (—2, 2). 
Ex. 3. |z|< 2 
As in ex. 2, the solution set in this case is, 
{e|z2ER,—2 <q 7« 2} 
t.e. the closed interval [—2, 2] 
You also know that, 
|e—a|=a—xforrz<a 
= g7—aforz >a 
Further, geometrically, | z—a| represents the distance of x 
from a. Let us consider a few examples. 
Ex.1. |2—5.| =2 
= §—2 = 2 forxz <2 
or 2—5 = 2 forz > 2 
-. g2=3830rzr=7 
This is also evident from the geometrical meaning of | r—5 | . 
| z—5 | = 2 means, the distance of ‘x’ from ‘5’ is 2 
_g2=380rr7=7 
Ex.2. (2—5| <2 
o 5-2<2 forz<5 
a—5 < 2 forz > 5 
Z<-xaudxe< 7103 <2< 7 
This is also evident from the geometrical meaning of | x—6 | . 


| x—5 | = Distance of x from ‘5’ 
A B 
. Xx 
0 3 2 3 6 5 6 7 
Fig. 2-3. 


; |r—B5 |< 2 means that the distance of ‘xz’ from <5’ ig 
less than 2. As can be seen from the figure, this requires that x lies 
between 3 and 7. (Points A and B in the figure.) 


74 Mathematics 


The solution set of | z—5 | <2 is, 
fz7/e@ ER, 8 << 4% <7} 

1.e. the open interval (3, 7). 

Ex. 3. |2-—5|<2 

As in ex. 2 above you can verify that the solution set of this 
inequality is, 

{e/Jzx EC R, 3 << t < 7} 1t.e. the closed interval (3, 7] 

In general the solution set of the inequality, | z—a] < 8, is 

{ajxe E R, a—8 < x < a+8} 


) $ 
—_e- ee 
—__- 0 ——@_—__ o—. 
0 a-d a a+ X 
Fig. 2:4, 


i.e. the open interval (a—8, a+) 

Also taking a = 0, the solution set of || <8 is the open 
interval (—5, 8). 

Observe that the solution sets of, 

|x| <ésand |z—-a|< 53 

are both open intervals e.g. (—5, 5) and (a—6, 2493). 

Further, they are intervals of a specia] kind. In the first, 0 is 
the midpoint of the interval and its length is 25. In the second, the 
midpoint is a and the length is 28. We give special name to such 


intervals centered around a given point. They are called the 
$-neighbourhoods of these points. Thus, the 8-neighbourhood of a is 


the open interval, 
(a—8, a+8)t.e.a—8 <a < a+. 
For short 3-netghbourhood will be written as 8-nbd. 
Illustrative examples 


Ex. 1. Write down the following neighbourhoods as sets and 
intervals. 
(t) 5—nbd of 2, (iz) 0-01 —nbd of 3, (222) -6—nbd of (—4) 
Sol. (7) 8—nbd of 2 = 2—8 < 2 < 2+8o0r | x—2| < 8 
(12) Ol—nbd of 3 = 83—-01 < x < 38+-01 
2.e.2:99 < x < 30l or | r—3] < 0-01 
(17) 5-nbd of (—4) =—4—5 <  <~—4+4°'5 
te. ~45 < « <—3-5 or | x+4/| < °5 
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Ex. 2. Write down the following sets as neighbourhoods. 
(1) 49 <a < 51 
(11) | z—10] < -25, 
(2) —3 << %@< —l 
Sol. (3) 4:9 < x < 5-1 is 0-1—nbd of 5. 
(21) | e—10} <.25 is 0-25—nbd of 10. 
: (177) —3 < « <—l is 1:0—nbd of —2. 
Deleted neighbourhoods. 

In some situations it becomes necessary to consider $-nbd of a 
from which a has been deleted 7.e. omitted. Such a neighbourhood 
is then called the deleted 5-nbd of a. 7 

The deleted 5-nbd of a is, 

0<|a#—a| <dorua—s <a < a+6 and ra. 

Thus, 

(i) O< | e—2| < Ol is the deleted 0-01—nbd of 2 and it re- 
presents the set of real numbers z lying -Letween 1:99 and 2:01 and 
excluding the number 2. 

(11) 0 < | +4] < 2 is the deleted 2-0—nbd of —4 representing 
the set of real numbers —6 < x <—2 and x 4—4 

Examples 

Ex. 1. Represent the following sets of real numbers as. 

intervals. — 
(t) {eft ER, O< z < 2}, (%) G/@ER, -lgr<}} 
(iti) {z/e E R, -l <2 < 2}, (iv) {2/e € R,-2<2 < 2} 
Ex. 2. Represent the following intervals as sets 
(i) (—1,3) 5 (tt) (2, 5]; (ee) (0, 1]; (tv) [—3, 0) 5 (v) (—2, 3) ; 
(vs) (0, 2). | 

Ex. 3. Write down the following neighbourhoods as _ sets and 
intervals 

(t) O-1—nbd of 1 (is) 0-01—nbd of (—1) 

(143) 00-1—nbd of 3 (2v) 0-01—nbd (deleted) of 4 
(v) 0-2—deleted nbd. of 0. 
(vi) 0-5 —deleted nbd. of 0:3. 
(vt) 0:3—deleted nbd. of 2. 
Ex. 4. Write down the following sets as neighbourhoods: 
(1) Ol<2<01; (4) 25<2< 35; (88) —39 ox 
< 4-1; (#&) | 2—5|<0-2; (v) | 242] < 0-02 
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(vi) 0 < | r—6 | <0-2; (vsti) O< [ r4+5] < 0-3; 
(viet) O< | xe[ < 03; (tx) —-388 <a < 42,74 
(ey) 47 < 2 < 53,2 HS. 

Ex. 5, (1) Find two values of z, one greater than 3 and the 
other less than 3 such that | z—3| < 0:3. 

(tt) Find two values of z one less than 5 and the other greater 
than 5 such that 0 < | z—5]|< 0:01. Does x — 6 satisfy this 
inequality ? | 

(12) Find two values of x, one less than —4 and the other 


greater than —4 such that 0 < |74+4| < 0-2. Does x = —4 satisfy 
this inequality ? 


ANSWERS 
1. (4) (0,2); (22) [—1, 1); (#2) (—1, 2]; (iv) [—2, 2]. 
2. (4) {2[t ER—l< 2 < 3}, (it) (2@ (TER 2QeK 4}. 
(it) {t|[tTeR0K TK); (iv) (e2]| TER-3I < z-, 0}. 
(vy) {7| GR —2<2B3); (vi) {ze[|r@QR0< 2 I). 
3. (4) OB ce ecll; (%) —l10l < ¢ < —09. 
(iit) 299 <2 < 301; (iv) 399 2c 40l,e #4. 
(v) O27 <x ¢ 02,2 460; (vi)O< |x 43| < 05. 
(vit) O< [ x—-2| < 03. 
4, (i) O-Lnbd, of 0; (é¢) 0°5 nbd of 3; (#8) 0-1 nod. of 4; 
(iv) 0-2 nbd. of 6; (v) 0-02nbd, of — 2. 
(vi) 0:2 nbd of 6 (deleted); (viz) 0-3 deleted nbd. of — 5. 
(viit) 0-3 deleted nbd. of 0; (ix) 0-3 deleted nbd. of 4; 
(x) 0:3 deleted nbd. of 5; 


5, (s) 2 = 2:8, 3:1; (84) 4-999, 5-001, No. 


2:3. Behaviour of a function at a point and in its neighbour. 
hood 


Consider the functions : 
(1) f(z) = = for z ~ 0 and f (0) = 0. 


(18) g (2) = 2. 


We shall examine their behaviour in the neighbourhood of O. 
For this purpose we construct the following table giving their values 
at some points in the 0-1 nbd. of 0. 


Limits and Continuity 17 


Their graphs are also shown : 


x f (x) g (x) 
—0-1 -—10 — 0-01 
—0-01 —100 0-0001 
—0-001 —1000 0-000001 

0-0 0 0-0 

0-001 1000 0-000001 

0-01 100 0-0001 

0-1 10 0-01 


Fig, 2-5, 


Observe that, 


(t) f (x) is negative on the I-h.s. of 0 and positive on the ¢.h.s. 
of 0. 7 (x) is positive on both sides. 
(tt) f (0) = O and there is a sudden jump in the values of fas 
we go from left to right through 0. From very large 
negative values we go to very large +ve values. 


There ig no such sudden change in the values of g. This is 
clearly shown in the graph. The graph of fis in two distinct parts. 
For xz < 0 in the 3rd quadrant and for z > 0 in the lst quadrant. 
On the other hand, the graph of 7 is a continuous curve passing 
through the origin. 


(tt) The values of f are decreasing as we approach 0 from the 
left and are increasing as we approach 0 from the right. 
The values of g goon decreasing as we approach 0 from 
either side. 
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(w) f (0) =O andg(0)=0. Note that f is defined differently 
forz ~Oandz = 0. 
The student can study other functions similarly in the neighbour- 
hood of some selected values of the argument. 
From such examples we see that, 


(1) Afunction may behave differently on the two sides of a 
point, in its neighbourhood. 

(is) A function may suddenly change as z passes through a 

particular value. 

(iit) A function may not even exist at a point but may be well 

defined in its neighbourhood. 

In general, we may say that the behaviour of a function at a 
point and in its neighbourhood may be quite different. The student 
should bear this in mind when we discuss the concepts of limit and 
continuity in the remaining part of the chapter. 


2:4. Limit of a function at a point. 

You have been introduced to the concept of the limit of a 
function in an elementary way inthe XIth standard. We shall now 
make the concept more precise. The following explanation of the 
concept of the limit of a function f as z tends to a was given. 


“Tf | f (z)—4 | can be made less than any given positive number 
for values of z sufficiently close and closer toa but not equal to a, 
then we say that f(z) tends to the limit as x tends to / a.” 

We shall now put the idea in the above explanation in mathe- 
matical language. Let us consider a few examples. 
Ex. I. tf (2) =2 r+3 | 

We consider the limit of the function as x tends tol. A little 
calculation will convince you that f (x) approaches 5 as z tends to 1. 


Now, _ 
| f(z) 5] = 12 243-6 | 
= 2|z—1| 
Suppose we are given any positive number, for example, 0:02 
Then, : : : ers 
| f (x)—5 | < 0-02 if 2! 2-1] < 0-02 
. | f(z)—6 | < 0-02 ae | <0-01. 
Similarly, 
| f (a) —5 see 0-01 if|e—l|< 0-005. 
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In general, if «> 0 is given, 
° € 
| f(z)-5 | <e if|a—1l]< ~z ° 


[ This means that if z € > — nbd of 1 then. 
f (x) e—nbd of 5 }- 


As stated in the explanation quoted above we observe that 
| f(z) -5[ < ‘any given positive number «< for values of as close 


and closer to 1 than 1 and 1 + = The above explanation 


may now be stated with greater mathematical precision as : 


Given <« > 0 we can find 6 > 0 (= ) such that, 


& 


| f(@)—5 | < « forall] z-l| <3 = =. 


c g 
i.e., for all 1—- < @<l+ >: 


We have seen that a function may behave quite differently in 
the neighbourhood of a and at x = a. Hence, it is mentioned in the 
explanation that, ‘for values of x close and closer to a but not equal 
to a’. We may therefore write for the above function, 


| f(z)—5 | < « forallO <]a2—l] < 


& 
7 

0 <|a—1| ensures that x +1. We have here a deleted 
neighbourhood of a. 7 7 


In the case of this function we note that we need not havea 
deleted neighbourhood of 1 for the first inequality to hold e.g., 
| f (x)—5 |< «. The next example brings out the necessity of 
admitting only deleted neighbourhoods. The importance of 
admitting only deleted neighbourhoods when considering limits lies 
in the fact that when we consider the limit as z tends toa, we 
consider values in the neighbourhood of a but definitely not equal to 
a. Thus the very concert x tends to a implies a deleted neighbour- 
hood. 


227?—xr—] 


Ex.2. f(x) = ,aAlsfqd)=0. 


We consider the limit of this function as az tendsto 1. The 
methods learnt in the XIth Standard will enable you to find the 
limit, which is 3 | 


z—lL 
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Mathematics 
Now, | f(1)—3 | = | 0—3| =3 


222—a2—] 
and | f(z)—3 | = ——— ~3 | for x | 


_| 24) (1), | 
| (x—1) | 
= | (22+1)—3 |, atl 
. [ff (z)—3 | = 2 | 2-1 | forz 41. 
= 3 for x = l. 


Suppose we are given a positive number 0-01. Then, 
| f (x) 3 | < 0-01 if 2] 2-1} < 00landz 41 

| f (x)—3 | < 0-01 if | x—1 | < 0-005 and x + 1. 
But for = 1, | f(z)—3| = 3 & 0-01. 
Similarly, given any positive number «, 

\ f(z) —3 | < cif |z—1| <}fecandzy~1 

but forrz = 1,/f()—3] =3 ¢« 


Hence, | f(x)—3 | < « for values of x closer to 1 than 1— 


and 1 +—- but not forz = 1. Forex = 1, /f(I~3!=3¢ «. 


The explanation of the limit of f (x) as x tends to a can now be 


written in a precise mathematical form : 


Def. 1. If given « > 0, there exists 5 > O such that 
| f (x)—l | <eforall0O < |x2—a|< 6, 
then we say that f (xz) tends to the limit l/ as x tends to a. 


This is written as, 
lim (x) = l 
r—>a 
We shall now apply the definition to one or two functions. 
Illustrative Examples 


Ex. 1. Prove that if f(z) = 2z?—4x+5, then lim f (x) = 3. 
| 1 


Find 5 > 0 such that, 
| f(x) —3 | < 0-02 for allO < | z—-1]| <6. 
Sol. We have. 
| flz)—8 | = | 22% 424 5—3 | 
a2 | (e—1) | 
Let « > O be given. 
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| f(z)—3 | < € if 2 (2—l1}§ < € 


t.e., if [a—l] < e 
| 2—1 | 5 


. [f—8| < €if 0 <Je-lj< i+ 


[Actually, | f (x)—3 | <eif| 2-1] < J+ but to show that 
the definition can be applied we write 0 < | z—1| < (5 = 


according to the definition of the limit of a function, 
es J (x) = 3. 


nee. a € = 0-02. ; 
if (a3 | < 002 if 0 <} a1] < .f 02 ~ 04 
6 = 01 : 
Ex.2. Use the definition to prove that, 
lim t+3 6 


x—>2 £+-2 —~ 4" 
Sol. We have, f (x) = am 
6 |  |2+3 5 | 
F@-e i= lege e 
_ | 4e412—52z—10 
| Rishi 
ne, lhe ma 
ee le c y | 
5 - 
if@— pl = we 3 | 


Now let € > 0 be given 


5 | : 71] 
lf(z)-z) <e€if a bs 3, <& 


Observe that in the idee of 2,2 > 0 and 
eee tee | 


lL [x2] [ea 
a | Eyal < e if < €te., if | z—2| <4€ 


\f@—z | <e€if0 <|x-2|< 4e 
Thus, ie =0-01, then 


pi(z)—- > : | <0-01 if0 < | z—2| <0-04. 
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2-5. Limit of a function as x tends to oo 


by definition, lim f(x) = 
Lap 


You have seen that in the case of a convergent sequence (t,), 
t, — las n —-~» coina certain sense. Mathematically this was 
defined as ; 
: . Jf given « > 0 we can find a positive integer m such that, 

| t,—l| < € foralln Dm, 
then we say that, ¢,, — > las —-> co _- 
Note that, (¢,) isa function whose domain is N. We shall 

now develop an exactly similar concept for functions whose domain 
is R, the set of real numbers. Let us first consider some examples: 


Ex.1. f(z) = eal ee 


Ce 
We prepare the following table. 
Ly 99 999 9999 — 99999 
f(z) 2-01 2-001 20001 200001 


Observe that as we take larger and larger values of z, (s) the 
value of the function approaches closer and closer to 2. 


(st) Further 7 : 

| fz)—2 | = 000001 for x = 99999, and for z > 99999, 
| fiz)—2 | < 000001, : 

Thiscan be proved .. 

We have, -  ° = 


[e)-2 | = | a | 
ee |. 
pa ar - e+l Te 
~ ag if x > 0. 
2% | f(x)—2 < 00: oodo1 a <0 00001. 


s.e., ifa+1 > 100000: 
& [SB—2 | <, 00001 itz: > 99999. - 
In general, ife < Ois bag 


| f(z) —2 | < cif - =r a 
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Let k = a 
E 
Given € > 0 we can find k e€ R such that, 
} f(z) —2 | < eife> &k. 


We say in this case that, f(x) ——> 2 as 2 —-> oo and write 
this as, 


lim Ite) = 2, 


=> co 
On the basis of the discussion above we now define. 
Def. 2: If given € > 0, there exista k > 0, 
such that, 
| f(~)—I | < € for all z > &, 
then we say that f(x) tends to une limit las x tends to oo 
and write, 


lim f(z) =1. 
. w~> eo 
Let us now apply this definition to some functions. 
Illustrative Example _ 
2 ie ae 
Ex. If f(z) = a use the definition to prové that, 
lim f(x) == I, 
v—> co 
Sol. Let ¢ > 0 be given. We have 
224-3 | 
7 22+3—2z7—1 | 
-_ 2241. | 
ae for os 0 
7 ee 1 mae 
f(x) -—1 € if : 
{ S(%) — [< : 2z+1 = 
- 27+1 #21 l 1 
t.€., 5) >—orez ge: 4 
i ol ee a 
Write k = a ee [f(x)—-l| <eceifesk 


by definition lim f(x) = 1. 
Y>o 4 


2-6. As is obvious from the above ‘illustration, ib w itl ‘be very 
inconvenient to use the: Aefinition every time.. 
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In order to simplify the process of finding the limits of functions, 
we depend on some standard limits and the theorems on limits of 
functions. | | 


Some standard limits 
1. lim & = k where k is any rea) number. 
Lapa 
2. lim 2" = a" except when a = 0 andn < 0. 
Lupa 
3. lm ab = Q forall n > 0. 


Ley co 


Proof. Since z —-—> oo, x > 0. 
Let € > 0 be given. 


| | 1 | rome | 
- —~|< eif—-<e€ 
an un 


1 
s.e., if x >(=) . 


: = l< e for alla > &k. 
.. him 1 Lo 
om a bd 
4. lim eae | 
La co 
5. lim sin + = 0 and jim coszx = 1. 
zap ramp Q 
Proof. (é) lim sin z = lim ain & x2 
rayO tap x 


—_lim 802 jim x 
a»~0 2 z—>0 
= 10 = 0. 
(is) lim cos z 
zr—pO . 


We have 
lim (l—cos z) = lim 2 ain? 7 
ray ray0 2 


2 iim sin 7 lim sin = 


zay0 2 23 
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‘ 


= 2x00 “* asx > 0,3. > 0 


lim (l—cos x) = 0 
La>g 
lim l—limcosz2 =O . 
rey»0 2tupyQ a2 
l1—lim cos z = 0 
xc—pO0 
lim cos « = I. 
xc—p>O 
6. (s) lim 
xr=pO 
[We shall assume this result. The proof is beyond the scope 


of the syllabus of the XIIth standard.] 
7. lim at =I, 


er] 
x 


= 1 


qe — l Be 
= ‘s) lim 
: =log,a () ee 


Te>O 
Proof. lim (at—1) = lim fats x 
capO xr=p0 Zz 
— lim il lim z 
rp0 8 £L£ xap 


| = log,ax0 = 0. 
. 1 \@ 
7@) lim (14) = 


Proof. Let » be a positive integer such that, 


ngn2rgn+l 
1 I l 
wu a a 


4a 1 4 
1+ ai S i+ —< = 


] n ] \e 1 \n 
(1+ =r) S (1+ =) < (14+ ] .».(A) 
Note that, as x —> 00, 2 -» » 


Taking limits as x —» « in (A). 


lim oe een - ; : n 
nop 2 ( 1+) eee (14>) Sa ( 1+) 


Now, lim (14+ 
R=} co 
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lin ( l ntl 
asks N—> 2 + n+] 
lim l = 
é 
ase = = 


* a8 % > oo, u— 0. 


} 
ars ne +>) = lim _ lim » (I+ ia 
mak A . 
A ae (tu) "=e 


2:7. Theorems on limits 


Mathematics 


The following theorems on limits will be assumed to be true. 


Let lim f(z) == / and lim g (x) = m. 
Ta L—pa 
Theorem I. 
Theorem 2. 
Theorem 3. 


Theorem 4, lim {f(z)~g(x)} = lim f(x) + 
wpa =p 


lim {f (x)-+-g (v)} = lim f (z)+lim g (2) = I+m. 
T—>a t—>a Tapa 

lim { f (z)—g (2) }=lim f (x)—lim g (x) = l—m. 
ra Iya ta 

lim { f (x)-g (2) } = lim f (z) + lim g (2) = Um. 
Toa T=—>a T~>a 

lim ¢(x) 

L—>a 


= 1 —m, if lim giz) = m~ 0 
Tapa 


With the help of the standard limits and the above theorems on 
limits, we can find the limit of a large number of functions. 
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‘The simplest case is where ee nf (2) is 8 f(2) where f(a) exists t.e. 


f(a) is neither infinite, Gideteeminats or imaginary. This is obtained 
by just putting @ for x in the function f(z). 


In case f(z) does not exist, we have to use some simplifications 
before the theorems on limits and standard forms can be applied to 
evaluate the necessary limit. We will divide these cases into a 
number of types and.indicate the method of procedure in each case. 


Type A. Algebraic functions. 


Case 1. In this case x tends to a finite number. We simplify 
the expression giving f(z), by either (1) factorisation (17) rationalisation 
or (ist) expansion. This brings out the factor which makes f(a) non- 
existent. Getting rid of this factor, we then get the limit by using 
standard forms and theorems. - 


. INustrative Examples 


Case 1: 
Ex. 1. Evaluate the following limits. 
—52x+6 . £5/3__32 
ee tie | paar 
() im ay lina 
» iis. Se Vf 2nt1—Vz42 
: tml (a=) 
| | 22—5xr+6 . (t—2) (x—3) 
) im ————— = lin ————— 
Sol. (2) oe (x—2) ses (x —2) 
= lim (z—3) «* 232 “© 2 
Lamp 2 
and (x—2) 0 
2 ee | 
gee Daca | 
v=p2 t—2 
ge, B32. 
(3) mae 4 


Writey = al 3, 258 = yS and a8 = y?. 
Also, a8 x8, y—>2 
2. 3__ 32 . y—25 


¢ jim = lim 
ae 28 34 yr? ee 


a (Y—2)(y* + 2y8-+ 2442+ 28y 4 24) 
yp? (y—2) (y+2) 
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mim (YA + Ayr By +24) 5x 24 
y-p2 Y¥+2 4 
= 20. 
VieploVet?2 | V2eFl—y2p2 
(7-1) top t—1 
V2r4+1 +742 
Vir] + fet? 
2¢-++-1l—a—2 


x 


mpl (X—1) (2a4+1+4 Vx42) 
] 


Bay (41) (ff 204-14 242) 


ee ee ‘ a>l, «#41. 


opt V2x4+1+V/r4+2 “and z—1 40 


(it) lim 
; tap] 


1 


~A2I+14+/14$2 275 
lim V 22+1+Ve+2 1 


pep] x— I 24 
Case 2. In evaluating limits of functions of the type 
P(z) 


f(2) = Qa) ag i—~ 


where P(x) and Q(x) are polynomials, divide the numerator and the 
denominator by 2" where nis the degree of Q(x). Then take the 
limits of the numerator and denominator separately. The limit ig 
finite if P(x) and Q(z) are of the same degree as in (t) below. It is 0 
if the degree of Q (x) is greater than that of P(x) as in (#2) The function 
tends to oo if the degree of P(x) is greater,than that of Q(x) as in (248). 

Ex.2. Find the limits of the following functions ag x tends 
to co. | 


. de+2 _ - 2€+3 9... g8—g8t] 
© gepr i (! ayerye) () Br - 
2 
~ qh 32-42 3+2 | 
Sol. (8) ae ca Nae oe +1 (dividing the numerator 


x 
and denominator by 2). 
: 2 
lim eee 
laure, 


=p co 


1 
lim awe 
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oa 3+0 -- lim 1 : 
— 540 : re agar =O if n>0, 
ayo SE+1 °§$5§ 
2 3 
+. — 
oe : 24+3 ° Zz 2 
Ai? 2S Bio =< 
ae ee aes om 6 (dividing num. 
Cat 
rator and denominator by 7?) 
0+0 _ 0 
™ 17040 ~ 
lim __ tet 3 = 0. 
apo 4244-5 
oe as a 724] pole 
Gays iM Se cel oe ca 
typo +242 L=> w 14 ane 2 
, | ge | gt 
_ 2~1+0 
14+-0+-0 
= 


Case 3. In this case we simplify the function by rationalisation 
before applying the procedure of case 2), ey 


Ex. Evaluate the following limits. 


(+t) lim Yxits ~ vVat+l 
Z=> 32x 


(i) lim zi ExG vat} 
L=> co 


Sol. (i) lim V2t5—V att] 
Ly co 32 


Lemp co 
ne er eee 

| viFo Ay ize |= 0 

(ii) Jim vaFT( Japs Vz¥t ) 

lim Ve+l ( Vz+5 _ x44 \ vets +( / 24-4 ) 
ns 672220 .. 7) 


! 
5 
2. 
q 
a| on 
| 
—, 
i 
a 
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“lim Vetl4(2+5—2—4 


0 98 EF era 
~ lim Vxrtl | 
ao Vf a+5 + VETS. 
: Vig = “es 3a 
| een dividing the 


—— es = 
a ne: Vigo 9) $V 14 
mumeiaipr, and the denominator by x 1/2, 


Vv 1+0 
Vi+o4 Vito = + 


Type B 
This type consists of limits of trigonometric functions. These 
are evaluated with the help of standard results, simplification by the 
sin x 


use of trigonometry forniiles and the basio result a oe 
—> 0 x 


which is to be assumed as the proof is not in the course. 
Standard Results. (i) '™ sin x = sin a, (it) lim cose = 
5 out! | oe , rape 
COS &. 


Proof. mae sin # = SiN « 


We have, 4 oe 
lim (sin z—sina) = lim 2 sin see) COs eee 
Lape Tay 2 2 
— 2 lim gin ama lim oo, 7% 
Layo 2 Tmpo 9g 
L—~—H 
Now, a8 +> %,2—-« >0.. 5-7 OC 
a lim sin ( =~) = im, sin {. =) 
2 
= 0 a lim sing = 0 
ty 
- lim (sin 2 —sin a )= 2-0, lim epg (3%) 
T—> a _ ; ty a 


= 0, whatever the other Jimit, 


- lim sin 2— lim sin « = 0 
Lay o Lamhe 
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lim gin xz = sino 


Or 


lim sin « = sin « 


T—>a T—pR 
(#1) lim cos x = cos a. 

CH—>Q 
We have, 
‘ . . ©—Kn |, % 
lim (cos x—COS « — lim —2 sin 81 = 
L->'k LTm—yX 2 Z 

_—2lim gin %—* lim gin 2% 
Tyo L~pa 2 
7 - ee zt«a 
— — 2, lim © sin onde 
A, Layo 2 
0 Wri ht of (gem ee 

lim (cos x—COB % « | = 0 

T—> a m, “ 

lim eos 2—lim cos « = 0 | 

L=—p>a T=) a e . 

Nim. Gogo = o08-a -- lim cos « = cos « 

L—>e . T=} 
Note: It now follows that 
lim gin (a x Ae b) = sin (a a+-8) 
Lape 


and lim cos (ax + b) = COs (ax + b) 
LH x 


Case 1. Weuse standard results 


the trigonometric function before une I= 


the limit. 


in trigonometry to simplify 
= a and evaluating 


Illustrative Examples 


2—sec*x 
Ex. 1. Evaluate lim 
L—> 


ee 


4 

lim 2—~sec*x 

gy xc l—tanz 
4 


Sol. 


2—(1-+ tan? z) 


__ lim 
1—tan 2 


t-> 
4 
1—~tan®z 
1—tan x 
(1—tan z) (1-+-tan z) 
— I—tanz 
1 + tan x 


1+1 


= 2. 


l—tan z 


ro 
ae 
4 


Tan z+ 1 
1— Tanz + 0 
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ae Saeed 
Case 2. Use of the result Jim SIRS 1. 
z—>0 x 


sin 2° 
x 


Ex, 2. Find lim 
x-»0 


Sol. Let 7°=6¢ 


ne rap w= 9. and as x->0, 0-0. 


lim sin x” him sind 
0 x g->0 6 180 


_) 7.7% 
~ "180° 180 
Ex. 3. Evaluate the following limits. 


(¢) lim 1—cos 2x (i7) lim # sin mid (iié) lim sin 2y—sin 2y 
2 +0 L—cos 4x Gwe x ee San eet y 
| Z _ 
Sol. (i) lim 82" jim 2 sin? a 
n-40 1—cos 4% 4,9 2 sin® 2x 
me 
lim co Cale 1 
zap @ sin? 27 4 
Ae ee sin z\? ., 22 2 
=— lim ( a . lim (sin Bz) 
4 o40\ % 2» \ sin 22 
l 1 
ao ]-] = £ 
1j l1—cos 2x 1 
TD - ee 
a-y0 l—oos4z 4 
- ‘7 
sin = 
(22) lima sin —lim 7 
Le) x x => co a 
Hr 


Put ¢——. Then as, —>co, 6-0 
x 


: . on . sin @ 
lim x sin —-=x lim . : 
D—p o 5 a0 9 
=v l—n7 


(iia) lim sin 27—sin 2y 
L—p>y wt—Y 
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@ lim 2 sin (z—y) 008 (%+-Y) 
Tayy t—y 
sin (7—y) 


= 2. lim 
apy %—Y 


Now as x—>y, t—y—>0 
fs eS) iy, 
L—p>y w—Y x—yayD t—Y 
Also, lim cos (2-+-y)=cos (y-++y)=cos 2y. 
L—py 


lim cos (7-+-¥) 
ry 


Jim gsi = 21. cos 2y.=2 cos 2y 


tapy 


Case 3, The characteristics of the set-of examples in this group 
is that they involve trigonometric functions which are not readily 
capable of further simplification and/or if x->a then the factor z—« 
is present in the function. 


Method for evaluating such limits is to put z—a=—@ and eva- 
luuate the limit of the new function in @ as 6-0 by the methods of 
earlier cases. 

Illustrative Examples 


Ex. 4. Evaluate 


tan 0—v3 7 tan 6—1V/ 3 
(i) lim Hp x (a) in == 
ae 3 o> 379 
qe «Sin (2—1) 
at) rae 28+-72—8 


Sol. 44) lim 1—2 sin 


Put = —z=9 °. £=—--8 
as x-—> - g->0 


1—2 sin x 


94 


122 (+ cos pV 3 sin ¢) 


— lim : 
a0 - Qe 
(l—cos 0)++/ 3 .sin 6 
Se We ge eon aes 
6 6 0\ ° 
ge = aU a 
7 2 sin? +32 sin 5 0s =) 
Ss ge pe 
: 6/f . 86 Aas 8? 
2 sin 3( sin atv 3 cos 3] 
—— 39 a 
_ Of . @ re | 
_ sin 5 ( sin gtVvs3 cos | 
== x) Ao gee ae ; ; | A) ° 
sin : 
=: lim oa g 
> 0 g->9 | 2 


(12) lim elas Ae, 
Tt ee 
oy BT : 
tr ; - 1 
As I>, h->0 
on tan 6—y/ 3 
eae pm 
ae 3 : 


h-»0 h 
tan ——tan h : 
3 _ 
——-— -v3 
1+tan = tan h 


mS i ea 
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Limits and Continutty 


tan F—tan ho 3 ( l-ttan = tanh ) 


h~v0 | a( 1+tan 3 tan h } 


4/3—tan h—./3—3 tanh — 
= » ———~Kp 7/3 tan by 


< = 


—4 tanh 
4 (1+4+/3 tan h) 


a —f tanh 1 ~# ay | 


h 1+ /3 tank 
j—2 sin x 


sin (w—l) . 
n->l x2 -1-7z—8 
sin (a— 1) 
x41 (v—1) (x-+8) 


Case 4 * 

Ex. 4. Evaluate the es limite ; 
* “gin (@42y: = 

a, Ue —2 Tiers Vers : 

Ait) lim at 8x aoe ihe 


z+0 2e+sin x 


sin (x+2) 
iia, 2a 
isi aa a hah ae 


7 sin (e742) 4 /SefB4/2p3 ~ 


eye V Oe-fb— ane Ee +3 


=: Wie sin (+2) (V2epb+Vard z+3} 
ry—2 22456 —r—3 


MU athematice 
jim | (+2) [V22764+V 243] 
Lap—2 z+-2 


sin (z-++2) ,. ees 
co ea [V2e+5+Ve+3] 


Lap —2 


(= 1. [V=4464+V 8535; 
=, 2 


lim sin (7-2) _9 
eve — 
rep—2 V2245—V 243 
Saas, ea 2224-327 
ie ree 2x-+sin x 
= lim eee dividing the numerator and the deno- 
nO 9 , Sinz 
minator by zx. 
0+3 
= ci- | 
ij 2274-32 1 
er 2e+sin 2 
Ex. 5.. Evaluate. 
vi) lim 27", ay tim: 4 sin [20 s/ Taal. 
x—»0 r0 | 
Sol. (i) lim “27? 
o t 
ee | ed 
write 6=sin-'z sin 6=2z and as z->0, 6-0. 
lim ne * —lim — =] 
+? = i il 
: sin-1 x 
lim 
x—>0 a 


(it) lim — a (2a4/1— 73] 


z=>0 
Write z=sin 6 .. sin 26=2 sin 6 cos 6 


26 =sin™! (224/) — 7°). 
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97 
Also as x->0, @=0 | 
lim = sin=} (2evT—aF]= lim ee 
r-yQ 7% +0 sin é@ 
(It is assumed that—— K2< > . This is obvious since 
6->0). 
Type C. 


This group includes functions of the type ihe and side or 
functions which can be brought to this form. We use seatcey result 
(6) of § 2:6 to evaluate limits of such functions. 

Ex. 1. Evaluate the following limits. 

(@) lim 2, ai) lim 

xc—>0 x x0 


at—] 


7z—5* eee 
———— ; (222) lim ; 
5t.— 32 cyO sine 


__ gt He = 
Sy tine Se ie, ee 
a0 = x—p0 uv 


xr~>0 a 2 


25, Ane = Jilin [== | 
a~>0 e x—y V0 v 


= log, p—log. ¢ 


=lo e P 
7 g 
. p*—q Pp 
lim: --..2 log, —.. 
x—>0 x rs q 
fitin: 2S sie ES a 
x—>0 5% — 3 x-»0 x —3? 
72 _ §2 1 
= lim 
x—¥0 lim peal 
x—>0 zx 
7 
loge = 
- 5 
loge — 
/ (itt) lim alae ihe 
x-+0 8iIn Zz x->0 SIn Z 
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Type D. 
This group involves functions which can be brought to the form 


( 1+ -)* or (1-+-)'/“ and their limits are obtained by using the 


standard results (9) and (10) of § 2-6 viz lim ( 14 x) "=e aa 
xr—> co . 


lim (1 4-4)1/u= Cog 
u-»0 


Ex. 11. Prove that, s (2) lim ( >) "=< 


I-y>— Cc 


ae y\=z_ 
(1) ae (14+ 4) 6! : 


r-> 
] 


(ii) lim (lax) ” =e" 
x->0 


Sol. (i) lim (1-5) 
r—p— co % 


Write —zx7=u 


.. if x>—oo, u>-+o0. 


: l \—z ; l\u | 
lim (1-=) = lm = ( +>) = 


L—>— co U=> co 
(ii) lim ( 144) =lim /141\% 
=> «Oo x %—-> 0 Baa 
y 


Write a =. 
y 


Since y is a a constant, a8 7->00, T> 00. 


te ( 14 Y\r— lim ( 14+), 


to UU >a \ 


: 1 \uly 
roth Mae 


Limsts and Continutty 


=} lim ( +7)" 


= (e)¥ =e 
ri lim l 2 \Foe 
Leap CO ( = a 
(22) lim (1+ aa) 
x—yO 


Write va=u a =— and as x+—>0, u—>0. 
1 
ngs a 
lim (lax) ” = lim (14u)% 
a~y0 u—0 
l 
—lim {(l4+u)” }* 
u->0 
] 


—— 


= {lim (1+) ” " 
u—>0) 


= (e) . 


| 


lim  (14+2)” =e° 


x—>0 


Ex. 12. Evaluate the following limits. — 


-(i) lim (5 yr s Ati) lim iti) 
nyo \T—2 } xpo \2t+] 


; Z 
wv) lim zx lo a 
z-»0 1—2z VA. ) as ee a 
3\2z 
| 14+— 
Sol. (7) lim 5) - lim a 
zyo \t—2 on a | 2 
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lim (14+) 
= I=} co x 
lim ( 1~>)’ 
Le co 
3 
=a 
: lim —\=6 
oe Pree x2 
= ety _ lim (si = im 224-3 
(2) rai (se41 wpm \2EL) “gyn 2e+l 
3 \ 2 3 
+o ee 
= lim i lim 7 
Lamp co ony Lpo Py 
a 22 a x 
3/2\x — 
(1477) 
—}> 0 
oe) 
2 
lim ( 143 )’ 
Cay CO % 
x 
lim ( 142) 
Ta} 00 m 
e3le 
= anne 
27+3\2+1 
wpa \te+> 
] 
1 2 
— lim (1+2z) 
sede oye 1+22 x 2—>0 
(242) lim ( = 
z-»0 ]—2z ih 
lim (1—2z) 
z~—»0 
e2 
a= y =e, 
1 
L22 ca 
i, EY we 
r—>0 


+2 ; xt+2\x 


—_ 
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| v 
(+3) 
: x 
= lim log aS 
x 
(45) 
= (ip 
x 
lim ( 14+— \° 
= log cis Abs ee 
lim ( >) 
Tredy CO 2 
e2 
= log [Ss 
= log (e*) 
= 3 


Type E 

In this group we consider functions which are defined by 
different relations for different intervals into which the f domain is 
divided. The point at which the definition changes is called a critical 
point. Thus consider the function given as 


f(z) = 2z-—2for0qzxq2 
= 2 for2<2< 4 
The point z = 2 is a critical point. 
At xz = 2,f (2) = 2—2 = 0, value of the function exists at 
x= 2. To find mer f(x) we will have to consider the limit of 


f(z) as x tends to 2 through values greater than 2 and separately 

when x -—> 2 through values less than2. If both these limits are 

the same, then and only then we say that ae f(z) exists and is 
T=) 


equal to that common limit. If either limit does not exist finitely 
or the t:vo exist but are not equal, we say that lim f (x) does 
| t—pa 


not exist. 
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Thus in the function defined above, 


when x < 2, lim f(x) = lim (x—2) = 0 
xray? xr—»2 


and when z > 2, ee f(x) = ee &=2 
These are ‘sie ie ome but are not equal. 
We say that im f(z) does not exist. 
x2 


Now oonsider the function defined as 
f(x) =2? for —l qa< 2 
= X42 for 2K 2%<4 


when x < 2, lim f(z) = lim ya 4 
xr—p2 r—p2 


when x > 2, lim Sf (x) = lim e+2 = 4. 
x=p2 L—p2 
The two limits are the same. Hence in this case we say 


that lim f(z) exists and is equal to 4. 
c—p2 , 


EXERCISE 
*A) 
Ji. Evaluate the following limits : 
(3) lim 72—62-+5 (ix) lim 2°—27 
mpl 28+452—6 cmp? x8 —~27—3 
1 1 ; lim 25/2—65/2 
(78) ae im | = x2+4-8x4-2 | (70) rap 5 73/8 —G§3/2 
lim 1 2 
(9) hoae|| as es a 
2. Evaluate : 


lim VERE — Va 
x—>0 | x 
(ii) lim  +x%—9 
w8 7/341 —+/at4 
V 8047 — /2+5— 
z8-+-1 
(iv) lim 4/242 —+/2- 
90 WP wi = 
lim \/ispl — Yio 
af 22+1 —_ 4/5 
(v6) lim a/z8+38z241 — v 324-5 
232 ./8N8 — 1/8tll 


.... lim 
(222) paras 


Limits and Continuity 


(vit) lim Vz—2 — x88 
ray? ¥ 24 
(vicc) lim Nee Vere 
z-» V2t+2—Vat3 

(in) lim fzt+5 — V8e+11 


+>-3 4/223 — VF 
(a). lim Vattl — V17T 
t-944/%353 — Vd+OT 


3. Find the following limits 


hiro 22+3 (i) i 1—2z 
im = C3 a) lim 35> 
() Ee 404-1 Pan 1+22 
«= lim 2—2 lim 22+-3¢7+1 
ey L-ypo 24137 ’ (3) Tay an Qr847+-3 
lim 3%?+52+43 _ . lim 52— 
(9) wya = x2—-2747 ° (4) w—>a 24-372 : 
_ giee, Show eee lim 3n—2 
me) t—»o 3024+2¢+1 ’ (910) geey ox 4127—a22 ” 
2 
(tz) lim ee eee (x) lim a 
jos e+1 pops 2— 328 
: : e2taet) a ‘ 228 +. 3224.2 
zi) lim ————~—— ei lin ————— 
2) typo 3t84+a2+1 ey) typo e2—2+8 
ea : 3234-5041 . : x3+-1 
(x00t) lim -~————_— (civ) lim ~— > 
pee es 4 ¢— 328 oes 2x—3x8 
(xv) oe sib Bl 


om i+2e2+4 3x4 ; 
4. Evaluate the following limits ; 


V 1422 


(‘) lim Berl ; 


WV 1+-42— 4/14 222 


lim 


(4i) 


PE eT 
(tc) lim gees 
Vp 


(tv) 


N53 Vatpel LV eae 
4/2202 + of221 82 


lim 
C—> © 


(Y) 


ayo V«t+8e++/Il+a+28 


Vzi4at —V/ cipd? 5 


Vf wtp etta/a2+da' 
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vi Ni a, a ee oiewese : 
(v2) Fern af a+2 (7¥2+3—+/ a+) 


(vis) Vim fx (o/2e+1— v/22—8) ; 


t=—> 0 
(vidi) lim Vfa(/tpa —\/ 2); 
L=y 0 
(iar) lim a(v¥z2+p —V22+ q); 
L=> wo 
(ct) lim a x (1/2342 — VY 2x3+1 ) 
L—p co 3 


(B) 
5. Evaluate. 


tan 6 


a a (eosec 6—cot 8) 
(7) lim a? © (it) lim ——————— 
— 6-0 | 6-»0 6 
Ga = sin AY ey: “lie l—cos mz _ 
wa gy = 2 é 2-0 1—cos nz 
| —si —cot 
(v) lim tan le sin (vi) lim cosec 7—co =i 
x—>0 a 2-0 oe 
es ‘ od sp ana . 1—cos ax 
(vit) lim zg sin — ; (viz) lim ——;—— ; 
: z—>0_ 3 zy0 7 
= , cos px—cos gz | 
x—>0 
| A a ge ee _ sin-lz . 
(2) lim # tan ----; (zt) lim zsin 9, (zy lim es 
X=) co oe * Le> oo Lab co 
eee) ge. «62 BIN Z—8iIN Zr : 
(ztit) = =im : ; 
x->0 2 
(xio) im x sin x (eo) im 3 sin — sin 37_ 
xiv ————_—— Sistecar ee 
Axo 1—cos x r—>0 x3 
,6. Discuss the behaviour of sin = as x—->0. 
7. Evaluate. 
— : . in @—si 
(i) lim sin (x7—@) (i) lim sin sIn « ; 
L=pn (%—a@) e 6@—a O—a 
(272) lim — ; (1v) lim (sec 7—tan 2) ; 
ro Tt 
ean eae 
1-33 
w) lim gin & . 


Limits and Continuity 105 


t = a 
(vi) lim an @—l ; (vid) lim cos 7—cos ¥ 
ey cy eas 
Ly ----- 4 
4 
ce . 1+ cos =x ; 1—tan 0 
44 ] — ] Pee aan eee 
ey rot Gaye! (2) mm l—-V/2ain 6’ 
O—> -..-- 
4 
l= 
(2) ima: “4 ve tan x 
2 x 62 
sae 
: sin (c—2) 
e) aa “x2 +4x2—12 ° 
8. Evaluate 
(Gj) lim “72, (3) lim 2™ 
z0 = 6-0 sinnz 
° in2 
(ait) alia (tv) lim saad 


r->0 22(1 +4008 z) 


2 2.49% gs} 
(vi) lim ee sa - 3 (viz) lim ESE niece = site : 
z->Q T+8in 2x t—po 81n F432 
x*—3x 42 


(vere) ie ae Fain (@—1) 


. sin Z—sin a 
(2) i) > es 


att: in-~),—~—sin-1 
a See Gy. Tite, eee 
x0 8=—® ra (ii 
a Te eee 
(az) lim — sin—! (32—423) ; 
xr—p0 
2 
(iv) lim | tan-1 i > 
x0 mk 
(C) 
10. Evaluate. 
a | ye _ T%_5* 
(¢) iim : : (77) lim : 
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0) ee | 
(i277) lim sana (tv) lim si ; 
repQ SING +0 3*—l 
a 
oy ie wi) lim 
v 1m : ; Vv l 3 
sin x cos Z 
x->0 vep> = 
- y—l 7 et_e-r 
ot) in ay it) Nim ae 
aay Tine 
x-»0 xv sin & 
(D) 
11. Evaluate. 
yooh (1 1 y" (ii) i 27__32 
a Im Stes : at Im =~ : 
(2) a a ae | Panes 224 3x 
es ; ev 1. er 3 ; x x 
OO) lim = (¢v) lim (= ) ; 
( ) t—p 0 ete x Ley o c+] 
: 2\2 . 3 \2 
(v) ies = ) (vt) lim (2 +=) : 
>o L—> © 
. x—1\% ee : x—3 ure 
wt lim ) ; VII2 lim ( ; 
cost) im (i) iit wim (SS 
Gay. Tie ys (2) lim (e5)": 
1 
, ; e—2\r+1, we : rym 
(vi) lim ( (att) lim (14258 ” ; 
1 1 
x x 
(xiit) lim patel ; (xiv) lim ssn ss ) ; 
=>) l—z xz—>0 122 
1 
ry 
(av) iim (545) 
u=—>0 ad 


12. Evaluate 


2 
a lim 2 log (; —_— ) ; 
i. +3 
(it) hrn (2+) log (); 
x—>0 7 
2} 
(ii) lim? log =) ; 


Zo> © 
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| I 
(iv) lim «2 log lille ; (v) lim -— (log (142w) ; 
r—> @ x—2 dete: Y | 


(vt) lim Sige 14-20 ): 
zy0 @ ]1—_— 22 


(vit) lim odie log (l—3z) ; 
teyo = 
5% 1 24 3x 
(vtit) es — log (=) : 
(E) 
13. Evaluate. 
(7) lim f(x) where f(7)=22—2+42 where r&2 
xray? 
=] te when z > 2 
ag | 
(2) lim f(z) whe -e f(z)=z+41 when z<1 
Lop] 
=32—2 when z > 1 
(itz) lim f(a) where f(x)= = when 2 < 0 
xr=>0 ~ 
=x] _ when « p> 0 
ANSWERS 
(A) 
: 4 wage Rt cae ; .. 25 I 
1. (2) a 7 ’ x) ~h > (220) —l ’ (20) “3” ? (v) > ° 
a ... 8 re | ee | 
2. (?) ve. (11) ——V75 (102) -Y2: (tv) = V2: 
I Sc ag ee sf od 
(2) —s-(V8—1)s (vi) gv 208 (vit) (238); 


ie eae | So ee 
(9122) ~z V8 (2a) 72 V2; (x) T7 V 2227 ; 


a3 Sa 1 , 1 
3. (8) = ; (7) —I, (80) es (80) -g- 5 (v) 3; 
(vi) —-g- (08) 05 (WIN) OS ia) ws) Ds (wi 0; 
aoe P 1 ] 
(211) @; (iit) —1 ; (xiv) es (xv) > . 
1 aoe _ g2—p2 | 
4. (t) a . (es) os (l—Vf2) ; (eee) 0, (ev) ee (v) 1; 
(oi) 1; (vis v2; wit) Gms Pw) 
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(B) 


ga ok ay, .. me 1 ae | 
5. (2) 2 ; (27) oa (422) A; (2”) 7 (v) age Be (v2) 33 
2 
(viz) 1; (v227) — : (22) elie ; (x) A; (x2) = : 
(zit) 1; (att) 1; (xiv) 2; (xv) 2; (xvi) 4. 


7. (t) 1; (27) cose, (727) = (7v) 0; (v) 0; (vt) —2 ; 


(vit) —sin y ; (v272) > 3; (tx, 2; (2) a V3; (x?) _ : 
ie m 9... Th —,. J Ls rmeeee 
8. ( ) iso > tt) n (22) 50 > (2v) a) a > (v) 2 V @ cos é ’ 
9 : 

(X) --g-- a/ 5a C08 a 

e % ] eee e 
9. zr) 1; 2) o-. (222) 3; wv) 2. 

(i) ae eo (i) 

lo eae 
eg 3 


te as 
10. (7) log 3; = (tt) log | s — (ttt) loga; — (za) Toe 3? 


(v) loga (vi) 1; (viz) 1; (v202) > ; (tx) 1. 


Il. (2) ez; (22) —l; (222) 1: (20) e~i : (v) e-2, (vt) e3 ; 
(vit) e-2 ; (vizr) e-5 ; (tx )e2/3 ; (x) 0; (xz) 0; (wit) 8; 
(xi22) e2 ; (xiv) ef; (xv) e. 


12. (2) 2; (tt) 3; (277) —l, (iv) 4; (v) 2; (vi) 4; 
(vii) —3; (wit) 3. 
13. (1) 4; (77) does not exist ; (2¢) does not exist. 
Continuity 
2-8. Continuity at a point 
We now introduce a very important concept in caloulus. It 
may be said to be a mathematical formulation of the condition under 
which the graph of a function is a continuous unbroken curve. 
Examine the graphs of the following functions. 
Ex.1. f(z)=2—2 0<r<4 
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Y 


Ex.2. f(z)=29 —lcr<l 


Fig. 2-7. 


Ex.3. f(x)=|2| —3<x<3 


Ex. 4. f(z)=r—2 0<a<2 
=x 2ar<4 


Ex. 5. f(z) = Tanz 0 <a, 


Th 
Qt =) 


wewere er ee eee  —ae SG eww ewe SB ee wee 


Se @ewee ewes wee es & ase See ee eee ee | Se ee 


Cte 


Fig. 2-10. 
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You will observe that, 

(t) The graph of the functions in examples 1, 2 and 3 are un- 
broken curves. 

(82) The graphs of the functions in examples 4 and 6 are broken 


atx = 2andz =>5 respectively. 


We say that the functions in examples 4 and 5 are not eonti- 


. : Tv : 
nuous or are discontinuous at x = 2 and x = 5 respectively. On the 


other hand the functions in examples 1, 2 and 3 are said to be conti- 
nuous at every point of their domain. 

Now let us examine the behaviour of a function in the neighbour- 
hood of a point at which it is continuous. 

Let f(z) = z*. As seen above, this function has a continuous 
anbroken graph. It is continuous at every point. 


Let us consider its behaviour in the neighbourhood of x = 2. 


We prepare the following table : 


re f(x) 
1-9 3-61 
1-99 3-9601 
1-999  3-996001 
9 4 
2-401 4-004001 
2-01 4-0401 
9.1 4-41 


Observe that, 

(1) As x approaches 2 from the left or the right the values of 
the function approach closer and closer to 4. Also, f(2) = 4. i.e. the 
values of the function approach f(2). 


(22) Also, lim f(x) = lim wv? = 4. 
xr-y>2 x —»2 
Thus, at x = 2 we have, 
x-y>2 
at x = 2 which is a point of continuity of the function in 
the sense that its graph is unbroken at x := 2, we have, 
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lim f(z) = 4 = f(2). 
r—>2 


Consider again, f(x) = z—2 0q rq 4 
We have, lim f(z) = lim (x—2) = 0 
x—p2 rmy2 


Also, f (2) = 0. 
lim f (x) = f (2) 
xr—>2 } 
We see that at z = 2, the graph of the function is unbroken. 
On the other hand for f (x) = tan 2, we find that the function 


is not defined at x = > ; 


However for the function f defined inex. 4, f (2) exists and is 
equal to 2. 


Rut when z — 2 through values less than 2, f (x) .pproaches 0 
while when z —> 2 through values greater than 2, f (xz) approaches 


2. Hence lim f (x) does not exist as there is no common limit. 
r—p>2 


Here again the graph of the function is broken at x = 2. 


These conditions lead us to the following definition of the conti- 
nuity of a function at a point. 


Def. 1. A function f is said to be continuous at a point c 
of its domain if lim f (x) = f (c). 
T—>C 
OR 


; Def. 2. A function fis said to be continuous at a point c 
of its domain if given € > 0, there exists 8 > 0 such that 


lf (~)—f(c)| <e forall |a—c| <8. 


Note that the two definitions are equivalent and for a function 
f to be continuous at 7 = c : 


| (t) f (c) must exist and be finite z.e. f (c) must not be infinite, 
indeterminate or imaginary. 


(17) lim f (x) also must exist and 
r—>C 


(1i2) the two must be equal. 


If f (x) is not continuous at + = a, it is said to be discontinuous 
atzxi=a 


Let us now apply the definition to a few functions. 
Illustrative Examples. 
Ex. 1. f(x) = 3z42. Examine for continuity of f at x = 1. 
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Sol. We have, 


f(Q) = 3142 = 5 
Also, lim f (x) = lim (32-42) = 6 
Lay] xr=-pl] 
lim f (x) = f (1) 
t~>l 
The function is continuous at x = 1. 
Observe that the — of the function is an unbroken line 
Ex. 2. If, f (2) — x0, f (0) = 
nity of fatz = 0. 


; examine the conti- 


Sol. We have, f (0) = 0 


Now, lim f(z) = tae 
x—>0 


lim f (2) ~ f 0) 
r—~>0 | 


ia 


The function is not continuous at z = 0. 


Ex. 3. If, f(z) 


x?-—9 
oe for z 4 3 


= |] forz = 3 
discuss the continuity of f at x = 3. 


Sol. Here, f (3) = 


Now, lim f (z) = lim Va 


xr—>3 t->3 T— 
tym (3) (243) 
i oe (z—3) 
= lim (x+3) °s zx > 3, z+ 3, and 
tay3 x—3 = 0. 


= 6. 
lim f (2) = 6 3 f (3) 
r~>d 


The function is discontinuous at z = 3. 


Note. In this case, the limit and the value both exist but are 
unequal. 


Ex. 4. f(z) = 


sin x 


, «340 and f (0) = 
Show that the function is continuous at z = 0 


Sol. f(0) = 1. Also, lim ——* =: 1 = (0). 
z—0 a4 
the function is continuous at x = 0 
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Ex. 5. Show that f (x) = sin 2 is continuous at r=c where c 
is any real number. 
Sol. f(x) =sinz 
f(c) = since 
Also, lim f (x) = lim sin z 
L—>e L—>C 
= sinc 


lim f () = f (0). 


w—>C 


sin z 1s continuous at x = c. 


OR | f (x) —f (c) | <é 

if | sin x—sine | <€ 
.e if 12 coa ( “5 sin ( = | € 
1.€. | 5 D) | = 


i.e. if | 2: 1 —— | <€ "COB ( — )< I 


: xL—~C L—C 
and sin { 5 )<( =) 


Taking 38 = € weget by def. 2 that sinz is continuous at 
2x = C. 


1.€. if {rw—cl<e 


Note that the graph of sin z is a continuous curve. 
Ex. 6. Discuss the continuity of f at x = 2 if 
of (a) = 228242 when x < 2 


= ig when x > 2. 


3 


5 = 143 =4 


Sol. We have f (2) = 1+ 


value of f exists at x = 2, 


Since « = 2 is a critical point, we have to find lim f (x) through 
x->2 


values of x less than 2 and also through values of x greater than 2. 


when x < 2, lim f (x) = lim (z?—2+2) = 4-242 = 4 
x—>2 xc—y2 


: 3 3 
When z > 2, lim f (x) = lim 14+ —~ = 14~>-— 4 
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lim f (v7) = 4 = f (2) 
f is continuous at x = 2. 
Ex. 7. Discuss the continuity of f at x = lif 
f (v7) =2-—2 forx<l 
= ig—l1forz > 1 
Sol. We have f (1) = 4(1)—1 = 3 
“. value of f exists at z = 1. 
Now x = 1 is a critical point. 
When zx <1, limf (zx) = lim 
x->l ae | 
When x > I, lim f(z) = lim (4z—1)= 4 (1)—1 = 3 
xl x—>1 


These are not equal .°, lim f (x) does not exist. 
xl 


f is discontinuous at x = l. 


2:9. Continuity in an interval. 
It is now simple to extend the idea of continuity of a function 
at a point to that of continuity in an interval, We define as follows. 


Def. 1. A function f is said to be continuous in an interval 
[a, b] if it is continuous at every point of that interval. 


Note. To discuss continuity of a function in an interval, we 
discuss its continuity at a general point which is not @ critical point 
and separately at every critical point of the interval. 

Illustrative Examples 


Ex. 1. Examine for continuity in [—1, 1], of the function f 
defined as, 


f(tv)=32-2 2x0 
= ] r=. 
Sol. Letc € [l,—lJ andc 4 0. 
Then f (c) = 3c—2. 
Also lim f (x) = lim (32—2) 
, wv 


r—>C —c 
= sc—2 


lim f (cz) = f(z) whence + 0. 

x—>C 

The function is continuous at x = ¢ if c 4 0 
Now, f (0) = 1 


and lim f (x) = lim (37—2) 
x-»0 x->0 
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= 3:0—2 =—2 
lim f (2) =—2 = f (0). 
x0 
The function is not continuous at z = 0 
f is continuous at every point of [—1, 1] except at « = 0. 


Ex. 2. Examine the following functions for continuity in the 
intervals indicated. 


; z?—3x+2 
(2). f (2) = peer a as ee ace | 
| = 0 x=l in (0, 2]. 
x24 
A _ 4 9 
(11) f(x) = aS forz + inf, 3}. 
= 4 forx = 2. 
Sol. (7) Let c € [0, 2]andc 4 1 
c?—3c+42 
i (Cc) a c—_l 
(c—2) (c—l) 
= c_l 
— (ees ao tO are 1 
2} 2 
Also, lim f (x) = Jim : ees 
«>C ZC as 
=~ lim aa }) (p24) 
L—>C (x—~1}) 
= lim (v—*) i ea | 
2->C 
= 6é—2 
lim f (xz) = c~2 =f (c) 


tye 
f is continuous at zr = cife A I. 
Now, f(!) = 0 


2 8374+? 
nd lim r= lim Ae re ters 
i rl I x—>\ a1 | 
jim, (aes). 
cml (v—1) 


= lim (x~—2) ‘s 21,2 1 and 


= ]—2 =- —| 
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lim f(z) = -14f (1) 


xl 
The function is discontinuous at x = I. 
“, The function is discontinuous at z = 1 but it is continuous: 
at all other points of [0, 2]. 
a27—4 


(3t) f(x) = ae for x 2 
= 4 for x = 2 in [1, 3] 
Let c € [I1, 3] andc $ 2. 
c2—4 
f(e) = ae, 
=c+2 forces 2. 
» lim _lim “x4 
** geye ss ayo 82-2 
c?7—4 
= 5 for cA 2 
=c+2 
2. lim f(x) =f (c) 


xX—>C 


*, The function is continuous at « = cifc ~ 2. 


Now, f (2) = 4 


x*—4 


— 


lim — lim 
and L->2 f(z) x->2 «x—-2 


lim  (%—2) (+2) 


x->2 (t—2) 
zs = (x42)  2>2,aA~2andxr—2~0 
= 4, 


xr-»>2 
The function is continuous at z = 2 also. 
The function is continuous in [1], 3]. 


Observe that, in all the examples we have to give special 
attention to the values of 2 at which the function is defined differently 
or where the definition changes. These are the points at which it is 
likely to change its behaviour suddenly, so that a break may appear 
in its graphs. It is then a point of discontinuity of the function. 
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Ex. 3. Examine the following functions for continuity in the 
intervals indicated. 
; 1 
() tf (x) = 22 vo 0 
= 0 forz = 0 in [—], 1] 


24 3a+2 
(it) f(x) = Ea fora el 


1 forx = 1 in 0, 2] 


Sol. (i) f (2) = p12 # Vand f (0) = 0. 


Lete € [—1,1] andc 0. 


1 
Pe) = 
Also, }im lim _! 
L—>C . L—c FL 
1 
— Ce i Cc os a 0 
lim f(x) =f (c)ifce 4 0 


t—>C 
The function is continuous at z = c ifc =< 0. 
Now we consider c = 0. | 
We have f(c) = 0. Let us observe the behaviour of the 
function in the neighbourhood of x = 0. We prepare the following 
table 
x: —01 —00!1 —0001 0 0:0001 0-01 O01 
f (a): 102 104 10¢ 0 108 104 108 
As x approaches 0 we see that f (x) becomes larger and larger, 
This may be expressed as f (%) > » asx > 0. 
lim f(z) = ooandf (0) = 0 
x->0 
The function is discontinuous at z=0. At all other 
points of [—1, 1] it is a continucus function. 
os pian, + Br H2 , 
(it) f(z) = a a for z 1 and f (1) = 1 in (0, 2). 
As in (i) above it can be verified that for z ~ 1 the function is 
continuous in [0, 2]. 
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Wo prepare the following table to observe the behaviour of the 
function in the neighbourhood of x = 1. 


a 0-9 0:99 0-999 1 1-001 1-01 11 
f(x): 561 58501 5995001 1 6005001 63001 701 


We see that as 2 approaches |, f (zr) becomes larger and larger 
so that in this case also, 


lim f(z) = coandf (1) =1. 
x—>l 
The function is discontinuous at x = 1, at every other 
point of [0, 2} it is continuous. | 
Note that at every point where the denominator of a function 
tends to 0 but the numerator remains finite and ~ 0, the function 
will be discontinuous. 
Ex. 4. Discuss the continuity of f (x) in [2, 4] where 
f (2) = 4x—1 for2<c2r<3 
= 1295 for3<a<4 
Sol. Let c € [2,4] andc+3 
If2<c-. 3 we have 
f (c) = 4c—l1 and 


lim f(x) = lim (4a—1) = 4c-1 
L=>C L=-pe 


lim f(@) =F (0) 

TC 
Hence f (x) is continuous at x = c and hence in the interval 
If 3 <c< 4, we have 

f(c) =c? — 5 and 


lim fld= lim (x2 — 5) = 2 — 5 
L—>C tT—>C 


lim f (@) =f (¢) 


xX C 
f (x) 18 continuous at x =c and hence in the interval 
s<crg4 | ...(2) 


Now x = 3 is acritical point. We have 
Value of f (x) exists at x = 3 
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When x < 3, lim f (x) = lim (4x%—1) 


xL—>3 x—»3 
When x > 3, lim f (x)= lim (z%?+5) 
x-y>3 x—>3 


These are not equal. 


lim f (x) does not exist 
x-»3 


f is not continuous at x = 3 ...(3) 
From (1), (2) and (3) we get that f is continuous in [2, 4] 
except at x = 3. | 
2:10. Algebra of Continuous Functions 


As in the case of finding limits of functions, it is rot convenient 
to apply every time, the definition of continuity of a function. We 
therefore rely on some theorems and the continuity of some basic 
functions to deduce the continuity or otherwise of a large class of 
functions. 


Let fand g be two functions continuous at x=c. Then the 
following theorems can be proved. 


Theorem 1: The function f+g is continuous at x=c. 
Theorem 2: The function f—g is continuous at r=c. 
Theorem 3: The function f. g is continuous at z=c. 


Theorem 4: The function f~g is continuous at x=c if 
g(x)=40 in the domain 


The proofs of these theorems are omitted as they are beyond 
the scope of the syllabus. 


2:11. Basic Continuous Functions 


1. f(x)=2z" is continuous at all points if » >0. Itis dis- 
continuous at r=:0 if n < 0. 


2. f(x)=sin x and g(x)=cos x are continuous everywhere. 
3. f(xj=a* is continuous everywhere. 
4. f(x)=log x is a continuous function for z > 0. 


5. Iffisa continuous function of u and wisa continuous 
function of z then f is a continuous function of ¢. 
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2:12. With the help of the theorems and the basic functions 
we now deduce a few results by way of illustrations : 
1. Every polynomial] is a continuous function. 
Consider 
f(x) =? 432242745 
Each term on the r.h.s. is a continuous function of xz. Hence 
by the first theorem f is a continuous function. 
In general if, 
P(x) =a,x" +a, 2" 14+-...4+4p, 
n being a positive integer, by a similar argument if follows that it - 
is a continuous function. 
2. Let f(z)= — where P(x) and Q(x) are polynomials 


in zx. Then f is continuous everywhere expect at those points where 
Q(z) =0 and P(x)40. The points at which P(x) and Q(z) are both 
0, will have to be considered specially. 


Thus, 


21 32+5 
f= 5 t#l, 2 


== 0 for z=1 and z=2. 
is discontinuous at x=1 and r=2, since at these points, 


22—32+2=0 
but 22 +-3r+ 50. 
On the other hand if 
(2) =a x41 and x42 
=—6 for z=] 
= 0 for r=2 


We have, g(1)=—6 and 
lim g(z)= iim (oe) 


zl xy] (—1)(x—2) 
g 
en ce) eee 
eae (@—2) z—+>landzAl 
=—6. 


lim g(x)=g=(1) 
vl 


.”. g 18 continuous at z=1. 
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Observe that at x=1 | 
2?*—3a42—0 and 2+ 4¢—5 =0 
But, at x=2, 
v°—324+2=0 and x#214x7—5=40. 
and g is discontinuous at z=2. 


3. Using (1) above and (5) in the last section we now obtain 
that every polynomial in sin x and cos z is a continuous function. 


Thus, 
f(z)=2 sin? +3 sin x+5 
is continuous every where. 
Similarly, az sin 2r-+cos (27+-3) is a continuous | function. 


The student should himself construct some continuous functions 
in the manner indicated above. 


EXERCISE 


1. Examine the following functions for continuity at x=0. 


(() f(x)= — ; x 40 (12) f(aj= a sin — for «<0 
—] for 2z2=0 =] for x—0 
ate 1 . sin 23 
(tit) f(z) =a cos — for x <0 (iv) f(x)= a for x0 
=—0 for x=—0 =0 for z=—0 
tan 3x 
(v} f(x)= Soe for 20 
= 3/2 | for xz—0 
2. Prove that, 
; 29 j oe x2 +3242 
(1) f(x)= pute 43 for x +3 Ogee ee 
=—3 for z=3. . ——] for xr=—-—], 
is continuous at x23. is continuous at «=—1. 
ao x2*—4x4 +3 a sin 2 
(tt) fi2)=938—3e when xl = (tv) S(@)= oe for x=0 
eae | when w=], = 4 for xz—0. 
is continuous at «=1. i8 continuous at 7—0. 
zx+2 —2 
hl ve, m #2 
=—0 for c= 2 


is continuous at 7==2, 
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9 
vt) {(¢\=—_-_-—-——- —— , #0, 
sl A aaa tO nl PU ars Bad 
F(O0)=1 


is discontinuous at x=x0. 


a: 
(viz) f(z)= — x ~0 and f(0)=0 is discontinuous at 7—0. 
37—2t 


for x~~0 and f{0)=log-5 is continuous at z=—0. 


3. In the following f is not defined at the points mentioned. Define 
f at these points 80 that it becomes continuous at these points. 


(vize) flx%)— 


4729 48 - x24 5a+4 
ews fi = i = 
(t) fix) iey «(OT PHS (27) f2)\= 9 ae43 for x7 —1 
bs mer : at—] 
(722) f x)=x sin = for x +0 (tv) fix)= -— for ~0 
x 
sin Z—cos x = t 
(v) j(2)= aaa for eae (v2) fps for x x0 
——2 a 
: ee 
(vit) fix)= —— for x0 | 
sae G2 
(vier) f(zj= 42 


yar yan? 


f4. Examine the following functions for continuity in the intervals 
indicated. 


(2) f(zj= sa ae Gh {—l, 2] 


— (@—1) 2— 3) 


iss z+ 
(22) I(®)= 3546 in (0, 2-5] 
243242 
x2+x7+41 
x2te41 
222-x —3 


1 : 
(v) N2j}= 55 in [—l, 2] 


(222) f.vj)=— in (0, 1} 


(tv) fiz)= in [0, 2] 


+5. Show that the following functions are continuous every where. 
(¢) f(z)=224+3x41; (tt) f(x)=2 sin x+cos 2. 
(202) f(v)=e* sin x (iv) f(v)=a* log x (v) f(z) =2*7 sin 2x 


(vt) f(x)=xet (vit) f(a) x2e T2437 sin x. 


6. Draw the graphs of the following functions. Hence or otherwise 
find their points of discontinuity if any. 


(1) f(x) =22+1 —I<vx0 (vt) fiw) = 38241 —ler<0 
= 27—2 0<r<2 =112% 07-3 


(it) f(v)= [ul —2Qr<2 (vii) f(w)=227 45 —-2e7<—1 
(tit) fix)= [r—3] 076 =2+0—-1< a3 
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(vtiz) fia\—=x+l —Ilerc<0 
(iv) fixz)=xr+3 Orel m2—-r Oc rm? 
=4 27 lex =21—l 2<-xre4 
(v) f[(v)=44 2a—lqre? (iz) f(z)=l—x —ler<l 
=12—27 2 <x es 2 l<rg3 
=I-+2% 3cwgQi 


Prepare a table of values of the function 


f(zj== : for «#2, 


2 
inthe neighbourhood of x=:2. Hence, comment on its behaviour in the neigh- 
bourhood of 2. 


ANSWERS 
1, (2) Continuous; (77) discontinuous ; (#77) continuous 


(tv) continaous, (v) continuous, 


3. (2) f(3/2)=6 ; (iz) f(—1)=3 ; (#i2) f(0)=O (iv) fO)Sloga 

(v) f(7/4)=—V2 5 (vi) fO)=L 5 (vii) f(e)=2 5 (vidi) f(2)=2V5. 
4. Discontinuous (2) c=1; (77) w=2, (tv) z=3/2; (v) r= —1/2, z=] 
6. (z) Discontinuous at x0; (77) Continuous 
(202) Continuous (tv) Discontinuous at «=1 
(v) Continuous at z=2. 


(viz) Continuous 


(vt) Continuous 


(viiz) Diszontinous at z=0, r=2 
(tz, Discontinuous at z=1, x=3. 
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Differentiation 


You have studied derivatives of functions and some of their 
applications in the llth standard. The functions considered were 
simple algebraic and trigonometric functions. We shall now consider 
other types of functions such as exponential, logarithmic and inverse 
functions. Some more applications of the derivatives will also be 
discussed. Let us first revise what you learnt last year. 


3.1. Derivative 


The derivative of a function f at a point a of its domain is 
defined as, 


In general the derivative at x is. 


’ — ji f (x+h(—f (2) 
ro) = ie, Levitt 


‘h’ is called an elementary increment in x and [f (x) +h)—f (x)] is then 
the corresponding increment in f(x) or the value of the function. 
If we write 

y = f(z) 
and denote an increment in x by 8%. Then the corresponding incre- 
ment in y is denoted by 5y and we then have, 

ytdy = f (x+8z) 

fig lim, JE) 


sr—>0 ox 
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lim ¥toy—y 
dx->0 dx 
— lim sy 
S20 Sx 
ae oe is denoted by ah . Thus we _ obtain another 
n> 


notation for the derivative e.g. 


f'(zx) = where y= F(z) 


Similarly if u,v are functions of 2 their derivatives are — 
x 


dv 
and qn’ 


We may also write, 


f= a4 fe | 


, 


g(x) = a g (2) ote. 


d, : 
qe 38 treated as an operator which when applied 
to a function yields its derivative. 


Note that 


Illustrative Examples 
Ex. 1. Use the definition to find the derivatives of the follow- 
ing functions. 


(i) Va2+2; (it) sy (217) 2a?4+-3zx. 
Sol. (¢) f(x) = (a?+2)}/? 
pe) tim L042 Se 


h->0 
iim (eth +2pe—[at4 ope 
Ad h 
im | (et ht 272—fat+ 2p 
= ayy oo 


[(e-+-A)A+ 2p 2+ [224+ 2712 
[(xh)P-2p24 (o24 2702 
— lim [(v+h)+2]—[2? +2] 
n-»0 he {[(w-Ph)? + BpV4 4 [x2 + Dp} 
_ jm Let + hah? 2—2?—2] 
pay Af (2+ hye 2p? fa? + 212 
lim Reh) 
h-0 A{[(e--h)?+-2]V24 fa®4 271/23 
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Uf ee 

r+0 (eh)? 4 2)2+4 [22+ 2])7 

— lim ee eee 

pay f(a h)®4 244 fas+ 2717} 
22 

= spa 


— 
—_— 


"h>0, h40 


(vt) fiz) = 7 
h)— 
f(x) = Hn — 
— lim 1 J : 
ep ‘soa saa 
ieee 
 h-0 pee) (z-+h+3) 
—h 
~ aod A (x43) (2 +h43) 
—l 
Ao (x43) (xf h+3 
—l 
eH 
(ii) f(x) = 208432 
lim S(e@+4)—S(2)_ 
h-0 h 
_lim 2 (x+h)?4+3 Gaadleal (2 22432) 
h-0 


 hA>d0h AO. 


— lim 


2a84 4ha+ lee ae 
h-»9 h 


— lim 


h (4%-+2h+43) 
h>0 h 


= aay (4c4+9h+3) yt h>0,hYO. 


hy 
= 4743. 
Ex. 2. Find from from the first a ae the derivatives of 
(t) cos®z (7) tan x, 
Sol. (2) f(z) = coax 
f(x) = jm 


h~y»O 


cos® (x-+ 2)—cos*x 
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_ lim [eos (%+h)}] —cosz] [cos (x+h)+ cos 2] 


h—»0 h 
h h h h 
_ lim —2 sj TEN i AG. A Af 
Zs 7 sin ( (t+ 5 ) sin 9 2 cos (2+ 5 ) eos 5 
h 


in( 5 
» \Pon( 2) 


h-y»9 


‘ 


cos ( 4 h, oe 
a 2 
= — 2 gin x:l: cosz:l 
=— — 28in xcos zx 
= BIN. 2 Z 
(ii) f(x) = tan 2 
) — lim ian (x+h)—tan x 
LO ee 
_ . sin (%-+h) sin x 
ap ee ee 
| h 
zal EB) Oe 008 (2 hh sine 
es) hoos(x+h)cosz 3 —— 
_lim _ 81 (2+h—z) 
heya = cos (x +h) COS x 
_ jim Sink , 1 ; l 
ho oh cos (th)  cosz 
ne 1. il 


= sec?z. 
Ex. 3. Use the definition to find the derivative of sec x. 
Sol. f(x) = secz 


= lim sec (v+h) - sec x 
ek a aoe Taam 


— lim i _ | = l 
h>O A { cos (x +h) CO8 x 
_ lim 1 1 cos x —cos (x+h) } 


“h Cos x * COS (x +h) 


128 Mathematics. 


2 si ae sin 
sin (2+) a 


— lim j 
eae 7 cos (+h) . cos x 
gin li sin ( ob h ) 7 
_ lim 2 yy 2 1 
h->0 A cos (x-+h) Con 2 
2 
sinz 1 


—_——— 
— 


cosSx cosz ° 
= tan x sec x. 

3:2. Algebra of derivatives 

Last year you learnt the rules of derivatives. We prove them 
again as they will be used frequently in further discussion. 
Rules of differentiation 

Rule 1. If wand v are functions of z and y = u+v, then 
dy du dv 
dx ~ det dz 
Proof. Let dy, Su and $v be the increments in y, ~ and v res- 

pectively corresponding to un increment 5z in x, then 


as a2 changes to z-++382, 
u changes to u+du 
vy charges to v-+8v 


and y changes to y+ dy. 
We agesume that, as dx -> 0, du, dv and $y — 0. 


Now, y= Uut+v 
yy = (u+3u)+(v-+80) 
By = (yt dy)—y | 
= (uf+du)+(v+sv)—(u+v) 


== du-+dv. 
Sy Ou bv 
de ~ 3a 7 8 
OY Yin OU 2 Hy Oe 
dz v.40 S9€ = gz-y0\ Oe 82 
we Vinee 
sa->0 OF = 8e-40 Sa 
du dv 
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dy du dv 
de = de T dx 
Cor. If y = u+v-+w then, 
dy d dw du dv dw 
da dg OV ae = Gat et ae 
Rule II. If «and v are functions of z and y = u—z, then, 
dy du dv 
dz dx dz 
The proof is exactly similar to that of Rule I and left as an 
exercise to the students. 
Rule IW. If uw and v are functions of z and y = u.v, then, 


Proof. Let dy, 5u and $v be the increments in y, u and v Tres- 
pectively corresponding to an increment Sz in z. Then, 7 
as x changes to x-+-52, 

u changes to u+du 
v changes to v-+dv 
and y changes to y+ dy 
We assume that as dz — 0, du, dv and $y > 0 
Now y= U4, 
ytsy = (u+du) (v+ 80) 
Sy = (ytdy)—y = (w+5u) (v+dv)—uo 
= uv+usv+vdu+dsu + dv—uv. 
= a Sv. 


oy ou ou 


ie “et? Be Be oe 


ov . Ou 
= limu: —+ lim» + lim —: dv 
Sz0 08k gree Sx" sz-509 92 


aif tim 2 ae fie )+( lim 2) 
( Sx~>0 Sx) ( Sx~0 oa dx->0 8x 


lim év 
«( 52-0 } 
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dv > Oas dz > 0 


Cor.1. If y = ku, where k is a constant then, 


dy _ du 
dx dx 
Proof. y = ku 
dz dat" dz 
Since & is a constant, ee =0 
dx 
, ay du du 
Sag a ae 
dy _, du 
dz dx 
Cor.2. Ify = uvw, then, 
dy dw dv du 
ae = UV ae Ue + vw ae 
Proof, y = uvw. 


dy dw d 


dy dw dv du 
ras Ae = Uv Fe Ne a hh ax 


In this way the result can be easily extended to the product of 
more than three functions. 


Ex. 1. Ify = (2?+2+1) (2z?-+-3) find Bt 
Sol. Here, y = uv, where 
u=x?t+e+landv = 22243 
du dv | 
7 he 22+] and at 4x +0 
dy _ dv : du 
de ~ " de + Ge 


= (x?ta+tl) 42+ (22°+3) (2241) 


Differentiation 131 


Ex. 2. If y = 32? sin x, find a 
Sol. y = 32? sin x 


. d _  @ 
“ a = 322 ie (Sin x)-+sin x aa (3x2) 


= 3x? cos x+ (sin x) 6x 
With a little practice, the student can work mentally, and 
write down the derivatives directly. 


Rule IV. If and v are functions of z and y=— ; 040 then 


. du dv 
dy _ dx dx 
dx ya 


Proof. Let 5y, 5u and $v be the increments in y, vu and v respectis 
vely corresponding to an increment dz in x. 
We assume that, 


as Sx—>0; 8y>0, Su—0 and dv-+0 


wu _ udu 
We have a ee UU ey 
utdu U 
i vtdv v 
(u+du)—u(v+5v) 
= v(v-+Sv) 


vu+ vhu—uv— ude 
ae vju+sv) 


tSU—USV 
~ 00+») 
du Sv 
sy © Se Be 
Sr (4-80) 


[Note that on the right hand side, we have divided the terms 


in the numerator by $r.] 


dz gz.49 9£ 
Ot : OV 
ae ee 


= wim _-"... 
S290 0(v+8") 
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dr->0 


_ -dx ° dz “+ $y->0, as dz—>0 


2 
x Lend dy 


Ex. 1. If I= +1 “dz 


Sol. Here y=— where u=22—1 and v=x?241 


= =2%7 and ND 5 


ax ax 
du dy 
dy "Gz “dx 
a a 
(x?+])2r—(2?—I)2x ax 
= ——eply = @41F 


Bets Ie ys, 2 Ga 


— 


=VTheosa dz 


u ’ 
Sol. Here y= — where u=sin x and v=l-+cosz. 
v 


du du 
qe = 008 7 and qe sin 2 
du dv 
2s dy "dx “dz 
dx we | 
(1+ cos x}cosr—sin x(—sin z) 
1+ cos2r+sin? x 
~  (L+eos z)P 
2 


oe eee cee in2 27= 1 
=(T-pcos ra sin? z+ cos* x 
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d 
Ex. 3. If y= tan 2 find — : 


sin x 
Sol. — 
COs x 


cos x : sin gin 3 
Fre x) — %— (co x) 


d — 
dx cos? x 
cos x. cos x—SsiN x(—sin z) 
costae 
1 
= cos? x 


dy 
sec? z .. Ify=tan x, =sec? x 


Ex.4 If y= sin x-+ cos 2, find dy/dz. 
dy d., d d 
Sol. rer (sin x)+sin x qt) + ae (cos 2) 
= cos x-+sin x—sin x 
=X COS 2. 


3:3. Consider the function y =cos' x. 


This is not a standard form discussed earlier, whose derivative 
is known nor can it be expressed as the sum, difference etc. of stan- 
dard forms. We therefore break it into anumber of standard forms 
to facilitate writing its derivative. Thus we write 


y=u> . where U=COS x 


Now y as a function of u and wu as a function of x are standard forms. 
Thus y is expressed as a function of u in a standard form where x is 
a standard function of x. In this case we call y as a composite fun- 
ction of zx. 


Similarly if y=tan (./324]) , we can express this composite 
function in terms of simple standard forms as follows. 
y=tan wu where u=/v 
where v=z7?i lL 


Rule V. Ify is a function of uandu is a function of 
x then 


— ee 


dy dy du 
dx du * dx 
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Proof. We assume that the derivatives a y ? ay an du 
ax du dz 


exi8t, 


Let zx change to x+d5r. Correspondingly let u change to 
«+ Su and consequently y change to y+-d3y. Then because oe - 
az’ du 


and bad exist, as 5x->0, Sy 0 and du—0 


dx 
: sy dy — du 
an sr Sa Se 
Hie 22s ia (x5) 
Sz-30 SX gz40 \ Su ~ bx 
—. lim (32 . lim (=) 
S249 Su Sx->0 ax 
= lim (5) lim (ss) 
su» 0 Ox bx—>0 or 
as 620, du—0, 
dy dy du 
dx du dz 
Cor. If y=w", where wu is a function of x then 
Cae n-l du 
dx dx 
moe dy sick 
Proof, y= “a anu 
dy dy du n-p a 
a dx du * de” * ae 
dy 
Ex. 1. If y= sin (1+2%) find —. 
ax 
Sol. Write u=l4t-2?, 
du 
— <2, 
dx " 
Now y=sin u 
= C08 
dy dy du _ és 
st ac du lees ca u) 22 


= 22 cos (1-+-2?) 


Differentiation 


Ex, 2. If y=(z9+3xz—5)7/2, find ae 


Sol. Write U== 22+ 3x—5 
y=u'?2 and u=22+3x—5 


7 
da du* de 3 url? (2x43) 


= 5 (24325) 2r+3) 


sa meena d 
Ex. 3. If = 2 &Y 
x I y= 4/2+4x2+22 , find Pe 


Sol. Write U=2+47+ 22 
y=ui/2 and u=2+ 4274 4? 


dy ] I 
x2 
of ett art 2 
2 dy 
Ex.4. If y= vie , find 
x 


Soh Ea 


B27 

B\1/2) ahs Se 
eee a 2(1 + 22)v2 
7 (1-2?) 
= Lt22—22 
Ta pae 
7 1 
“Taam 


Note. v=(l+27)'? we. vw? where w=(1+2)? 


— 


dv ls, 1 
=. y- 12 ee 2\-1/2. 
a 22 5 (1+ 2?) 2x 


: dy 1 du 
In general, if y=4/u then le ga ae 


[The student should work out the steps mentally.] 
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Ex.5. If y=sin 2x-+cos 2z, find - ; 


Sol. [We now omit some steps which the student can easily 
visualise and write the result directly.) 


dy =2 cos 27—2sin 22. 


dz 
sinz , 
Ex. 6. If I= (Tae 


dy _(1+<2?)!/2 cos z—sin x 4(1-+22)-1/2 Qe 
x s1In x 
(1 + 79)1/2 cos *— (xa 


no 
__(1+2) cos x—2 sin x 
(La 


d 
Ex. 7. If y=? tan 2?, find - 


dy , 4 . , 2, 
Sol. ae cP (tan 2?)+-tan x ra (x?) 


=a. (sec x?) 2x+tan 22, (322) 
= 274 sec 72—327? tan 7? 


=x? (227 sec 224-3 tan 7?), 


3-4. Standard Forms. 

To obtain the derivatives of functions we use the above rules 
and some standard derivatives. We state below the standard deriva- 
tives obtained last year and derive some more. The student should 
prove the results obtained last year. 


dy 
(t) If y=—k then | a 
“i dy : : 
(ii) If y=a" then qe ee 1, » being any real number. | 
5 ' dy 
(iwi) Ify=sin x than jo 008 #- 
d 
(iv) If y=cos z, then = =—siIn 2. 


| dy 
(v) If y=tan 2, then ap Bea. 


The above 5 derivatives were obtained last year-We now consj- 
der some more functions. 


Differentiation 


(vi) y=cosec x 


; ] 
I= Sin x 
dy 1 
; ——« ae aR e cos M 99 
dz sin? x 
l COS x 
=—— — -——- ==—cosec x. cot zx. 


sinz sin 2 


d 
If y=cosec x, then ~ = —cosec %. cot z. 


dx 
(viz) y=sec x 
_ i 
1 cos & 
dy ol ; 
ee dz a . (—s1n x) 
] Bin 2 
= ‘ =sec x. tan x 
cOSz CcOsz 
dy 
If y==sec x, then == =sec z. tan x. 
a 
(vii) y=cot 2 
Cos x 
a Y= gin x 


dy sin x (—sin x)—cos z (cos x) 
dx sin? x 
__—[sin?z+cos?z] 
~ gin? x 
=— aes sin? z-+-cos? ¢z=1 
gin? x 
=—-cosec? x 
dy 
If y=cot x, —~= —cosec? x 
y > dx 
(22x) yar 


r+dx x 
du a ig —oa 


re oi fea = 
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138 
h 
x a a —l 
=a log, lim ——— 
h-»0 h 
if y=a ay —a “log a 
i ae 8 
(x) ,y=e 
d € 
a wig? log, 
% 
=e log, e=] 
if ye” ; = = 
| (x1) y=log,* 
dy hia log, (x-+5xz)—log,x 
d% g7_40 bx 
Tim: 2 io 
$r-40 9 we. 
: 1 ox 
=lim —.—.lo E 
sx30 tS a ] 
= lim o log, [ i ape 
sz 0 x | wt 
ox 
Now put u= — J“. u>0 as S20 
dy 1... 
ee th ic log, fl u]i/4 
% EB Be [L+ u] 
=— log.| lim (140)! ] 
z u—p>0 
1 : : 
=— log’ ‘: lim (l+u}/u=e 
x u~>O 
1 
ie log.¢= 
dy 1 
if Ye bee 5 eel oes 
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Ex. 1. Find the derivatives of the following functions. 


(i 
(it) 


y=x? sin 22; 
x sin x 
l-tcos x’ 


y= xA(2n-+1)= 
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sin +-+c08 x 


——__—_—_—_— ., sin r>4c08 x 
gin x—COs & 


Sol. (1) y=2? sin 2x 
a =22 cos 2x (2)4-2z sin 2x 
== 27 (2 cos 2x2-+sin 22) 
x sin x 
1+ cos x 


(%t) y= » tA(2n+])r 


dx (1 cos x)? 
_sin 2(1-+-cos x)+2 cos 2+ cos? x47 sin*x) 
7 (1+-cos x)? 
_ sin x (1+cos x)-+2 cos + 7 (cos? &+8Iin? 2) 
7 ~ (1+ cos x)? = 
__sin 2 (1+ cos z)+-2 (cos x+1) 
(1+-cos x)? 
__ (14 cos x) (sin +2) 
—“(TFe08 x) 
_ sin +2 
~ I-+cos x 
see sin x-+c0s x 
(0) Y= je —eo8 x 
(sin x—cos x) (cosr—sin x)—(sin x+-co8 2) 


——— eee" Oe eee eee —_—S eee 


dz (sin Z—cos 2)? 


—(sin x—cos x)?—(sin x+-cos x)? 
(sin z—cos x)? 


— 
——_ 


_ —sin? x+2 sin x cos x+—cos? x—sin? x2 sin x cos x—-cos’¢r 


(sin x—cos 2)? 
__—2 (sin? 2+ cos? x) _ —2 
(sin 2—cos z)? (sin z—cos x2 ° 
Ex. 2. Find the derivatives of the following functions. 


; At eed (ii) sec x-+tan x 
sec x—tan x 
(iii) VCobx  0<a<n 
Sol. (¢) y=sec 2? 


Put z?7=u —— =2r 


dx 
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y=sec u and u=2? 

dy _dy du 

dx du “dx 
=sec wu. tan wu (22) 
==227 sec x? - tan 2’ 


sec x-++tan x 
~ gec z—tan z 


(14) 


(sec x—tan x) (sec x tan 7++-8ec? x)—(sec x+ tan 2) 


dy _ | (sec x tan x—secz) 
dx (sec x—tan x)? 
sec x (sec r—tan x) (sec r+tan x)—sec x (sec x-+tan 2) 
= x (tan 4—sec 2) 
(sec x—tan 2)? 
_ sec x (sec? +—tan?x)—secx (tan? x—sec? 2) 
(sec z—tan x)* 
sec x (1)—sec x (—1 
= scl eae i, sec? x—tan? r=1 
(sec z—tan x)? 


a 2 sec x 
(sec —tan 2)? 


{7t7) y=~v/cot x 


= (cot x)}/2 
Put y=u cot x ee =—cosec?x 
y=ul/?and u=cot x 
dy dy du 
dz du dx 
1 du 
— -1/2 — 
0 dk 
1 
= (cot x)"'/? (—cosec? =) 
__— cosec® x 
2/cot x 
ee AY x | 
Q Ex. 3. Find 7 in the following cases. 
sin 2x 


(2) y=2e (7) y=au. 32 (141) y=a 
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Sol. (2) Y= 2t 


dy ; 
dx == 27 log, 


d 
eee. 37 log 343° 


= 32 (x log 3+-1) 
= 37 (log 37+-1) 


(282) Vea" ad 
Put sin 2 z=u shee cos 2x 
ax 
y=a“ and u=sin 2 x 
dy dy du 
dx du dz 


=a" log a. 2 cos 2 x. 
=2 cos 2 z log a. a". 


=2 cos 2x log a. a. anes 


Remark. If y=a f(@) then put u=f (2) 
y=a" and u=f(zx) 


dy dy du 
dz du ° dx 
=a" log a. f’(x) 
S ae (2) f'(z). log a. 


Ex. 4. Find the derivatives of 
(t) y=log (sin x-+cos 2), 

(ii) y=log [z+ VT pa} 

Sol. (7) y=log (sin x-+cos x) 


na du 
put w=sin x-+cos x >— =cos x—s1N x 
ax 
y=log u and u=sin r+ 0s x 
dy dy du 
dx du’ dz 


1 
= (cos x—s1n 2) 


__ cos x—sin x 
cos x-+sin x 
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(it) y=log [z+V71 422] 
Put uw=2+ 4/147? 


du x 
ids a coo 
dx V1+2? 
_t+V 142" 
V1+2? 
y=log u and u=2z+V7]1+2? 
dy dy du 


—_ —__ — « 


bite * vipat 
ee eee 

Remark. If y=log f(x), put u=f(z) 
Then y=log u and u=f(z) 


dy dy du 
dx dx du 
1 ,, 
ees Ce) 
fa) 
f (2) 
dy _f (#) 
if y=log f (x), 7 at ar) 
Ex.5. Find ou if, (t) y-=log sin z, (ii) y=5e, a5 


(227) ¥=logi9 (1+ 2*) (wv) ye sin 32. 
Sol. (i) y=log sin x. 


=cot x 

(22) y = 57, x 
dy - 
a 


= §2 (25 log’+5z4) 


5. (log 5) .25 +57 Sat 
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(42) y=logy, (L+27) 
Changing the base to e. 
_ log (142°) 


= log,1® 


=log,,e . loge(1-+-x?) 


22x 
1+ 2? 


__ 22 logice 
— oo 


dy 
a =logy,e x 


1-+-2? 
(tv) ye sin 3x 
pe = 2% gin 32+3e?* cos 3x 


=e*t (2 sin 3x43 cos 32) 
Ex. 6. If f(x)=log {log (log ~)} find f’(z) 


Sol. Write w=logz, v=log (log x)=log uw. 


f (z)=log v 
1 dv 
are 
Now, v=log wu where w=log x 
dv 1 du 
dx u dx 
—1 1 
See 
i a A 
I= Fae 
ol 1 1 
log (log x) logz x ° 
1 


~ oh. log x. log (log x) 


Ex. 7. If y=sin? x° find 


OM 
dx 


Sol. y=sin? 2° 
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=—_ gin 2° cos 2° 
90°” 
TH 3 ‘ 
=Teo 82 (22) 
Ex. 8. Find - if (1) y= log,* 


(x sec® y—tan x) 


Sol. (2) y = log,t 
_ log. - 
~~ log.4 
dy it 1 
dz log. 2x 
_ il 
2. loge | 
2 7 
(iii) _e(* 8ec* x—tan 2) 
Put U=x sec? x—tan x 
— =2 2 sec @. tan %-+-sec? x—sec? x 
=27 sec x tan x 
Now, y—e", and u=2 sec? x—tan 2 
dy - du 
dx ‘dz 
2 ; 
go nae 7 2x sec x. tan x 
Remark. If y=e F(2) put u =f (2) 
du, 
Paes (x) 
Now, y=e" and u=/f(z) 
OY og du 
ax dx 
X) pe 
2d (2) f(a) 


| Na OY capes 8 ae 
Ex.9. Find = if (1) y= VtV/_ 

(11) Y= zie 
Sol. (i) y=V2V/z 


=(tV az)? 
== (2. aV2y1 Pe 
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_ (78/2)1"2 


Yy = 3/4 


dy _ 3 og4-1 
ic 4 


3 


4 
(2) yeVat/z 
= (a at/2)t/2 


dy _ 1 ‘ Boag cat 
Bay erates (143 2] 


I 1 


_ 1 2fx+1 
= 2f72+1 
AVaVatV/a 
EXERCISE 
1. Find ths derivatives of the following functions using definition of the 


derivative— 
(4) Yx=2z2_ 2, (2) y=cos2 x 


(izi) 


1 
v2+1 
2, Find the derivatives of the following functions. 


: —_ ae 1 
(2) (a+2) Vv ie! | (22) Vapatys 
ae ee I4+z 
aa re re 0 _ = A ia | 
0%) V al & fz. (v7) Vat+Vata/ es 


3. Find — in the following cases, 


(i) y==sin 2°, (it) y=cost 2°, 


(ci¢) y= tan? 2°, (1v) Yersec 2°, 


4. Find dy if, 


ax 
(2) y= a? tan x (47) y =(%-+1)co8 (Ax-+4-p) 
tyes SET tos Soar Ey Speer ee ; tan 7—l 
an. = Va sin2 7+6 cos? 2, fe ees 
(i727) y= Va +6 cos? x (wv) y ee 
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(v) y=log [z—vV ima ] 


(vit) y=sin (cos 2), 


5. Differentiate w.r.t. x 


# 


/6. 


cr (viz) @ 


7. 


sin 2 
(*) l-+cosz ’ 
; 142 sin x 
(1) 2+sinz ’ 
_i+tan x 
) “tan @ ? 
(vit) & Cos x—sin 2, 
(ix) x tan’ 2, 
(xi) «/tanz, 


Differentiate w.r.t. zx. 
(¢) 3 , 
(iit) e * sin® a 

(v) 10% sin % 


x sin? x 


(iz) g(tan v—cot x) 
Find the derivatives of 
(¢) log (log 2%), 


(itt) log (sec v-+-tan 2), 


(v) log (cos 2-+-sin 2), 
(vit) log (x sin £4008 2), 


VA 
Ve 
Differentiate w.r.t. x. 
eitl—x 
(1) log Vani ie re 


(tx) log 


(112) (log x8 


(v) sin (log x), 


(vit) log A 
2 


(ix) log m4 +1 . 


Mathematice 


oi) v tof EE]. 


(vitt) sin (t+) sin (4—a) 


(ii) cos 7—sin & 
cos Z-+-8in z ’ 


(iv) tyes — cos oie 
I+008 x” 


(v2) > tan’ x—tan 7+2 


(viit) (#241) sin x+22 cos x 
(©) 4/cos2 a , 
(wit) 4/sec x-+tan x. 


(ii) 5° log x : 


(iv) e'2 © .coa a, 


gt 


(vi) 
(vii) e” sin x cos 22, 
sin x 


(%) @ cos Z. 


(tt) 10g 2%, 
; 1+cos z 
] ———_——_ > 
i a Ai —cos @ 
(vi) logs (logge), 
(viit) cos (log 2), 


a a \- 
(6¢) log tan (++ = ) 
aise T22 
(zu) VY i+a2 —log en 
(vt) log (22 —sin 2) 


COs X 


WU Senne 
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9. Find the derivatives of the following functions. 


(4) glog tan ; (st) gin x 
(ied) clog tan 2 ; (t) a® sin 22, 
(v) aP sin x (vi) & log sin «, 
(vii) glog ae (viiz) ain oie 
. ne et 
(22) eV = oos zy (x) log We 
ied 
wv sesame 
(zi) a” (vit) 
ANSWERS 
i. (3) (4e—-1), (4) —2oos@.sina, —(###) - —22 
(x2-+4.1)2 
a—3x wis. 
2. ) ———; it) == [(e+2)-$—-2-}), 
ar A per (38) > [(@+2)-$—27°9] 
ee x , vy l Lar 
(002) hi YE oer a | (1) ot (v) —parl 
aa ate re 
 BVBb Vat S Tak Wate ave ae TF 
3. (2) a0 cos 2°, (€t) —gg 0°8 2° sins2®, 
(88) 5 50” ta? x ee (2) ia sec 7° tan 2° 


4. (4) 22 tan z+a% sects, (17) cos (Av-+p)—A(z-+1) sin (AZ+>p), 


(isi) sn ae. (tv) cos 7+8in 2, 
(v) (Ss (v2) —_ (vit) —cos (00s 2) sin 2, 
(vite) st 22. , 
5. (i) sec? 5 (it) scot ( 2 i) ) ae 


(22) Rec > ’ (v) gec® (e+) ’ (vt) tané Xs (v22) ~~2@ sinfa 


(viii) (24-3) cos 2, (iz) tan 2 (tan &+2 tan? a+2), (x) =n 
| cos 2x 
: sec? x ee | ———————— 
2) SS (Zte) —G- SEC ef Bec 7+ tan 2 : 


—4/ tang 
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6. (8) 3% a log3, (it) 5” log % | log 5(log x4-1), 


(808) ee (cos x—~2¢ sin 2), (iv) eine (cos? 2—sin 2), 


(v) 1028!D & log 10. (sin +2 cos 2), (v2 ) 2" log 2-e7 (x+1), 
(ved) a%, log a[sin® 2+2z sin x. cos Zz], 
i : Tt 
(vite) —V 2 e% sin 2z sin (2+ a ) 


tan z—cot 


(sz) 2 v log 2. sec? z cosec? x, 


(v) a®!9 = log a cos? x—sin x, 008 2). 
2 


(47¢) sec x (sv) a 
sin 7—cos x . 
sin £-++008 2 (¥%) xz log 2 
a x 008 & 5 | ee 
(v8t) Zein woos 2 (v222) ai 
: 1 
(#2) Vx (1—*v) 
8. (4) — : : (44) seo x 
Vy lyast yaa | ) 
x a, 
V/1-+-28 
cos (log x) . 2 @—cos x 
(%) x ov v2—sin x 
(vit) [= (viit) cosec? x 


‘éan) 22+1 
of x8 a+ 


log tenet log 2. cosec 2 x. 


9, (4) 2 
(20) gn” cos x. log 3. 


log tan x 


(dit) fe sec 227. 


(iv) ar (log a. sin 2 2+2 cos 2 x) 
Pe! oa 


(v) (p+ coa x, 


(vt ) en (log sin x+cot 2x) 


(ost) 2ehB*—) ag x 


. 


(0472) go (cos: log op ) 
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(ix) ate E sin x (x) oti 
2/z ]+-e% 
1 
2 eae oa 
(xt) a Qu log a (wit7) 5 i is 5 : log 6. 


3:5. Inverse Functions. 


In the 11th standard, you have seen that if a function f from 
a set A on to another set B is on-to and one to one, then the inverse 
function exists. 


Then if f-1 is the inverse of f, we have, 
if y=f (2), then x =f"! (y) 

We shall now prove that, 

Sf’ (2). {f* (y)=1 


or in a simple form 7 ay =1 


Note that a is the derivative of x w.r.t. y. The above relation 


implies that in this case 7.e. when the inverse function: exists & is 


; dy 
gimply the reciprocal of as" 


d : 
Proof : ——= lim — 


sy-0 OF “+ if 820, then Sy->0 


Illustrative Examples 


d 
Ex. 1. Ifz= yijyiand 2>0, 2>0, show that =P 


150 M athemaites 


Sol. Hf J/l+y' 
ne 2*=1+y? 
and Y= af 1 


*, the domain of the function is x>1, sincez>0. The range 
is y>0. 
| ., the function (y as a function of x) is defined from {x/z>1} 
to {y/y>0}. It is one to one and on to. 
., the inverse exists and we have, 

dy az 


=z ay. 
Now t= 4/[+y? 
eas (L+y?)2? . 2y 
= y 
V 1l+y? 
== = l+y? 
ay _ 
: dx dx 
7 
H 01 
=F 


dy 1 
Ex. 2. If y=log,?, show that inns: 


Sol. You have seen last year that the logarithmic function is 
the inverse of the exponential function and we have, 


if y=log,? 
then c= ey 
Now om ey 
dx 
dy 
dy _ l 
dx ax 
dy 
a 


; dy 1 
if y==log,*, then | 
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3-6. Inverse Trigonometric Functions 


The trigonometric functions form an important class of func- 
tions. Their inverses exist when certain restrictions are placed on 
the domains. It is not possible to discuss them in detailina book 
on calculus but we introduce them to the student and obtain their 
derivatives. | 

1. sin-1x 

Let t=siny for —n/2<y<n/2 

Here z is given as a function of y, The domain is [—zx/2, n/2] 
and the range is [—1, 1]. The function is one-one and onto. Hence 
the inverse exists. The inverse relation is written as, 


y=sin=! x, —lergl, —n/2y<x/2 


Thus if e=sin y and —nx/2<y<x/2, 
then y=sin™) x 


Thus y represents the number lying bet ween —n/2 and 7/2 
whose sine 18 2. 


—l 
e.g. sin-(1)=7/2, sin” ‘(0)=0, sin ~} (3 )=—n/4 


The graph of y=sin-!z, —lqr<ql ; —x/2Ky<r/2 is shown 
in fig. 3-1. 


Now 


== 4/ 1] —2? 
The sign being positive, 
since —n/2 cy<r/2. 
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dy I 
du Yat 
ee y=sin-} x, then a . 
f 1—22" 
‘2. Cos 1x 
Let a=cosy Oqyenr 


2 is given as a function of y. The domain of the function is [0,7] 
and its range is[—1, 1]. The function is one-one and on to. Hence 
the inverse exists. The inverse relation is written as 
y=cos"! x —l<er<l ; 0g yKr 
* if cosy=x and 0<y<n, 
then w=cos) 2x 


Thus cos-!2 is the number, lying between 0 and x whose 


cosine is x. eg. cos” 1W)=z, cos"? (1)=0, cos- (5) =F 08 


2 3 


trated in fig. 3-2. 


(- t )=2 ne , cos}(—1)=nete. The graph of y=cos-! 2, is illus- 


X 


1 
=) 
Graph of cos x 


Fig. 3-2 
Now 2=COS ¥ 
aa sin 
=—_— M 1—2x2 
as sin y>0 since 0<y<r 
dy —l 
dz f l—x? 
if y¥=—cos 1x 
dy —l 


then We. = is i_ 2 = = 


Differentiation 153 


3. tan!x 
Let wv=tany for —n/2<y<n/2 


Here again x is given as a function of y. The domain of the 
function is (—7/2, x/2) and the range is (—oo, oo). 
one-one and onto. Hence the inverse exists. 
written as, 


The function is 
The inverse relation is 


y=tan-1 x for —0o<2%<00 
and —n/2<y<n/2 
’, if tan y=2 and —n/2<y<n/2 
then y=tan! x 


Thus tan-! x is the number, lying between —7x/2 and x/2 (and 


excluding these values) whose tangent is tC R. e.g. tan>( = )=4 


tan-1(—1)=— 7/4, tan"4(1)=7/4. The graph of y=tan2, 2ER 
—n/2<y<7/2 is shown in fig. 3-3. 


4. 


Now a=tan ¥. 
ue = sec? 
aw” 
=l+-7? 
dy 1 
dx ~ 1+a2 
: dy 1 
=f -1 —— ee ee 
if y=tan-! x, then de 14 
Y 
z 


Se ee 


-_— -— oo — me ese ee 


cosec"1 x 


If cosec y=2 then as in the above cases, we can define the 


inverse of the cosecant function as, 


y=coses'! 2 for |2| Dland —x/2<y<x/2, yX40 
if cosec y=2 and —n/2<y<1/2 


then y=cosec™! x. 
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Now x = cosec y 


dx 


——— 9 = 
— 


dy 


ify — “lath —_ = 
if y = cosec! z then —— 


5. Sec lx 


— cosec y. cot y 


dy 


—l 
t Vel 


The inverse secant function is defined as, 
y =seclr,if|*| >land0Ocqy<qrny An/2. 
if sec y = 2, 


ifsecy = zand0Oqycryfn/2. 


then y 


= sec-ly 


Now xz = sec y 


dx 
dy 


— 


dy 
dx 


if y a 


6. Cot lx 


The inverse cotangent function is defined as 


sec y.tan y 


xa/x?—1 


] 
La/x2—] 


sec-1 x fen! 
dz 


l 
xa/ x2] 


‘ 


Mathematics: 


y = cot) x if —0o < & < co—n/2 < y <r/2 and cot y=xr 


* ifcoty =a and —2x/2 <y < 2/2 


then y = cot"! z 
Now z = cot y 


° dx = — cosec? 
eo dy = y 
=—(1+2%) 
. gy _ at 
ee dx macs 1+-22 


if y = cot-12% then 


Differentiation 
Illustrative Examples 
To familiarise the student with the inverse trigonometric 
functions we first solve simple examples bearing on them and derive 
one or two important results. 
Ex.1. Write down the values of : 
(7) sin-13 (a2) sin-? (—}) (222) sin-10 (2v) cos! 4 (v) cos~} (—4) 
(v2) cos} (—1) (vit) tan-4/3 (vizz) tan-1(—1) (2v) tan 0. 
Sol. (s) sin 14 = 7/6 since 7/6 = 4 and x/2 < 2/6 < 2/2. 
(st) sin? (—}$) =— 7/6 since sin (—7/6) =—}3 and 
—nr/2<K—2n/6 <x/2. 
(02) sin-1 0 = 0 sincesin 0 = 0 and 2/2 € 0 <€ 2/2. 
(sv) cos-14 = x/3 since cos 7/3 = fand0 << r/3 < xo. 


(v) cos-1 (—4) = 27/3 since cos zai =— 3 and0 & 2n/3. 


& Tt. 
(vi) cos? (—1) = x since cosx =— landO0Ocarqnr. 
(vit) tan-14/3=7/3 since tan 2/3 = 4/3 and—n/. < 2/3. 
<T/s. 
(vits) tan-) (—1) ——x/4 since tan (—x/4) =— 1 and 


—n/2 < ml, < 7/2. 
(iz) tan-!0 = 0 since tan 0 = 0 and —7/2 < 0< n/2. 


Ex. 2. Prove that sin-! x+cos-] = 2/2. 
Sol. Let sin" —« ., sina = 2% and—n/2 Ca < n/2 ...(1). 
cosiz=6 .. csp = zvand0cqpcr ++0(2): 
cos a = 1—z® positive - —n/2< 24 < 2/2. 
sin B = 1 1—2? positive -- OCB <7. 
sin («{+8) = sin «+ cos B+ cos a: sin 8 
=a-at+ / l—2? Vl—2 
= 22+ 1—2? 
=]. 
sin («+-8) = 1 and from (1) and (2), 
—t/, GC atP< — 
a+B = 2/2, since 7/2 is the only 
angle between —7/2 and 37/2 such that its sine is 1, 


sin-} ¢ }cos-! x = n/2. 
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Ex. 3. It canalso be proved that, (a) ifz>0,y > Oand zy<l, 
Gada 
l—xy 


b) ifx > 0, y > 0 then tan"! z—tan-1 y = tan-! ( a ) 
(6) y at 


tan“! 4+tan?] y = tan! ( 


Use these results to prove the following : 
(t) tan-} 4+tan"! s!s — tan} 2 

(it) tan“! 34tan1 4 = n/4 

(iv) tan-1Z tan? 2} = tan™! 38 


Sol. 


: ] ] : 
(t) tan-? “a +tan —_ ==_ tan TOT sine a) 


(it) tan-18+tant} = tan! 3 _sCusing (a) 


(001) tan") 2 —tan — tan’ ——~——,—— using (6) 


Ex.3. If 0 <2 < I, show that 


- - 22 
2 tan} 2x = ten ( Toa? ) 


Sol. By (a) above sincex: xz < l 


r+-xX 


tan“1+ tan] 7 = tan"} [23s 


2 
t.e., 2 tan-1¢ = tan} aa 
1—2? 


Differentiation 


Sol. 


Ex. 4. If sin"! 2 = ¢, show that 
sin"? (37—423) = 3 ¢ if—r/2 C3 6 < 2/2 
Sol, sini z= ¢ 
sind = x 
sin 3 ¢ = 3 sin d—4 sin’ ¢ 
= 3 x—423 and—x/2 €3¢ < 2/2 
3¢ = sin! (32—473) 


Ex. 5. Find in the following cases, 


() y=sinl2x (1) y=costax (st) y= tan"! (f: 


(1) y = sin} 22 


dy I 

“dx V/ 1—(2a)? 
2 

~ Vf 1—4at 
(1) y = cos) ax 

Sec 

dz ~ Tia 
—a 


= V 1—a*z? 
($73) y = tan! (} - 2) 
dy _ I 4 
de ~ +0" 
—_ 27 | 
~ 448 
Ex. 6. Find the derivatives of 
ees a 22 
(i) ein-t f1—a® (ii) sin"! (82—42%) (iii) tan“? [> 
Sol. (i) y = sin-4/1—2? 


d . 
Let ¢ = cos! x A <b =- = 


cos ¢ = & 


A sind = /]—2 
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x) 
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y = sin! (sin ¢) 


= ¢ if-r/2< 6 < 2/2 


dy dd 
dx dx 
_ >} 
af 1—28 
(it) y = sin“! (37—42%) 
dd 1 
= gin-} ge 0 eas to 
Let 6 = sin Je ae = 7S 
“2 = sing 
3z—423 = 3 sin d—4 sin® ¢ 
= sin 3 d 
a y=sin™? (sin 3¢) 
=3¢ if —n/2 € 34 < 2/2 
dy _, 1% 
os dx dx 
3 
~ af l—23 
ee _, 22 
(212) . y=tan "Toa 
Let d=tan lx “, w=stan ¢ 
gst 
ve dz 1+2a% 
22 2 tan ¢ 
“eM {at ~I—tan® $ 
=tan 2¢ 
a y=tan- (tan 24) 
= 24 if —n/2 < 246 < x/2 
dy _, 44 
° dz dz 
ok F 
~ L428 


Note. In the above solution we have restricted the values of 
suitably to simplify calculations. You can verify that she results 
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obtained are generally true. For example, in (ts) we may proceed as 
follows. 


y=sin-) / l—x? 


dy ] 1 —2 2 
de Vinton * OX Poe 
° 1 ~2x 
Vv at f1—z, 
—l 
- Ji 


a8 Obtained above. We shall hence forward omit the restrictions on gp. 
Ex, 7. Find the derivatives of, 


2—3z . ( ]—22°, 
e ~-] : eee e -] eee as 
(2) tan ( i+ == | (7) cos ( i 


age c 1 
(123) sec ‘(gar 


Sol. . (i) y=tan te 
=tan"! 2—tan“! 3z 
dy —3 
a de ™ 10a 
(28) y ==cos"! oat 
1+-2? 
Put g=tan™ +e. tan d=z 


l_-72 \l—tan?¢ 
12? ~ I+tan? J 


==Ccos 26 
a y=cos~! (cos 2d) 
=2¢, 
dy ,. dd. 
dx dz 
2 7 
~ 422 a 
48 4,=8e0 1 : 
oe) y=se0"' "| S21 } 
Put d=Cco3"} 27 


cos d= 2x 
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dp! 
dz ~ fiat 

822—l1=2 cos? d—1 


and 


=CO8 24 
——— 
8x?—I1 
y =sec™} (sec 24) 
= 24 
ay, 5 Ae. 
dx dx 
2 | 
~ af 14a? 
Ex.8. If y=sin"! (A) find id 


Sol. Let « be such that, 


tan a= -—- 
a 


a : b 
_—_— i .— 
Veta ae 


y=:sin-1 [sin x cos %-+c08 x sin «] 


COs &-= 


=sin“! {sin (x+-«)] 


ya ra 
dy 
as 
EXERCISE 


Inverse Functions 


d: ; 
1, Ife=7/siny for0 gy € x/2, find as a function of z. 
2. If x is expressed as a function of y by the relation, 
1 
t=, z0, 0 
a/ T-+-y2 20,420 
Show that the inverse exists. Find 5 and hence or otherwise show 
that, 
d 
3. Differentiate w.r.t. z. 
(2) sin-1l (2-+-1) (22) coa~1 (2—2r) (222) tan-1 72 
(tv) sec-1 2x (v) cosec—1 (22 +41) (wz) cot-1 (—) 


(vit) tan-1 4/1422 (vii) sin-) 4/122" 
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Differentiation 
‘4, Find the derivatives of 
(4) coa-l 4/1—22 (iz) tan-} 4/22—1 (128) seoml 4/1422 
1 x ; 
av) cos~ 1 ————_ v) sin-} vt) tan-1 : 
(2v) Vipe ) Vine (v2) toa 


(vid) sin-] (2a4/1—a2) = (vitt) cos-l (2x2—1) (12) ten, 


(x) cog-1 (423— 32) (x2) sin-1l ar (a /1l—2?) 


(zit) cos-1$ ( 71 Bc 4/1—22) 
(zitz) sin-1 (x sin w4+cosa@ 4/j— 72) 


5. Differentiate w.r.t. x. 


7 x “ as t+3 are yf v—a 
(4) sec (i+ ) (22) tan c=: ] (722) tan— \T+e =) 
yf 2+ , - iz 
(iv) tan- 4 1 Ta 7 (v) cot (a ae } (v2) cot J ae 
iA 7 sin 2 _ COS 2 , | 1 
(vii) tan-l (oa Ticoe as) (iit) tan-1 —= . ) (2x) sec—l ( a a ) 
a ete ( =.) (xi) sin-l (ain x)1/2 (wit) eot-1 “2 
ANSWERS 
. G2 
/ 1—22 
] | —1 
/ ate ( —*) of 224243 1+zx4 
l —2 | 
SS —E—E—e v Sl gn A L) ——— 
a4/4e2—1 "7 (20-+1) VY 4x34 42 ) [fae 
a x i ase —V2 
ee (vt72) ———_¥ 
: 1 re I 1 
4. SS PY Dir cae itt) —— 
/ l— 22 oH a/ge—] a 1+ x2 
oy 1 . 1 
(2v) ——,- (%) a ae 
122 142? a V1—at 
> 2 wen 2 
Vv ———— Tl —_ T7 .2 
oH) Vl\l—az2 - ane) V/ 1l—2?2 = 142? 
—3 1 —!l 
0) ——— 4) 4 
sa a/ \—22 ms V1—z? ee V I—«? 
(2272) ae 3 
2 
5 : tee 
(2) 17 32 ( ) 1+22 (222) 1424 
(x) == (») wi) —— 
1+24 1+ 02 27 1— 22 
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a ] vit) — : (2.0) = 
(M1) x ( 2 of Ya 
a9 ; cos x 
xt) s————__—— | 
(2) ) 4-22 ( Oy, sin & (1—sin zx) 
(x81) enpe-2 


3:7. Logarithmic Differentiation. 

Whenever a function is the product or quotient of a number of 
factors or is of the form [f(x)]*‘*) it is usually convenient to differ- 
entiate the logarithm of the function to find its derivative. This 
method of obtaining derivatives of functions is known as logarithmic 
differentiation. The following examples illustrate the method. 

Ex. 1. y=at 

Sol. y=a* 

log y= loga 


Differentiating both sides w.r.t. x we get 


Ll dy 
7a 7 “ae —log a 
d 
— y log a 
- = atloga 


Ex. 2. y = (P41) SF P+e4 1 
(z?+.3% +5)(z*+1) 


Sol. log y = log (x8+1)+4 log (a?+4+1) 
—log (x?-++-3x+5)—log (zt +1) 
Differentiating both the sides w.r.t x we get, 


1 dy 32x 244+] _ 2243- 4x3 
y dx S17 i(24+241) 2 p3e+5 x41 
dy 3x? 22 +1 2z2+3 43 
dx | ri taaereey aT At] ] 
= (23 + 1) Vzt?te+1f 32? 2r+1 27-8 Ayt 
(x2 4-8245) (ct +1) | +1 2(2*@ far 4]) -Fpepo- ae | 


Ex. 3.0 y = a@ine 
Sol. y = Qesinx 
log y = log a®3'"* 


= x 3in x loga 
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Differentiating both the sides w.7.t. x, we get, 


l dy : 
7 oa = sin x log a+x cos x loga 
eed = y [sin x log a+<2 cos = log a] 


— at log af sin +2 cos z ] 
Ex. 4, y = (x sin x4-cos x)(SIn T1008 2) 
Sol. log y = log (x sin x+ cos =) (82 7+008 2) 

= (sin x+ cos x) log (x sin x+-cos 2) 
Differentiating both sides w.r.t. x we get, 
- : oy == (cos x—sin zx) log (x sin x+cos x)+-(sin x+-cos 2) 
(x cos &-+4-8iN x —sin x) 
(x sin 2-++-cos 2) 
x% CO8 x (sin 7 +-co8 z) 
(x sin Z4+Cus x) - 


== (cos x—sin x) log (x sin x+cos x)+ 


= == y [(cos x—sin x) log (x sin x+-cos 2) 
x COS x (Sin x+ cos x) 
(% cos x+81N z) 
fe = (x sin x+cos x)(8in £4008 2)(eog x_gin x) log (x sin x 
ibaa x COS x (sin 2. cr8 x) 
(% sin 2+ cus 2) 
Ex. 9. y = x 


Sol. .. logy = log 27 
= x log x 


Differentiating both sides w.r.t. x, we get 


l1 dy 1 
7 . ae = logr + x a 
| = log x+l 
dy 
= 2° (log 74-3) 
Ex. 6. y = e*" 
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o 
09 
ce 

| 

R 

8 
o 
i) 
f.-) 


= 7 
l dy 
a ae z* (log «+1) 


dy 
le Y'2 (log t+ ) 


== ee - at (log x+1) 


Ex. 7. y = (sin g)°8 # 


Sol. .. log y = log (sin x)? * 
= cos x log sin x 


Differentiating both sides w.r.t. x, we get. 


1 dy 


sin z log sin x+- sa 
y ax 


Bin x 
cos’x—sin?x log sin x 
sin & 


- COS & 


Qu 


cos? —sin?z log sin x 
$a ee 
ia x sin x 
= (sin 2) cos*x — sin?x log sin x 
—_ sn x 
EXERCISE 
(Logarithmi Differentiation.) Differentiate w.r.t. x 
_ &(14+22) (e412 a 2 (e+1) 
1. (i) fie (*) Sya8 eae (itt) 4 = 


x—l 
(iv) Wee) 
(=I) 


2. (t) sin elan® (ii) at” (42) gt vin x 
(iv) (log g)8in® x (v) (ain xjt4a8tn x 
(vi) aV% (vid) alog (log 2) 
(viii) 22” (tx) (log xylo9t = (x) 3:2 
(xz) (cos asin & 


3. (2) (14+-a2)* sim 2 


(xids (tan x)8e¢ Z (xiii) yx 
(22) esin-1 x (14.22) | 
(ii) (2a atl (iv) (w-+1)Mie (v) (a2 -a4-1)2-3, 
— ea 7 (vt?) ( a ) (viiz) (L—a2,t+1 

et] 
(tx) (81D 2-+coB gran x+1) 


Differentiation 


ANSWERS 
(i 143272224 (ii) —(5v3 4.14245) 
ai 22)(1—a2) (+ Ne+2@+3) 
—2r—] . . t4Ax2_] 
(102) = (7v) ~32(@4—]) 


2. (¢) sin a!4n 2 (sec? x log sin x4-1] 
(ii) a®” log a (log x+-1)a% 


(dct) wt 8m & gin x (log4-1)+2 cos x. log x) 


u2u v 
(tv) (log a (= - +sin 2x log x ) 


(v) (sin z)* flog sin +2 cot x] +2 ao cos z log x+ sin & 
[ ] me 


oy tH (Logos ) 


(viz) zlog (log a)—}/] +log log x] 


log x 2 log x 


(7x) (log 2) - 


(x} —3x-2 ¢3/2 (xt) (cos x)8*” 27cos x log cos x—tan x sin x} 


(mit) (Lan x)8¢ sec x [cosec x.sec x-+tan x logtan x] 
(2t00) g®” (xt-14-xtlog x (log x+1)] 
3. (4) (14+22)7 sin © fsin x log (1+%)+2 cos x log (1-+22) 


2y2 sin & 
i+ 23 


ee . log x sin-l ae Qy2 
(ay atin te (pene TE + Hog tat) + ae | 


4 24] 
(itd) 22249) 4+1) | te log (2n-49)4 SEE | 
J log (+1) 
im een Leap ae | 


(@--1) (20-41 
(v) (wate) EE (a2 1+ eS ‘] 


i 2x Bin x 
(vi) (@*4+3)81n & & x log (z2+3)+ — | 


23 
1 
ee é a) | toe aa Tepl | 


Qe (x+1 
(wdiz) (1 22y44] log (1—a:?)— a | 
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+t 
(tz) (sin x+cos 2) Gaeee) [eec? x log (sin x ~. cos 7) 


+see x (cos —sin @)} 

38. Implicit Functions 
Sometimes y is defined as a function of z implicitly by a rela- 

tion of the type d(x, y)=0. 
In such a case we differentiate the relation w.r.t. z and obtain 


std by solving the resulting equation. The following examples will 


make the procedure clear. 
Ex. 1. 22+-y?+2x¢44y+5=0 
Sol. Differentiating w.r.t. x, we obtain, 


on42y 4244 aie 
ety of 441492 7 


(y+ 2)q4 =—(e +1) 
dy  —(x+l) 


OY: ee) _? 
de =~ (yt2) uve 
Ex. 2. y=cos (x+y) 


Sol. Differentiating w.r.t. x we get, 


dy 
7 —-~~sin (v+y) [ 1+ ~| 


,; d 
=—sin (x+y)}—sin (7+ ¥) _ 


SY (1 4sin(e+y)]=—sin (2+9) 
| —sin | 
Ex. 3. CY = fry 
Sol. Squaring we get, | 
(c+ y)?= ry 
< a4 Qry py? =ry 
*1e. etaryty=0 


Differentiating w.r.t. 2 we get 


dy dy 
20% +¥+2y a —0 
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d 
(w+ 2y) qr = —(20+y) 
dy  —(2%+y) 


“dx x+4+2y 
Ex. 4, xy=ez-¥. 
Sol. Taking logarithms of both sides, we get 
log vy =log ez-¥ 


y log x=(x—y) (A) 
Diiferentiating both sides w.r t. x we get 
dy y dy 
or log + — = l— ors 
vy ey ees 
Fs (log x+1)==1 = 
dy ty 
dx ~ x (log x +1) 
Now from (A) above, we obtain, 
=y (log x+1) | -..(B) 
dy y log x | 
qe > y (lee Illoe FN) using (4) and (B} 
log x 
~ (log #+1)% 


EXERCISE (Implicit Functions) 
1. Find rod if : 
ye 
(2 2) ‘az a 62 =1 


(ti) e@+y?+4x—6y +2— 0 
(112) 2x? Say + 3y?+ 2a44y41 =0 


(tv) wl/24 yl/2-- ql/2 (v) 234-y3—3axy=—0 
(v2) ae a? /3 (vit) y= cos (x+y) 
(v272) Cos/xy)= (22) w=y tan-ly 


(2) In (xy) =2% cos Y. 


2 IPfa™.y®=(x+y)™+", show that 


dy y 
dx x 


3. Ify=2.et¥, show that 2% _.¥ Uy 
dx x 1— xy 


4. Ifcos xy =sin (x+y), show that, 


dy y sin xry—-cos (x+y) 
dx ~' asin zy+ cos (4+y) 
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5. If y=aeY show that ay 5 


de y 
1 | San 
« (5) 


6. If ev+y —etv-+k, show that dy  1l-y 
| ’ dz 1—a 
dy cos? y 


7. Ify =x cosy vhow that ....2. — —————— 
oa pene dx ~cosy+y sin y 


ANSWERS 
wo) f ) ae (vi) Yule 
oe ° aan 


3:9. Parametric Equations 


Many times the functional relation between x and y ia expres- 
sed in terms of a third variable called a parameter e.g. the co-ordina- 
tes (x, y) of a point on the parabola y?—4az can be expressed as 

x=at? 
y=2at \ tER or 


the equation of the circle x? y?— a? can be expressed as 


a=a cos 6 bo <b<2n 


y=a sin 6 
such equations are called parametric equations ¢, O etc being the 
parameters. 


dy . | 
To find °% in suvh cases, we note that asthe change St in? 


aa 
tends to 0 so do the changes Sz and Sy in x and y respectively using 
. sy by bx 
the fact —S ye | 
. Sy jy dz 
we get lim (=2)= lim ( str 
8 st->0 OX $10 ot ot 


Sy \ 
lim (3) 
lim (34)= ar+0 \ OF 
hi ( x 
im {| — 
5->0 bf 


dy ty ax 
“. dem dil a 


sz 0 
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Illustrative Examples 
Ex. 1. Find — in each of the following cases 


(t) t= at? y=2at, (17) =a cos 6, y=a sin 6 


(11t) 2=cos (log t) y=log (cos t) 


dx 
ry a 2 aii 
Sol. (1) cx=a??, 7 2at 
dy 
dy 


dt 
(ti) ¢—a cos @ ae oxo sin @ 
ae dy 
y=a sin a <i do cos 6 
dy 
dy d@ acosé | 
oe We aaa 6 
dg 


P : : 
(ii2) x=cos (log?) ., via = —sin (log t) x = 


. ay 1 
y-=log( cost) .’, ae act (—sin ¢) 
dy —sin ¢ 
dy dt cos ¢ 
dx dx | —sin(log ?) 
at t 
t sin ¢ 


~ 08 ¢ sin (log £) 
Ex. ?. Differentiate x sin x w.r.t. tan x. 


Sol. Let w=2 sin x and y=tanz 
u and v are expressed in terms of 2 as a parameter. 


du 
du dx 
“. dv = dv an) 


| dx 


170 Mathematics 


du 
Now —==% cO8 x-+-sin x 
dx 
dv sec? 
—— = sec? x 
dx 


_ du xe0sx+sin x 
“. by (1); ‘dv ~~ sec? 


=(xz CO8 %+81N x) Cos? x 


EXERCISE 
Pind: aw the following + 
i aa i ) owing : 
%=-a cos 6, y=b sin 6 
2. x=a (d—sin 4), y= @ (1—cos 6) 
a 2a 
3. v= Tne Yy=— 
5. z=3 sin t—2 sind ¢, y =8 cos t—2 cos3 ¢ 
6. Differentiate tan-) x w.r.t. 
] 1.22 
7. Differentiate x sin 2x w.r.t. tan-l x 
8. Fiod the derivative of tan-1 x w.r.t. tan x 
9. Differentiate e©°% 7 w.r.t. sin2 x 
, : 22 1— 72 
10. Differentiate tan-1 w.r.t. cos-l : 
122 1422 
ANSWERS 
j. Sevens Geb 3. m 4, w¥ Jee 
a 2. x logy 
—(l+ 2?) 
5. cott 6. a, rae 7. (1+ ©?)(2z2 cos 2x4sin 2x) 
cos? x | ae ; 
cea io ge 10. 1. 
Tp at 9 3 eX sec x 


3:10. Derivatives of higher order 

Let f’ (x) be the derivative of a function f where z belongs to 
the domain I of f. We can look upon f’ (x) as another function of z 
say g(x). If 


lim He ees) exists for all x © I then, this limit is called the 
h->0 
second derivative of f at x and is denoted by f’(x). If y = f(x) then 


; dy ‘ ad { dy ei dy 
f(z) = oe and f"(r) = dz (2) which is denoted as In’ In 


practice we obtain the second derivative by the same methods that 
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we employ for getting a derivative of a function. Thus if y ~ sin x, 


j 2 
a = Cos x and fe = —sin 2, 


The process can be extended to get derivatives of higher order 
also, if they exist. 


Illustrative Examples 


2 
Ex. 1. Ify = e97 sin (br+c) find 


Sol. = e%2 6 cos (bx-++c) +ae% sin (bx 4c) 
d?y . 
or aad eez {sin (br+c¢)} b?-+ cere b cos (bx+c) 


+ ae cos (bx-+-c) 64 .a%e97 gin (bx +c) 
= 8 gin (bx +c) (a2—b?)+ 2b ae** cos (bx +c) 


Ex. 2. If y?=az?+2bx+c, where «a,b,c are constants, show 


2 
that pos is constant. 


Sol. Differentiating w.r.t. x both sides, we get 


2y 7 = 2ar+26 


dy _ax+6 
dt y 
dy 
dan aa ear 
dx y? 
ax+b 
dty ay—(ax +) ( ; ; 
dv y? 
ay®—(ax+b)? 
== a 
3 a?y pa 2 a, 2 
a oie (ax? + 2bx + c)—(ax-+b) 


I 


a2x2 + 2abx +ac—a2x?— 2abxr— b? 


= ac—b?, a constant. 
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Ex. 3. If = 2+ V/z2—1 show that 


dty | ¢y 
ose: —— Rie) es nese 
Sol. dy = 1+. _ to _ Qr 
ax 24/x?—1 
_ Vxt—1ltex 
Jal 
= Z using the gi lati 
Jnl (using the given relation) 
—_—_— dy 
Vee ae (1) 
Differentiating (1) w.r.t. 2 as an implicit function we get 
dy } dy dy. 
Vell: gator de ae 
d*y dy ——, dy 
2a ee SS —_ — 
= dazt * dx ve dz 
d’y dy 
2 zy oa —— — 
(x?— 1) dat +2 qe from (1) 
dy dy | 
a “aa —_ — 
Calas a 
EXERCISE 


1. Find the second order derivatives of the following functions, 
(i) 8% (22) log («+1) (107) tanz 
, (7v) sina, (v) x% coax 


2. If y — emz (ax+6), prove that 


dey ce ae 
3. Ify = e% (cos x+81n 2) show that 


adzy dy 
mae 


4. Ify ae" sin, show that 


dy dy ; 
(1— x2) dat —we an y 0 


Differentiation 


5. Ify = (x++/22+1)3, prove that 


dzy dy 
2 an e Sa = 
a”) dx2 ae ax i ae 
ANSWERS 
° 3 ee fea eee 2 
I. (4) Q9e82 () @LI (107) 2tan & sec? x | 


(iv) ane (v) eos x (2Q—x?2)—4z% sin x 
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Applications of Derivatives 


In the last chapter, we discussed the techniques of obtaining 
the derivatives of various functions. We shall now oonsider some 
simple applications of derivatives in Geometry, Mechanics optimiza- 
tion problems in different fields and the problems of approximations 
and error analysis. We shall also discuss how a differentiable functions 
are characterised by their derivatives. 


4:1. Approximations and Errors 
We know that, if a function f is differentiable at a point a, then 
its derivative f’ (a) at the point a is given by 


li h)— 
im | eth $0) - 70, 


h-»0 
This means that, when 4 is sufficiently small, the value of the 


expression pee is very close to f’(a) i.e. for sufficient- 


ly small h, (h ~ 0) eller ae El is approximately equal to f(a). 
We denote this as Caner = f’ (a) for sufficiently small h. 


On rewriting the above expression, we get 
fia+h) = fia)+A f'(c), where h is small. 

Thus, we can estimate the value of a differentiable function f at 
a point (a--h), 440 where h is sufficiently small, if we know the value 
of the function f at a and also the derivative of f at a. It is observed- 
that for known differentiable functions, the approximate value of the 
function obtained with the help of above formula does not differ 
appreciably from the actual value for sufficiently small values of h. 
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Illustrative Examples 

Ex. 1. Find an approximate value of +/99 with the help of 
derivative. 

Sol. Let the function f be defined as f(x) = 4/z. 


_ Choose now a = 100 because we can compute the value of 
f(a) = f (100) without any difficulty and 100 is a convinient number 
close to 99 which satisfies the requirement. 

Now, putting a = 100, 4 =—1 in f(a+h) = f(a)+a f" (a), 
we get | 
f (100—1) = f (100)4(—1) f’ (100). 


7 (99) = f(100)+(—1) ——. 


4/99 = 9-95 
Approximate value of +/99 is 9-95. 
Ex. 2. With the help of derivatives, find an approximate 
value of x74 52?+32+4+2 when xz = 2:01 : 
Sol. Let = f(z) = 284522432742. 
Then, f'(z) = 327410743. 
| It is easy to obtain the value of f(z) at x = 2 and 2 is closer to 
2-01 than any integer. 
Putting a = 2 and h = -01 in 
fath) = f@thf[(a, 


we get 
f (2:01) = f (2)+(-01) f’(2). 
Now, f (2) = (2)8-+5 (2)?+3 (2)+42 
= 36 
and f' (2) = 3 (2)?-+10 (2)+3 
= 30. 
We get 


f (2:01) = 36+(-01) (35) 
f (2:01) = 36°35. 
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Ex. 3. Using derivatives, find approximate values of 
(i) tam (45° 12’); (it) (10)?-92, 
Sol. (¢) Let f(z) =tanz. Then, 
f’ (x) = sect x. 
For sufficiently small h, we have 
f(a+h) = f (a)+h f(a). 
Taking a= . h = 12' = -0035¢, we get 
f ( = 4.0036 ) = ( -} ) +0035 “f’ (+) | 
ais ( 3 +-0035 ) ze tan( +} +4.-0035 x sec? (+) ; 
4 
tan (45° 12’) = EO e sec? - =2, 


(14) We know that 
log, 10=2-3026. 


Now, let f(z)= 102, 
then, we have | f'(x)=102 log, 10 
a f(3)=108=1,000 
and f'(3)=108 log, 10 


= 1,000 x 2-3026=2,302-6. 
Putting h=0-01 and a=3 in 
fath)=f(a)+Af\(a), 
we get, 
f(3-01) =f(3)-+0-01 x f'3). 
103-°1—1,000-+-0 01 x 2,302-6 
103.01 1,023-026. 
Ex. 4. The angle of elevation of the top of a tower at a dis- 
tance of 100 meters from its base is 30°. Finda the height of the 


tower. Compute the approximate error in measuring the height if 
the actual angle of elevation is 30° 12’, 


Sol. Letz be the height of the tower AB and let C be a point 
at 100 meters from its base. If the angle of elevation of the top of 


the tower at Cris 6, then 
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Zz 
— = Q. 
100 tan 
8 
f 
Zz 
f 
aN. 
A <------- 100 ---- 20 --> 
Fig. 4-1 
ner —100 tan Q. 
Now, when  =30°, 


z—100 tan 30° 100 ih ‘5774 


 =67-74 meters. 


Put z=f(9) 
f(@)==100 tan (6). 
f'(8)=100 sec? (8). * 


Now, putting 6= a 
and | h==12' —=-0035¢ 
in f(+-b) =f(0)+hf'(8), 


we get 


= — f Us 40-0035 as = 5) 


. re = +0-0035 sine meters. 
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The error in measuring the height of the tower will be 


(57-7447 —57-74) meters or 4:7 cms. approximately. 
EXERCISE 4-1 


‘ 
1. Using derivatives, find approximate values of 


(7) 8/32-044 ; | (11) 4/955 , (142) 9/811, 


(10) SIOO-T; (v) 8/597. 


2. With the help of derivatives, find Approximate values of 


(2) gin (29° 12’) ; | (47) cos a5? ou 
(272) tan (45° 30’), 
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3. With the help of derivatives, find an approximate value of 

e3—Qx24 3x42 when ¢+=3:02. 

4. If f(@)=214 22343, find an approximate value of f(2:01). 

5. If f(z)=25+23+42a, find an approximate value of f(3:2). 

6. The anzle of elevation of the top of a tower from a distance of 100 
meters + m its base is 45°. Find the height of the tower and compute appro- 
xima!: | ror in the measurement of the height if the actual angle of elevation is 
44°40 (Take 1°=0 0175¢). 

7. The radius of acircle is 7-2 cms. find approximately the error in 
computing its area if the radius is taken as 7 cms. 

8. If log, 10=2-3026, fiud approximate value of log, 101. 

9. The sides of a triangle ABC are correct] y measured but there is an 
error of h° in measuring the angle A. Show that the error in calculating the 
area of the triangle is approximately h/2 bc cos A. 


10. The periodic time T of a simple pendulum of length / is given by 


T —2n a 
g 


where g is the accoleration due to the gravity. If the length of the 
pendulum is altered by 2%, show that the periodic time of the pendulum will 
change by approximately 1%. 

ANSWERS 

1. (¢) 2:00055 ; (27) 3-995 ; (tit) 7-917, (tv) 10-005 ; 
(v) 9:99. | 
(i) 0 5264 ; (iz) 0-70091 ; (iti) 11-0175. 
20-36. 
27-4. 
359-6. 
1-164 cm. 
8-8 cm?2. 
. £6152. 
4:2. Applications to Geometry 
1. Tangents and Normals. 


Let y =f(z) be the equation of a smooth curve and let A (a, f(a)) 
and B (a+h, f(a+h)) be two distinct points on the curve. 


y 


=A FP ON 


y= f (><) 
y secant 


tangent 


e 
ta 
7 ye 


' 
Ala, fla) 
‘ 


32 a+b x 
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Then, AB is the secant of the curve through the points A and B 

and its slope is 
fiath)t® 
h 

The tangents to the curve y=f(x) at A (a, f(a)) is the limiting 
position of the secant AB at;B->A along thecurve. Therefore, 
the slope of the tangent at A is the limit of the slope of the secant 
AB as B->A along the curve. 


Now, as B->A along the curve, h—0. 
The slope of the tangent to the curve y=f(x) at A (a, f(a)) 
= lim [slope of the secant AB]. 
h~>0 


= lim ea | =f'\a). 
h->0 h 


Note that f’(a) = ( ae ena 


Slope of the tangent to the curve y=/f(z) at x=a is 


dy 
= 


2. Subtangents and Subnormals 


Let the tangent and the normal to the curve y=/(x) at the 
point P (a, f(a)) on it, meet the axig of X in T and @ re ju. tively. 
Y 


tangent 
Fig. 4,3: 


Let I be the foot of the perpendicular from P on the X-axis 
Then, 
(t) LT is called the subtangent at P, 

and (22) LG is called the subnormal at P. 
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Since the slope of the tangent to the curve at P is f’(a) if, 6 is 
the angle of inclination of the tangent PJ’, then we get 


tan 6=f (a). 
Now, from the right angled triangle PLT, we get 
l (PL) | , 
(LT) = | tan(z—@) | = | tan @| = | f(a) |, 
1 (PL) 
L(LT)— —~—— 
eo TFG 
_| £@) 
TS (@) 
The length of the subtangent LT is 
| Ys 
f(a) dy | 
f(ay| (Ze z=a 
Similarly from the right angled triangle PGL, we get (Fig. 4:3.) 
L(GL) 
tan “=T (PL) | tan (=—8@) | = | tan 8 | | 
| = | f(a) | - 
1 (GL) =1 (PL) | f'(a) | 
= | f(4)-F (2) | 
dy 
=| o(S = 
In goneral, the length of the subnormal to the curve at P (2, y)} 
Sadi dy 
on it is given by | ¥7--). 


3. Angle ketween two curves. 


Let two curves y=/(z) and y=g(2) intersect at a point P. Then, 
the angle between the two curves is defined to be the acute angle bet- 
ween the tangents to the curves at P. 


Y 


Fig. 4-4. 
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Now, suppose that abscissa of Pis a. Then the slope of the 
tangent to the curve y=f(a) at Pis f’(a) and the slope of the tangent 
to the curve y=9(z) at P is g’(a). - 

Then, if « is the acute angle between these two tangents at P, 
then 
f(a) —9'(4) 

1+ f'(a).9'(4) 
f'(a)—9 (2) | . i 
infws'w is the angle between the curves y=f(z) 
and y=g(x) at their point of intersection P (a, f(a)) or P (a, g(a)). 


tan «— 


*, tan-t 


Illustrative Examples. 


Ex.7. Find the equations of the tangents and normals to the 
curve y2=2(5a—-x) at the points on it where z=a. 


Sol. Putting z=a in y2=2(5a—z), 


we get 
y?=a (5a—a)=4a? 


y= + 2a. 
We have to find the equations of the tangents and normals 
to the curve at the points (a, 2a) and (a, —2a) on it. 


Differentiating y?=2(5a—z), we get, 


2y = §a—2zx 
dy 5a—2x 
or dx  2y 
dy 5a—2a 3 
(ca, 2a) ~~ 2(2a) ~ 4 
dy oa—2a 3 
i en’, 


The slopes of the tangent and normal to the curve at (a, 2a) 


3 ; 
are respectively a an 3 
The equations of the tangents and normal at (a, 2a) are 


respectively. 


and _ 
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Similarly, the slopes of the tangent and norma! to the curve at 


3 4 Pe 
(a,—2a) are respectively — ry and ae and their respective equations 


are y+2a—— + (x—a) 


and ¥+2a— + (x—a). 


Ex.2. Find the length of the subtangent and subnormal of 
the rectangular hyperbola 2?—y?= a at the point ( +/ 2a, a) on it. 


Sol. Differentiating z?—1 ytaat with respect to 2, we get 


2r—2y = =(Q, 
dy = 
ie 
-. The length of the subtangent at (V 2a, a) is 
—_ = 
dy = 7) oa 
(ae hy sam y WV Ba, a) 
2 a? 
“(Fl “iv 
( /2a, a) 
_ 4 / a 
v2° 


Similarly, the length of the a at (4/ 2a, a) is 


=—_— = 2 P 
( "ae Veysa a 7 ym a 
Ex. 3. Find the angle at which the curves y?=4z and zy=16 


intersect. | 
Sol. Solving y2=4x2 and xy=16 to get the point of inter- 


section, we get 
16 
2—47—4 


= 64 or y=4 


and consequently e=4, 


(4, 4) is the point of intersection of the curves. | 
We now find the slopes of the tangents to the curves at (4, 4). 


Applications of Derivatives 183 


Differentiating y2=42, we get 
dy 2 
dry’ 
., Slope of the tangent to the curve y?=4z at (4, 4) is 


(ie), a= (7), « 


2 l 
ig =o ° 
Si ] . Q © 7 — : 
imilarly, differentiating ry=16, we get, ayo -3 
dy 2 Y 16 es 


ee a Se 
dx y? 


The slope of the tangent to this curve at (4, 4) is 


( dy 16 } 
a a, 4)" 16 
*, The slopes of the tangents to the curves at (4, 4) are 4 and 


cea 
., The angle between the curves is, 
ee 


Cit 


tan") =tan7} (1)=45° 


The curves intersect at an angle of 45°. 
EXERCISE 4:2. 


1. Find tha equation of the tangent and normal to the curve 


y =23—3x2_xv 15 at (3, 2). 
2. Find the equation of the tangents to the circle 22+ y2=52 which are 


parallel to the line 2x+3y=5. 
3. Find the equation of the normal to the hyperbola 422—9y2—36 
which is perpendicular to the line 2+ 2y=3. 
4. Find the equation of the tangent and normal to the curve ero 


at the point where 7=2. 
5. Find the equations of the tangents and normals to the curve 


y2 (a+2)—22 (3a — x) at the points where z=a. 
6. Find the equations of the tangents to the curve y = x24 3y2—_Gxt.T 


which are parallel to the X —axis. 
7. Show that the curves y=32z2—8 and y=z3—4 have a common tan- 


gent at the poilut where z=2. Find its equaticn. 


8. Find the equations of the tangents to the cnrve y=22+-427+4 16 which 


pass through the origin. 
9. Show that the sum of the intercepts made by a tangent to the curve 


VrtVy=V2 on the co-ordinate axes is constant. 
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10. Show that the portion of the tangent at any point of the rectan. 
galachyooroo.la wzy=a2, intercepted between the coordinate axes is bisected 
at the point of contact. 


1l. Find the lengths of the subtangent and subnormal! of 
(i) w2+y2—a2 at the point (a cos 6, a sin 6), 


(vz) wy =a at the point ( 2a, 5) and 
(442) 22/84 y2/3—a2/3 at the point (a cos’ 6, a sin’ 6). 


12. Show that for the curve y=37+t2, the 


subtangent is of constant length and for the curve Y¥=V7 13> the sub- 
normal is of constant length. 


13. For the curve y=aty obtain the X-co-ordinate of the point at which 
the lengths of the subtangent and subnormal are equal, 
| =. z2 2 
14, Show that the curves “5 +o =1 and y2—162z intersect at right 
angles, 


15. Show that the angles of intersection between the curves x°= 4 ay 


and 2y2—ax are = and tan71 (3). 


16. Find the angle of intersection of the curves 22+y2=8 and 
v2 y2—4, | a 
17. Find the angles at which the curves y=4 ax and z2~4ay intersect. 


18. Show that the circles 724+y2-4r7—0 and 22+ y2—8y—0 intersect at 
right angles. 


' ANSWERS 
17 
3. x+2y == V2 ’ 
4. y=2x-—6 ; 
5. 2axr—y=3a ; 2ax+y=3a; 
6. y=3, y=37 ; 
7. 12x2—y—-20=0 ; 
9. (7) atan 6 secO 54 cos @ ; 
9 
(iit) asin? @ cos @ ;a tan @ sind @ , 
-s 3 
o, oo (est Ba a en | 
16. 60°; 17. 5 tan (4 ) 


43. Applications to Mechanics 
We know that if y isa function of the variable x, then ( = 
be 


stands for the rate of change of y with respect to x. But when 


Applications of Derivatives | 185 


physical meanings are attached to y and z, then in different branches, 
dy 


( Fs ) has different names. For example, if y represents displace- 


ment and x represents time then (<2) is called the velocity; if y is 


the charge and x represents time then (<4 ) ig called the current ; if 


yis the velocity and z is the time, then (<4) is called the accele- 


ration etc. 


In mechanics we are primarily concerned with the velocity and 
acceleration of a moving object. We shall, henceforth, represent 
the displacement by z, the time by ¢, the velocity by v and the 
acceleration by f. 

Clearly, 

Velocity v = the time rate of change of the displacement. 

dx 
dt 
and, acceleration f = the time rate of change of the velocity. 
dv 
~ dt 

We can use the chain rule for the derivatives and write, 

ee ee eee 

~ dt da dt dx dx © 


Illustrative Examples 


—= 


Ex. 1. <A particle moving along a straight line is at a distance 
x from the origin at time t, where x = #8—31?4 3/45. 

Find (z) the time when the velocity is zero and (27) the distance 
when the acceleration is zero. 

Sol. x = #—3t?4-3¢4+5 


ax j 7 
dv 
and - — de = 6t—6. 
» = 0 when 3¢2—6/+3 = 0 
1.€., 3 (t—1\2 = 


i v = 0Owhent = ]. 
Also, f — 0 when 6¢—6 = 0. 


1.€., 4 = l. 
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Now, at # = 1,  — 18 — 3 (1)2+38 (1)15 = 6. 
When acceleration is zero, 7 = 6. 


Ex 2. A particle moves along a straight line under the law, 
x = aet+bet. (1) Show that the acceleration f =x; (i) Find a 
and 6 if the particle starts from the origin with velocity 4. 


Sol. (1) 2 = ae ‘+ bet 


dx -t t 
v “yp =e + be 
f = aoe = ae~ttbe-! one 5 


(#4) When ¢ = 0,2 = Oandv= 
aeo+ 669 = 0 and—ae°+be® = 4. 
a+b = 0 and—a+b = 4. 
6b = 2anda =—2. 

o. 0 @ =e —De-t+ et, 

Ex. 3. For a partisle moving along a straight line, v = ,/I +22 
where v is the velocity at time ¢ and z is the distance of the particle 
from the origin at time ¢. Show that acceleration f = x and find the 
acceleration and the distance of the particle when v — 4/26. 


Sol. v= V1+2? 


MY 8 yl fatyd (ary 


ax 
_ x 
~ Vote 
dv 
f= te 
~— — . = 
= V 1-4-2? V1+2? 


Now, when v = 4/26, 22 = y2—1., 
x = 26—1. 
22 = OD: 


eesece 


2 = -- 5 whenv = a/ 26. 
a f=2= + 5 when v = Vf 26. 
Ex. 4. <A particle moves along a straight line OX under the 
law z = acos pt where zis the distance of the particle from the 
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origin at time ¢. Show that the acceleration at time ¢ is—p2z and 


obtain the velocity of the particle when 7 = > ; 


Sol. 2+ =a cos mt. 


v gi asin p ft 
a gp ft ae ae 
dv 
SS) See See 2 ‘ 
f Fi p2 a cos pt 
a= —pwe (°° 2 =acospt). 


Now, v = — pasinyt 


=—pVy a?—xz (.. @? sin? wt = a2—a? cos? pt 
= (a?-—2°), 


= —eHa 
When z=— , v= tev? 
2 9 : 


EXERCISE 4:3, 


1. A body moves along a straight line according to the law v7 = } #2 

2¢t. Find the time when the velocity is 4 units and also the velocity when 
time ¢ = 3. 

2. A particle is moving ina straight line and its distance z cm from a 
fited point Aon the fine at the time ¢ seconds is given by x == /1+é2. Show 
that the acceleration of the particle is 72 cn-s./sec?. at the time ¢. 

3. A particle moves under the law v?=k./x, where v is its velocity sn 

2, the distance from the origin at time ¢. Find its acceleration. 

(2) when it is at a distance of 100 cms. and 

(it) when its velocity is 4 cms/se>, 

4. Acar starts from rest and its velocity v meters per second is given 

in terms of x the distance travelled in meters, by the equation. 
3x _ an 
"= 30 — 200 

until the maximum velocity is reached, Show that the acceration when 
it has travelled 16 meters is approximately 25 cms. /sec?. 

5. A particle moves along the axis of X according to the law 
2—ae-1‘2l1 hel, x being its distance from the origin at time ¢. Find aand b 
if it starts from the origin with a velocity of 15 units. 

6. A bullet is shot horizontally and its distance ¢ ft, at time ¢ seconds 
is given hy, s=1200 ¢—16 72. Find the velocity with which the bullet is shot. 
Also find the distance covered and the time required when it comes to 
rest. 
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| 7. <A particle moves along a straight line according to the law x= 256 ¢ 
—-16 t2, x being its distance from the origin at time ¢. Find, 


(t) the time and distance when its velocity is zero, 
(27) the time when x =448 
({i7) the velocity with which it returns to the origin. 


ANSWERS 


23 k k2 
© age aes a=10; b=10; 6. t=40; 


8s = 25,600 ; 7. (t) 83 1024; (i7) 2,14; (272) 266. 


1. 234 


4:4, Derivative as a rate measurer. 


In different branches of science, we deal with entities which are 
constantly changing ; and very often we have to tackle the problem 
of obtaining the rate of change entity with respect to the second 

whenever the first depends on the second. Now, if x and y are two 
entities and further if y depends on z, then the rate of change of y 


with respect to x is precisely (‘ ) However, in most of the physical 
situations,; we are going to deal with the entities which are time 
dependent, and hence we shall be primarily concerned with obtaining 
their derivatives with respect to time ¢. In such problems, it is 
important to express different entities involved in terms of one- 
another to arrive at the required result, We shall consider a few 


examples to expose the techniques. 
Hlustrative Examples. 


Ex. 1. A circular disc of radius 2 cms. is being heated. Due to 
expansion, its radius increases at the rate of 0-02 cms./sec; Find the 
rate at which its area is increasing when the radius Is 2-1 cms. 


Sol. Let r be the radius of the disc, at time ¢. Then its area 


A is given by, A=nr’? 
dr dr dr 
dr = Ter = oar 
Now the radius increases at the rate of 0:02 ems./sec, 
dr. 0.02 ems./sec. 
at 


a = 2rr x (0-02) =-04nr cms?./sec. 


When r=2:1 cms., we have 


dA 
aretha 
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=2xe x 2-1 x -02 
= (0-264 cms.?/sec. 

The area is increasing at the rate of -264 cm.? per sec. when 

= 2:1] cms. 

Ex. 2. A manis moving away fromatower 85 ft, high ata 
speed of 4 ft./sec. Find the rate at which his angle of elevation of 
the top of the tower is changing, when he is at a distance of 60 ft. 
from the foot of the tower. 


Assume the eye-level of man to be 5 ft: 


Sol. In Fig. 4-5. B is at the eye level of the man, OP is the 
tower and /PBC=@ is the angle of elevation of the top of the 
top of the tower. For the right angled triangle PBC, we have. © 


a P 


Now the man is moving away from the foot of the tower with 
a speed of 4 ft./sec. 


dx 

aan: | 

dt 

. = aati x4 x cos? 6 
mig? 
se cos? @ 


60 3 
But, wh == 60, = 
ut, when x cos @ 100 5 
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When z= 60, 
d@  —320 3 \? 
x war (3) 
== —0-0032 radians/sec. , 
When the man is at a distance if 60 ft. from the foot of 
the tower, his angle of elevation of the top of the tower is decreasing 


at the rate of 00032 radians/sec. & ee <0 ) 

Ex. 3. A rectangular swimming tank is 25 ft. by 40 ft. 
Water is pumped into the tank at the rate of 500 cub. ft,/min. Find 
the rate at which the level of the water in the tank is rising. 


Sol. Let z=depth of water in the tank at time ¢. 
The volume we of the water in the tank at time ¢ will be, 
v=25 x 40 x z=1,000 z. 


dy dz 


le — 1,000 dt 9 -o(l) 


Since the water is being pumped into the tank at the rate of 
500 cub, ft./min., we have. 


dv, 
ay = 000. wo.(2) 
Equating (1) and (2), we get 
dz 
500—1000 an 
dz 


, The level of the water in the tank isrising at the rate of 
0-5 ft./min. 
EXERCISE 4-4. 


1. The radius of a soap bubble is increasing at the rate of 001 cms / 
sec. Find the rate at which its volume is increasing when its diameter is 7 
cms. 

2. Aman 6ft. tallis walking away froma lamp post 18 ft. highata 
speed of 3ft./sec- Find the rate at which his shadow is increasing and also 
find, the rate at which the tip of his shadow is moving. 

3. A metal sheet is in the shape of an equilateral triangle of side 4/3 
ems, As it is heated gradually, the radius of its circumcircle increases’ at the 
rate of 0-01 cms./sec. Find the rate at which its area i8 increasing when ita 
radius is 4-2 cms. 

4. Acylindrical water rescrvoir has a base of area 58q. meters. Water 
is being poured into it at the rate of v cub. meters/sec. Find the rate at which 
the level of water is rising in the reservoir, | 
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5. A storage tank is in the shape of a cone with vertex downwards. 
The radius of the base is 20 meters. and its vertical height is 40 meters, Oliis 
being pumped into the tank at the rate of 100 cub. meters/min. Find the rate 
at which the level of oil in the tank is rising when its inside depth is 10 meters, 


6. Water escapes at the rate of 8 cub, meters/min. through the vertex 
of an inverted conical container whose height is 12 meters and whose base is 4 
circle of diameter 8 meters. Find the rate at which the level of the water in 


the container is sinking when the water inside is 6 meter deep. 


7. The volume of a sphere is increasing at the rate of 100 cub. cms./ 


gec. Find the rate at which its surface area 1s increasiug when its radius is 


20 cms. 
8. A stone is dropped into a still pond of water. It sends out con- 


centric circular waves of water which move at the rate of 4cms./sec. Find the 
rate of which the disturbed area is increasing when the radius of the largest 
wavering is 3:5 meters. 


ANSWERS 
1. 6-16 cms. /sec. ; 2. 1-5 ft./sec., 4’5 ft/sec., 
3. 0-11 cms?/sec., 4. vie; 
5. = meters/min.,. 6. =. meters/min., 
7. 10cm2./sec., 8. -22 sq. meters/sec. 


4-5. Meaning of the sign of derivative. 


Let y=f(x) be a differentiable function. Then as remarked in the 
earlier chapter, the function f is continuous and therefore its graph is 


dy \, 
a continuous curve. Now (3) is a measure of rate of change of 


y=f(x) with respect to x and hence whenever ( a) is positive, y 


| ses with x and whenever ay is negative d 
_ increa Ap g » Y decreases as x 


increases. In this section, we shall discuss this property of a function 
in more detail. 


"t C 


ef eee eee ee 


0 X3-h xy x +h Xe . x 
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. Suppose that the curve ACB (Fig. 4-6) is the graph of the func- 
tion y=f(x). The curve is rising from A to C and falling down from 
C to B. This means, all points (z, y) of the curve between A toO 
are such that as x increases, y also increases, Similarly, for all points 
(z, y) on the curve between C and B, y decreases, with increase in’ the 
value of z. 

Let Pru, PM and P,M, be the ordinates of the points P,, P. 
P, respectively which are between the points A and C of the curve. 
Then 
(P,M,)=f(x+h), (PM)=f(x,) and 
U(P2Ma)=f(x1—h). 
Clearly, f(t—h)<f(x\<f(zi+h). The above inequality is true as 
long as P, and P, remain on the left of the point C. This means, the 
inequality in true for all points P between A and C. 
1.€. F(t1—A) <f(t)<fl(a +h) 
for all sufficiently small h>0. We say, in this case that the function 
f is increasing at 2, (at the point P), 
Similarly, we say that the function fis decreasing at x, (at the 


point Q) if 
. S((%2—h) > F (#2) >F(t2+h) 
for all sufficiently small h>0. 

It can be proved that if f’(z,)>0 then the function f is increas- 
ing at z, in the above sense and similarly, if f’(2,)<0 then the func- 
tion f is decreasing at 2». 

i.e. If f’(21)>0, then for all sufficiently small 2>0 

f(a—h) < f(s) <f(ai +h) 

if f’(x2)<0 then, for all sufficiently small «>0, 


f(2—h) >f(%2) >f(t2+F). 


and .’. 


Remarks. | | 

1. If for a function f, f'(z)>0 for all xin [a, 6], then f is in- 
creasing throughout the interval [a, 6) and graph of the function f is 
rising on that interval. | 

2. If for a function f’(x)<0 for all x in [a, b), then f is decreas- 
ing throughout the interval [a, 6] and the graph of the function f is 
falling on that interval. 

3. Iffis increasing on (a, 6], i¢ does not imply that f'(z)>0 
for all x in [a, 5], for example, the function f(z)=2° is increasing on 
[—I, 1) but f’(0)=0- Similarly, if f is decreasing on [a, }] it does not 
imply that f’(x) <0 forall x in fa, 5). 
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Illustrative Examples. 
Ex. 1. Show that the function f, given by 
f(z) =2?—4a+5, 
is increasing at x=4 and decreasing at x=]. 
Sol. f(x) =2?—424+5 
f'(z)=22—4 
f'(4)=2(4)—4=4>0 and | 
fQ)=2(1)—4=—2<0. 


. fis increasing at x=4 and decreasing : x==1. 


Ex, 2. Prove that, if f(z)=27 and 9(2) = — then f is inoreas- 


ing and g is decreasing everywhere on the set og 
Sol. (:) = f(x)=2+ 
S'(x)=2? log, 2 
Now - 2¢>0 for all x and log, 2>0. 
f'(x)>0 for all x in R: 
f is increasing on R. 
(12) Now, we have 


in fh \ey (3 
gJ @=(% y log (=). 
1 Cae 
fl 
lows (= ) <0. 


g'(z)<0 for all real x. 
. g is decreasing for all x in R. 
“Ex. 3. Show that 
(i) (l—z)e#<1 for all 22% 


(4), loge (l+a)>a— > for all 250 


‘Sol. (i) Let fay l(a) It is enough ify we sine that 
f'(x)>0 for all a>0. | i +3..78 : 
Wehave,, ew as 
i FQ) =1—(1—0)eo = 0. 
and f(z) = —(l—ax)e* + et = ze. | 
f'(xz) =x e?>0 for all z>0 
*. f 1s increasing function of z for all z>0 and f{(0)=0. | 
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Also, f is continuous at x=0. 
f(z)>0 for all z>0. 
]—(1—z)e=>0 for all x>0. 
ca (1—a)et<1 for all 2>0. 


2 
(it) We have to show that log (1 +2)>2—5- for all z>0. 


Let f(a)=log (1+2)—2+-$ 
Clearly f(0)=0. | 
ee a ] = 1+a2%—1 
Now, f'(2~= a ha 
2 
ae 


-, f'(z)>0 for all z>0. 
f ic an increasing function for x>0 and f(0)=0. 
Also, f is continuous at 0. 


f(z)>0 for all x>0. 
ce log. ta)—24+—— >0 for all z>0. 
a log. (l¢a)>2—< for all z>0. 
EXERCISE 4:5. 


1, Examlne for which values of z the following functions are increasing 
and for which values of z they are decreasing. : 


(¢) 22 —3e42 ; (#2) o_6a8 ; 
(444) a8—Ba2432-+1 ; (iv) 2832 ; 
(v) 2+5a—e? ; | (vi) 4—8a. 


2. Show that sin z is an increasing function on (0, = ) and a de. 
creasing function on (+ *). 


$3. Show that log, z is an increasing function of ‘g@ for all zpl. 


4. Show that o% isan increasing function if a>1 and decreasing func- 
otion if 0<a<}l, for all values of z. 


5. Show that tan-! z is an increasing function of z for allx. | 


6. Establish the following inequalities with the help of the results dis- 
cussed in this section. Ce 


2 
(8) 1 => <cos z&l for x>0. 
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(8) ga <sin z <2 for all x>0, 


3! 

2 
(442) 2 5 < oR. (142) <@ for all 2>0- 
(tv) <i < log, (1+2) <# for all z>0. 


l+tz 
ANS WERS 

1. (z) Increasing for # > 3 do seoasing forze 5; (4%) increasing for 

x <Oandz > 4; decreasing for0 <  < 4; (ttt) increasing; (sv) increasing 

forz <0 and x > 1; decreasing for0 < 2 < 1; (v)  inoreasing 


for t< ; ; decreasing for z > os ; (vt) decreasing. 


46. Maxima aud minima 


Let the graph of a function f be as shown in fig. 4:7. The graph 
has what may be called peak points at A4,C,H and G, and trough 
points at B,D and F. Consider a peak-point such as A, with oo-ordi- 
nates (a, f(a)). Observe that the ordinate of A which is equal to f(a) 
ig greater than the ordinates of all points in its immediate neighbour- 
hood. ‘This means that the value of the function at z = ais greater . 
than the value of the function at every point in the immediate neigh- 


Y 


3 
t a q 
7 Se i y=f(x) 
‘ B : . ‘ t : 
‘ t : ’ a a 
’ ; t ; a a ' 
a 3 t i | i] t 
’ ; a ; i ‘ 1 
4 ’ i 1 
et ty ook 4 
: ‘ ; 4 i 1 ot 
0 a b Cc d e r 6sllUX 
Fig. 4:7. 


bourhood of z = a. Note that we are considering points only in the 
immediate neighbourhood of z = a. Mathematically this may be 
put as f(a) > f(x) for all x in (a—h, a+h), for sufficiently small 4>0. 
In this case we say that f has a maximum at (the peak point) 
x= a. 
f(a) is a maximum value of f. 
f(z) is said to be a maximum at 2 = p if f(p) > f (x) for 
all «in (p —h, p+h) for sufficiently small 4 > 0. 
Thus at each peak point the function f has a maximum. 
Similarly, consider a ¢-rough point such as B with co-ordinates 


(5, f(6)). 
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Observe that the ordinate at B which is equal to f(b) is less than 
the ordinates of al) points in the immediate neighbourhood of B. 
This means that the value of the function at x = 6 is less than its 
value at every other point in the immediate neighbourhood of x = 5b. 
Mathematically this is put as, f(b) < ie) for all x in (b—h, 6+h) for 
sufficiently small h > 0. 

In this case, we say that f has a mintmum at (the trough point) 
.¢ = b or f(x) isa minimum atx = Bb. 

f(x) is said to be a minimum at x = q if f(¢) < f(z) for all 

2 in (q—h, q+h) for sufficiently amall h > 0. 


Thus at each trough point the function f has a minimum. 


One must not confuse the ideas of maximum and minimum 
defined above with the usual meaning of maximum (greatest) and 
minimum (least). The maximum and minimum defined above can be 
respectively called a local maximum and a local minimum in the 
usual sense. A function may have more than one maximum and 
-‘mofe than one minimum as illustrated in the Fig. 4-7. 

Conditions for Maxima and Minima 
Let f be a twice differentiable function. Then it can be shown 
that | 
(:) f has 8 maximum at x = a if and 
f : (a) x= () 
f"(a) << 0 
(it) f has a minimum at 2 = a if 
15 ‘ (a) = 0 
F(a) > 9. 
Note. If f’ (a) = 0 = f"(a), then no conclusion can be drawn. 
The function f may or my not have a maximum or a minimum 
eagle o 78 | ha. 


~ 


- Illustrative Examples 
Ex. 1 Investigate maximum and minimum - 
f(z) = 1023—1522+ 10. 
Sol. ae have, f(x) = L081 528 + 1 10 
f() = 3027 30 z | 
= 30z (z—1). 
f'(z) = 0 implies 302 (z—1) = 0. 
f'(z) = 0 when = O ore = 1. 
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Now, f(x) = 60x—30 = 30(22—1). 

Clearly, f''(0) = 30 (0O—1)=—30 < 0 
and © f’(1) = 30 (2—1)= 30 > 0. 

Since f’(0) = 0 and f’’(0) < 0, the function f has a maximum 
at z= 0. The maximum value is f(0) = 10. 

‘Similarly, since f’(1) = 0 and f’(1) > 0, the function f has a 
minimum atz = 1. The minimum value is f(l1) = 5 

Ex. 2. Prove that of all the rectangles that can be inscribed 
in a circle, the square has the greatest area, 

Sol. Let ABCD be a rectangle inscribed in a circle of radius a. 
The diagonal BD is a . diameter of the Ee 


1 (BD) = 2a. 
Let m / ADB = 0. . O<d<cn. 
From the right angled triangle ABD, we have | 
1 (AB) = 2a sin 0 
and 1(AD) = 2 a cos 6. 
S, the area of the rectangle, is given by 
S = 1 (AB)x1 (AD) 
= 2a sin 6x20 cos 8 : 
= 2 a® sin 2 0. 
S = 2 a? etn 2 6 is a function of 6. 
S has a maximum if 


Now, = 40? cos 20 = 0 implies 
= cos 2 6 = 0, But 0 < 26 < x. 
ri r19 
20= 5 ord = 7. 
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3 foN : 
Also, ( a ) = (—8 a’ sin 2 0) =—8 at < 0. 
] O@=—7/4 0=7/4 
x as d28 
0 ae. 17g — Vand 75 <0 
S is maximum when @ = ~ . With this ABCD becomes a 


square. | 
Ex, 3. Find the dimensions of a cylinder of volume 16x go 
that its total surface is minimum. 


Sol. Let r be the radius of the base and / the altitude of the 
cylinder. If S is its total surface, then, S = 2nr8+ 2xrh, 


A 


Fig. 4:9. 
Since the volume is 16 x, for a given 7,h is determined by, 
16 


xreh = 16x. na h _—- — , 
x2 
16 
S — 2rrit2rr. 7 
— 2nr8 + San ° 
r 
Clearly, S is a function of r. 
S has a minimum if 
dS a*%g 
as 327 ats 64x 
Now = 4nr——s and a = 4n-+ —- 
a8 = ] dS 0 implies. em — 8orr = 2, 


dr ra 
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2 
Also, since r > 0, as = 4x te > 0. 
dr? 
as d2§ 
Forr = 2, gp = ~(Oand 5 > 9, 
; 5 16 
Sis @ minimum for r = 2 and & = 28 = 4, 


The cylinder of volume 16x, with minimum total surface 
has height 4 and has radius of the base 2. 


Ex. 4. Divide the number 64 into parts such that their pro- 
duct is maximum. 


Sol. Let the two parts of 64 be x and 64—z and 


let f(x) =2(64—z2) = 642—27. 
Clearly, f’(2)=64—2z2 and 

f'(a)=—2. 
Now, ff (x)=0 implies, 64—22 =0 
‘es x= 32, 


‘Also, f’’(32)=—2<0. 
f'(32)=0 and f''(32)<0. 
f has a maximum at 7=32. 
EXERCISE 4:6 


1. Investigate the following functions for maxima and minima : 


(t) 28—2r2-+ 2410 ; (47) a4—2e2+1 ; 

(448) we-® ; (i0) 2 loge 2 ; 
(v) 3aS$—223 +10 ; (vi) 34-22—a? ; 
(v) 2a4—z2+1, 


An isosceles triangle is inscribed in @ circle, Show that if the area 
of the ge is & Maximun, then it must be equilateral. 
§ 


how that the rectangle, inscribed in acircle and having a 
maximum perimeter, is & square. 


4. Aright angled triangle has hypotenuse a. Find the lengths of its 
sides if its area is Maximum. 


5. Find the length of the right cylinder with greatest lateral surface 
which can be inscribed in a sphere of radius R. 


6. A topless box of maximum volume is to be made by outting off 
equal squares at the corners of a square tin sheet of side a, and then bending 
‘the tin so asto form the sides of the box. What will be the length of the 


sides of the square cut off 2 ~~ — = = 


Show that a conio tent of a given volume requires the least mater. 
ial when its height is \/2 times the radius of its base. 
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(a. ) The strength of a beam with rectangular cross section varies as 
the product of its breadth and the square of its depth. Find the dimensions 
of the strongost beam that can be cut froma cylindrical log of radius a. 


“An open cylindrical tank having a circular base and capacity, 
1,000 x cub. metres is to be constructed out of sheet metal. Determine 
the dimensions of the tank if min‘mum quantity of the metal sheet is to 
be used. 


The force extended by the ourrent ina coil of radius r on a small 


magnet whose axis coincides with that of the coil is (at priyee x being the 
distance of the magnet from the coil. Show that the force is maximum 


when x= > (Take k > 0). 


11. Out of a sheet of metalin the shape ofa circle of radius R, a 
sector is cut out and bent in the form of acone. Show that, if the volume 
of the cone is maximum; then the angle of the sector is 2n4/2/3. 


12. Let a), Gg, .....- , t, be any real numbers. Show that the sum 


n 
= [| (%—.a,)2 
t= 1 


Qy-fagt.w toy . 


is maximum if z= 7 


13. Areservoir with a square bottom and open top isto be lined in 
side by ‘lead. What are the dimensions of the reservoir that will require 
the smallest amount of lead if the capacity of the reservoir is 4 cub. meters, 


ANSWERS 


1. (i) Minimum at z= 1 ; maximum at z= = , 


(ii) maximum at z= 0 ; minimum at z= +1, 0. 


mits ] 
(sis) maximum at z= 1 ; (iv) minimum at z= = 


(v) minimum at z= 1 , 159 ; no decision at x=0; 


oe 


2 16 
(vt) minimum at r= 1, 4; 
eo 1 vA 
(vit) maximum at z=0; 1, minimum at z= +> ; ms 
4. ae ; 5. RV2; 8. , 2a Ua 9 r=h=10 
V2 4 ’ 


13, Side of base is 2m., height is 1 m. 
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4:7. Rolle’s and Lagrange’s Theorems 


We shall now consider two important theorems known as 
Rolle’s theorem and Lagrange’s Mean Value theorem. These theorems 
have many applications in Analysis and in Number Theory. 


Rolle’s Theorem 
If a function f is 
(+) continuous on [a, 6), 
| (1s) differentiable on (a, 5) and 
(00) f(a)=f(5) 
then there exists at least one point c in (a, b) such that f’(c)=0. 
Now, f'(c)=0 implies the slope of the tangent to the curve at 


the point z=c is zero. This means the tangent to the curve at x=c 
is parallel to the X-axis. 


Therefore, if a curve y=f(x) is continuous on [a, 6], differenti- 
able on (a, 5) and f(a)=/(b), then there is at least one point on the 
curve at which the tangent to the curve is parallel to the X-axis. 


Lagrange’s Mean Value Theorem 
Ifa function f is 
 ($) continuous on ja, 6] and 


(st) differentiable on (a, b) then there exists a point c in (a, b) 
such that. 


Seaaiciadad i: eceniiaiion 


Let y=f(x) be a function which satisfies the conditions of the 
Lagrange’s Mean Value Theorem. This means that fis continuous 
on ([@, 5] and differentiable on (a, 0). 


Y 


! 
t 
‘ 
" 
t 
I 
‘ 
‘ 
C 


Fig. 4.10 
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Thus, by the theorem, there exists a c in (a, 5) such that 
ome era -+-(1) 
Suppose now that 4 and B are the end points of the curve y=f(z) on 
the interval [a, 5], as shown in Fig. 4.10. 
Clearly, then Az=(a, f(a)) and 
Now, the slope of the chord AB is 
f(6)—f@) 
a ear o+(2) 
From (1) and (2), it follows that the chord AB of the curve y=/(z} 
has the slope f’(c). But f’(c) is the slope of the tangent to the 
curve y=/(z) at r=c. 
Therefore, Lagranges’ Mean Value theorem states that if 
y=f(x) is continuous on [a, 6], differentiable on (a, 6), then there 


exists at least one tangent to the curve which is parallel te the 
chord joining the end points of the curve. 


Note. Let a function f satisfy the conditions of Lagranges’ 
Mean Value Theorem on [a, 6]. Then there exists a point c in (a, b) 
such that 


Now, if f(a)=f(5), then clearly 
fi(c)=0 


which is precisely the Rolles’ Theorem, 
Therefore Rolles’ Theorem is a special case of the Lagranges’ 
Mean Value Theorem. | 
Illustrative Examples 
Ex. 1. Verify Rolles’ Theorem for the function 
f(x)= x?—a—6 on the interval [—2, 3]. 

Sol. Since f(z)=z*—az—6 isa polynomial, it is continuous 
and differentiable on R. In particular, f is continuous on [(— 2, 3} 
and differentiable on (—2, 3). 

Also, f(—2)=(—2)?—(—2)—6=0. 
and f(3)=38—(3)—6==20. 

f(—2)=f(3). 
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All the conditions of Rolles’ Theorem are satisfied by the 
function f on [—2, 3], and therefore there exists a point c in (—2, 3). 
such that f’(c)=0. 

Now, f’(x)=27—1. 

f’(c)=0 implies 2c—1=0 or c=}. 

Clearly c=} is a point of (—2, 3). 

Thus we have verified Rolle’s Theorem for the function xe on 
[—2, 3]. 

Ex. 2. Discuss the applicability of Rolles’ Theorem to ue 
following functions. 

(*) f(x)= | x | ;2 € [—I, 1] 

(31) f(z)=2?—52+6 ; x € [—3, 3] 

Sol. (:) We know that f (x)= |2 | is continuous for alt 
values of x and therefore, fis continuous on [—1, 1]. 

But f is not differentiable at x=0 and 0 € (—1, 1). Hence f 
is not differentiable on (—1, 1). 

It is now evident that Rolles’ Theorem cannot be applied to 
the function f(z)= | x | on [—1, 1}. 

(it) Since f(x)=22—52+6 is a polynomial, it is continuous 
and differentiable on R. In particular, fis continuous on [—3, 3] 
and differentiable on (—3, 3). 
and — f(3)=3?—53)+6=0. 
f(—3)Af(3). 
Rolles’ Theorem can not be applied to the function f over 
[—3, 3]. 

Ex. 3. Verify that f(z) =12+42—z2? satisfies the conditions 
of Lagranges’ mean value theorem on [3, 6]. Find the correspond- 
ing value ofc. 

Sol. Since f(z) =12-+42—z2? is a polynomial in 2, it is conti- 
nuous and differentiable on R, and consequently it is continuous on 
[3, 6] and differentiable on (3, 6). Therefore, Lagranges’ mean value 
to the function f is applicable on (3, 6). 

Now,  f'(z)=4—2z2 and therefore, 

f'(c)=4—2c. 

Also, = f(3)=12+4-4(3)—38= 15 

and f(6)=12-+4-4(6) —6?—0 
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Ex. 4. Find whether f(xz)=23—3z2+6r satisfies the condi- 
tions of Lagranges’ mean value theorem on (0, 2]. Find the value 
of c in case it does. | 


Sol. Since f(x)=2—3z22+ 6z is a polynomial function, it is 
continuous and differentiable on R. In particular, f is continuous 


on [0, 2] and differentiable on (0, 2). Clearly Lagranges’ mean value 
theorem is applicable to the function f on (0, 2], © 


Now, f'(2)=32*—6z+6 and, therefore | 
f'(c)=3c*—6c+6 for any c in (0, 2) 
Also, (0)=0 and 
f(2)=(2)3—3(2)?-+ 6(2)=8. 


Putting now f= IGE | we get 


2s fat ee fee 
3c?—6c+6 50 4 
6447 36—4x3x2 _ 64 /36—24 
C2. 
2x3 6 
64 V/12 l 
ey i reg) 
| 1 1 
| c= 1 and c=l1———. 
are V3 


Clearly both values of c lie in [0, 2] 

There are two tangents to the curve parallel to the shard join- 
ing the end points. 

Ex. 5. With the help of Lagranges’ mean value theorem, 
‘show that 

| tan-! a,—tan124,|< | m1—%], for all z,,2z,EC R 

Sol. Let f(z)=tan-12. Then clearly f is continuous and 

differentiable on R. 


Now, Suppose that 2,<2,. Then f is continuous on [%, 2s] 
and differentiable on (2, 73). Therefore, Lagranges’ mean value 
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theorem is applicable to the function f on [2,, x]. Hence, there 
exists a c in (2, 7) auch that 


f'(e)= S(xa)— f (1) 


—v, 
ad 1. 
Now, f(@=4> [tan-1 x|= T+a : 
, ] 
(= Tra ° 
Then, — f'(c)= f o pet Mit) implies that 
: : 


1 tan“! xo— tan") 2, 


1+c2 ~~ La, - 


- Yoa—X, 
tan-) x,—tan™) 2;=— = ; ¢ 18 a number between 
l-+c : | 
Xx, and 25. 
Pee eee 
: tan-1 z,— tan"! x | = ———— 


<[m—ml (7 14e>1) 
| tan-1 2,—tan"! x, | & | %1—%|- 
Ex. 6. A(0,3) and B(4,; 5) are the two points on the locus 


y= /22+9. Prove that there isa point’ P onthe locus between 
A and B such that the tangent at P is parallel to AB and find the 
coordinates of P.. 


Sol: Let y= fiz)=V 29 - 


Clearly, the function f is continuous on [0, 4 aa differenti- 
able on the interval (0,4). Therefore, Lagranges’ mean value 
theorem is applicable to the function f on the interval (0, 4). 


There exists a point c in (0, 4) such that 


pie LILO) 

7 , _— x 

Now, f'(x) Vas and pence 
f= ———= 


Vc a 
‘Also, f(0)=3 and f(4)=5. 
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F(AV—F (9) pr py say: 
<—— =f’ (c) implies oe 


5—3 = ¢ 
4 Veo 
V FLH=2 
c?+.9= 4c? 
3c?=9 
(Shy 3- 


But only 4/3 is in (0, 4). 
The tangent at the point where z= 1/3 is parallel to the 
chord AB. 
But «= 3 implies y=V379=V/12. 
The tangent at the point (73, 4/12) is parallel to the chord 
AB of the curve y= 4/2249 
| | EXERCISE 4:7 
1. Disouss the applicability of Rolle’s theoren to the following functions 
over the correspoding intervals. 
(i) ff (z)=a®@—Ta412; = [—8, 7]. 
(i) f(@=[e|.—2)s (0,1) 
(ttt) f (e)=V25—z2; [—3, 3]. 
(tv) f (x)=x2—27_-15; (—38, 5] 
(v) f (x%)=x8_Az2_O92+18;  [—2, 3] 
(zt) f (2) =23—B28&—_2z+5; (—1, 5] 


2. Examine whether the following functions satisfy the conditions of 
‘the lagrange’s mean velue theorem on the intervals specified find the value 
_of c, in case the theorem is applicable. 
(i) f(z)=—2®@4e+3; [1,2] 
(18) f (0) note ; w yl 
0s 0 ono, 27. 
(186) f (%)= log,t; [I, €}. 
(iv) f @)=2 (@—1) (2-2); [0, 5]. 
(v) f (@)=f Haas (0, 4]. 


—~3, A (0, 1) and B (> ,1 ) are the two points on the locus repres- 


ented by y=2 sin x+cos 2x. Prove that there is a point Pon the locus be. 


tween A and B such that the tangent at P is parallel to AB. Find the coor. 
dinates of P. 
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_~ & Find the coordinates of the point on the loons y—27?+324+2, the 
‘tangent at which is parallel to the chord of the locus joining the points (1, 6) 
‘and (3, 20) on it. 

_-5. A(0, 4) and B (3, 5) are two points on the locus represented by 
Y=V2z2,16. Prove that thereisa point Pon the locus between A and B 
such that the tangent at P is parallel to AB. Find the co-ordinates of P. 
Prove that any chord of the curve y=az2-+-bz-+-c¢ is parallel to the 
‘langent at the pyint whose abscissa is the same as that of the midpoint of the 
-chord. 


ANSWERS 
1. (#) Not applicable ; (77) applicable ; 
(142) applicable ; (tv) applicable ; 
(v) applicable ; (vt) applicable ; 
2. (i) applicable ; => (it) fis discontinuovs at z=1, theorem 
‘not applicable ; (410) applicable ;c=e—1; (iv) theorem applicable ; 
15— 3 
L= Vi2—V7 (v} applicable, c=V5; 3. ( , 3) 4. (2,12), 
/ 18 


(@ (2, 372), 


See” 
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Indefinite Integrals 


5-1. Preliminaries 

It was disoussed in the XIth standard that if f and g are two 
functions such that f(x)=9'(x), then g is called integral of the function 
f, and this is written as 


{ fleydz—9(2) 
We have also seen that 
| Hejdz=g(2)-+6 


where c is any arbitrary constant and is called the constant of inte- 
gration. 


Illustrative Examples 
Ex. 1. We know that 


ad 
qc | tan = sec? x. 
[sect xdxy=tanaztc; 


cis the constant of integration. 
Ex. 2. We have, 


i 324-2 
: 2 ie _ ste © 
dz [4 oe (32+-42—5)+c] = ia 
32-+2 
5 f 4 475 — dz = log (322+ 42—5) 4c. 
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EXERCISE 5-1. 


Using the above definition of integral, show that : 


) } (28+ 542 4+ 2-2) dem s5( 324 4. 2023 — = )+e 


1 x 
; ; a ae — } -1 ——~ ie 
(it) \ 7a ; dx a ( . J+ 


(ii8) 


1 
==t oa 
[x [ccna = ——— dz =-tan x—sec @+¢. 


(ev) [zcoszdrae sin 2-+4-c08 2-6. 
(v) J toa. xz dx=x (log x—1)-+-¢. 


(vt) [cot x dz=log (ain £)+c. 


(vit) | et dame? te. 


sin! x (ain-!} x)? 
dg = ———.——- } ¢. 
V 12 


It is quite clear that we can use the basic definition of satuerel 
to write the integral of some known functions. However if we want 
to write the integral of an arbitrary function, the knowledge of only 
the definition of integral will not be sufficient. It is for ths reason, 
we shall develop the techniques of integration (the process of obtain- 
ing the integrals of given functions) in this chapter. We shall 
begin with some rules and standard formulae. 


(vis) \ as 


5-2. Some Rules of Integration and Some Standard For- 
mulae 


The following rules are found to be useful in finding the in- 
tegrals of functions. 


Rule I. [fn (2) 4 fol ]een[40 fie) de f fox) de 
Proof. Let fil) de=g,(2) 
and [ fala) demar(e) 
By definition of integrals, we have 
Gz Il =fil2) 


d 
and ac [9x(z)] =f2(z) 
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But, we know that 
d d d | 
qe ole) +0412) |= =~ {oi(2)} +, [902 
*, We have 


d 
Fz I) +(e = 1(2) +fa(2)]. 
Applying once again the definition of the intograls, we get 


[lay +falay] de—oy(z) + 9n(z) 
2 | fal) da+{ fala} dex. 
[titer+sley)dem| fle) det | fa) de 
Rule Il. | k fla) dx==k [Ae) ae. 
Proof. Let | f(z) dx=9(z). 


Then, clearly 
d 
5 ioe =e) 
_ Now, we know that 
ie b— [9( 
—qz MF 9@l=" a (oe) 
S[k gay=k fea) 
Using the definition of integral, we get 
fi f(z) dz=k g(z) | 
ak { f(x) dx 
[Efe dx =k [fe dx 


We shall now consider some standard formulae which we shall — 
use from time to time in the discussion of the a es of integ- 
ration. We list them below. - 


Some Standard Formulae 


1, | 2” dx== atte ; nz. 
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2. 


3. 


fauna a, 


Ca 
| (ax -+-6) dz-— a(n) +C ’ nZ—l. 
l 
= dx=log, | x | +e 


f 1 dae Loree | 


ax-t-b 

cos x d&@=sin x +0. 
cos (ax+5) dr CET) | 
[sin x dx = —cos 7+, 

[ain Pa éz= =e +c. 
[seo x dx =tan ete. 

[seo (ax +6) dn On Cet”) +¢ 


[cosect x dx=—oot x+e. 


cot (ax-+5b) 
6 


[cosect (ax +6) dx=— +e. 


[sec x tan x dx=sec £--¢ 
[ce ( (ax +6) tan ae!) dxz= oe Ot te 
| coses x cot a dx = —cosec x-+-c. 


[cosec (ax-+b) cot (aa 4-6) d 


|e dx =e% +C. 


log, a 


—————dr=asifi-! r+, 
Le) 


__ —cosee (ax+-b) hes 
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22, | iets dz=—cos"! xc. 
/1—zx* 


1 are -1 
23. |pp demten ate. 


24. | 


. dx=—cot™} r-+-c. 


14-22 
ee Pe x+C. 
x fat] 
ee eee x+e. 
v4/ei—l] 


We use the above formulae in the following examples. 


Illustrative Examples 


Ex.1. Evaluate integrals of the following functions : 


() BAe; Gi) AE (itt) BR 


Sol. 


i) { (p—4x)12 dea Basalt) 
of a Neary, 
(3—4z)#/2 
= (axa t™ 
ak Led 
~ 6 _f 


_ 5 log, |2—8| 4.6. 
. —3 


27 log, | ®—-32 | +6. 


(isi) [3 Qeda — [32 dx 
(32)# 
= Tos 39 +e. 
Ex. 2. Obtain the integrals of the following functions : 
(8) e(Sa+6) ; (8s) sec? (4—32) ; 


(888) sect (27-+4-3)+-cos (4—5z) ; 


(tv) a +3 sin x 
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e(sa+6) 


Sol. (s) Jeon dx = +c. 
(43) [cee (42-32) de SAO) 5 


= . tan (4—3z2) +e. 
(1872) |{sect (2x-+3)-+cos (4—52)] dx 


=|} sec? (22-43) dx+ [cos (4—5z) dx by Rule I . 


tan (27+3 in (4—5 


=; tan (2% +-3)— = gin (4—5x) +c. 


(iv) j| oat sin =| ax 


-\aS det [3 snxdx (by Rule J) 


—§ lye = de+-afsin x az 

(by Rule IT) 
=65 sin") x+3 (—cos x)-+c. 
==5 gin“! g—3 cos x--c. 


EXERCISE 5-2, 
Find the integrals of the following functions ; 
OL. (dy) (Sa2)-3; : (it) (78x82; 
(iit) (Q4a)-5 | 
.. 1 - 4 
2. (*) F733 (2) rae 
ee | 
(48) 5 
3. (v7) Bin (4248) ; (4%) cos (5—32); 
444) sec? (4—s) ; (iv) sec (243) tan 2043); 
(v) cosec? (3—Sa) ; 
4. (t) 2; (t) 3227; 
(tat) AP ers (qv) ait; 
(vy) em ; 
1 cos Zz 


Visa nat 
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6. (2) aso zo] ; (24) (2— 8x)~5/2__cosec® (2z—1) ; 
eee —_ ee 4 
(202 ) 3—22+3 cos x— ——_—-. 
Vv . V I-28 


7. (t) 3%—4 sec (x2—2) tan (x2) ; 


ee 7 
v 4 a — 1 -_—— 
(t%) 4 e443 cos (8@—4)—4 sin (342) Bear (6a) 
ANSWERS 
a 5. 2 “1 
ee ee ey (44) = (732, 5/246,, 


(tii) 4 (2—w)l/4e, ; 
; l me 
2. (4) ae log, [| 4e—3|-+c.; (it) 2 log, | 3—2e | +e. ; 
(t¢) —T log, | 2—a]} +e. 


4 | 
3. (i) —Z con(de+8)te.; (ii) a sin (5—80}+4e.; 
(188) —tan (4—2)+-e. ; (iv) > sec (22-43)+0.;_ 


(v) = cot (3—5zr)-+¢. 


§ 
: 1 | Bz OF 
4. ———— (27 .3 
(@) log,? ( )+e (@ ) loge 6 +c 9 
ere 4% 6” 6 - a2 
4 a ° > ee 
une) 1+ log.4 o (0) 1 loge a tera 


(v) = emzr to, ; 


az | 
5. (4) Tlogpat 2-+-C. (47) tan-1 #-+8ec ate. 
| (44) sin-1 z+ cot a+¢, | | . 
., ea% 1, 2 : 1 
6. (8) 3 —conec? ote. ; (48) 9 (282) 3/94 oot (Qe—1)-e; 


(82) _ (3 —22)8/8+43 sin x—4 sin-1 7+. | 


2. (3) db aec (@-2)-L¢ ; 


gz 
log,® 
(46) A@ pain (S2—4)--eo8 (34x) +— tan (Se—2)-40 ; 


5-3. Integrals of Some Algebraic and Trigonometric 
functions. 
1, Algebraic functions. 
fix) 
PpE+rq 
nomial in z can be expressed asa combination of functions in the 
standard form and then oan be integrated very easily. 


Algebraic functions of the type where f (x) is a poly- 
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Ex. 1. Integrate the following functions : 


2%+5 .. ot-+4 
() x1? (4) Se4T 
.. §22—42r4+3 
(282) “Sz4+3 e 
Sol. (6) (Seti ae te -(SAP a 


-[[ Lt gen | 


I 
=| ldx+6 east dz. 


22 
ee aa +c. 


=2+3 log, | 2x—1l| +c. 
( de -[? (2a+- $) 


(72) 2z+1 2x%-+-1 dz. 


2 (20-4+1+48) 
os (agri Gefly  “ 

) ie 
=3e+8 [ ete] 4 


=$ 2+ § log, | 2x+1] +e. 


(it) Here, we divide the numerator, by the denominator. 
2x+3) 522—42+43 (> 22, 


—_ 


5 = 23 
fase dex (+ ane ) (2x48) 4% zr 
rr 5 2 


pee Mathematics 
2 tiers ne; 
5a? 23 §881 J . 

Captieees O£e — | | +e 


_— -- 


4a 4 "14 
522 23 81 | 
Gp tty lowe | 2243] +e. 


EXERCISE 5:3. (a) 
Integrate the following functions with respect to a ; 


2 : 
a > (22) 2243 : 
z—] 


.... 62—b wee 
(200) gg (20) at ; 
., 20-4 
(M8) soy 
_ 8x24 6a—2 4x2 
ca ie | i er 
.. 322+482—2 Tat 
(222) rs RS ty. . (2v) et? 
e384 472 -72-+4-5 
ANSWERS 
1, (t)* z+log, | 7+1| +e; (it) 2-+5 log, | —1| +e; 
Si 1 , ; 7 
(iii) BaF loge | 2-1] +e; (ix) Fy 2B dog, | 92-2) 40. 
2 ll | 
(v) =< w+ 5 loge | 3a—l | +c. 


. 3a 
2. (2) —> +82+86 log, | z—l|+¢; 
ere 9 lw ef 
(23) 223 — > z+ re log, | 2x41] +c; 
... 38 21 55 
(id) F e+ TZ Bt—| loge, | 2x—3| +e; 


re 17 10 
(1) | e2_ 5 *tar log. | 3e—1| +c; 


iv) "tote $27 log, {|z+2{-+c: 

2. Trigonometric functions. 

We know that sin x, cos 2, sin (az+-b) and cos (ax+6) can be 
integrated using standard formulae. But sin? x, cos? x, sin* (ax-+), 
cos’ (az-++-b), and other higher integral powers of sine and cosine 
functions can not be integrated directly. In such cases, we make 
uso of trigonometric identities and other trigonometric resulta in 


bringing these expressions to the desired form. 
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14+ cose 
| | 2 
ction in the later form can be integrated. We list below some of 
the trigonometric identities which are useful. 


for example, cos* x can be expressed as ( and the fun- 


1. sin 2 7=2 sin 2 cosz; 


2 sin? wean L008 ile 
a 
3. cos? oe: 
2 
l 
4. sin Acos B= ey Ec sin (A+B) + sin (A—B) | 


[cos (4 +.B)—cos (4+3B)] ; 
6. sin Asin B= 
7. 1+sin x =( cos * +sin 5 y : 


8. l—sin z “f ccs > —sin oy | 
9. tan? r—sec? r—1 ; 
10. cot? x=cosec? x—1 
Illustrative Examples. 
Ex. 1. ftan? 2 dx=/J(sec* x—1) dz 
= fsec? x dx—Jfl dz 


=tan x—2x+C. 
Ex, 2. Joos? x dz—| (ae 
] 


=+| L. dx+— z|o 22 dx. 
yt 1 /sin2 2 p 
eee ae en a 

] ar 

7 t+q sin 2x2+¢. 


Ex. 3. JV j—sin x dx—|( cos = —sin =) dx. 


= 2 [ sin ( F )+008 (+) [+e 
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eee f C08 & _! cos x (l—cos x) 
1-+-cos x ja -++-cos x) (1—cos 2) 
COB 2—Cos? x d 
| T—costz 


[= %—cos? x 
=| ——___._—_ dz. 
sin? x 
cos ® 00s? x 
= dx. 
| Ee 2 sin? are | @ 
=={[cosec x cot x—cot? x] dz. 
= feosec x cot xz dx— foot? x dz 
= feosec x cot x dx—f(cosec? x—1) dx 
=—cosec 2+ cot 7+ %x+-C¢. 
EXERCISE 5:3 (b) 
Find the integrals of the following : 


1. cot? x ; 2. sin2z; 
3. cos? x<—sin? 4z ; 4. sin 7x. cos x; 
5. cos 8x sin 4x ; 6. sin 5x2 cos 7r ; 
7. 2 sin 4z sin 62 ; 8. cos x cos 4x cos 7x ; 
9. sin? x cos? z ; 10. cos’ z; 
11. cos? 27—sin? z ; 12. ‘Vix cos a; 
13. Vijqcoss} 14. Vitain az: 
I | 1 
———_ 16,0 =. « 
15. 1+ cos x ; l1—cosz ’ 
17, (tan x-+cotz)? ; 18. Visine: 
sin 2 
fal 2. : =: 
19. (sin z+cos 2)* ; 20 ipgiag 
tan x 
—_—_—_——— 3 22. 4n; 
21. sag o Ltan = cos! x 
23. siné x ; 24. sin? (3244) ; 
ANSWERS 
x sin 2 
1, —cot r—a2+C; 2. 3 _ 7 te: 
gin 22 sin8 x —cos 8x cos 6a 
—cos 12z 4.008 S sin 122 sin 2z 
5. 94 +c; ’ 6. 94 4 +6. 
sin 22 sin 10z 8 sin 142 sin 82 
7. a” al 10 +C; . i + 39 
ze sin 4z + sin6z 2 


ernie 3 
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| 3 sin 2 sin 3x 5ein 2x sn6x -2e 
10. a my : 
0. ——+ +-¢. 11, 3 + 54 9 +e ;. 
x oS ae 
12, —2\/2 cos zx te : 13. 2/2 sin or +e; 
sin 2% cos 2x x 
14. Sra ae ee 15. tan or +e; 
16. ---cot 3 +c; 17. —-2 cot 2x7-+-c ; 
a x cos 2x 
18. 2( sin = + cos 3 + ; 19. «x— 5 te. 
20. secz—tan z+2-+c: | 21. seo x—tan x+¢; 
32, sin — sin 427 32 «sin 2z | sin 4v 
ee gg ge Boe Sg ge ga 
& z (sin6z+8),. 
24. 2 tan 3 tte; 25. > age ; 


5-4. Methods of Integration. 
The function to be integrated is called the integrand. 


The standard formulae listed earlier are useful only in the case 
when the integrand are of the form given in the list or any linear 
combination of them. But the problem arises when the function 
to be integrated (i.e. the integrand) is not in that form. However, 
many functions can be expressed as a linear combinations of the 
functions in the standard form after some adjustments and skillful 
maniputation of the terms involved in the integrand. The techni- 
ques used to achieve this are called the methods of integration. 


We broadly classify these methods in the following three classes. 


(‘) Integration by substitution. 
(33) Integration by parts. 
(si¢) Integration by partial fractions. 
We shall begin with integration by sabstitution: 


5:5. Integration by Substitution. 


Consider the expression { f(z) dz. Here we want to integrate 
the function f with respect to the (independent) variable x. In 
many cases though the function f is notin the standard form, it 
can be converted to a function in {the standard function simply by 
changing the independent variable x by a sustable substitution 


We shall first prove the result concerning the tntegratson by 
substitution in the following theorem. 
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Thm, If z=d¢ (t) is a differentiable function of t, then; 
f f(x) du=fJ f[d (O). ¢! (f) at. 
Proof. Let F (z)=§ f(x) dz. ..(1) 
By the definition of integra}, we have 


gg (f @l=f (*). 


Now, since z is a function of ¢, we can use the chain rule of 
— which “— us 


az 
a [Ff (z)] = [F (z)] = 


d 
= f (2) 7 
By definition of integral, we get. 
2 , = 
F (z)= | f (2) — dt. | (2) 
From (1) and (2), we ea | 
| f (2) dz= =| te; (x) a = dt. ...(3) 


Since a= (t), a = ¢! (t). 
(3) becomes 


Sf (x) da=f fld (4)] d° (t) at. 


Note. Comparing f f (x) dx with f f [¢ (¢)] ¢’ (¢) dt, we observe 
that in the second integral z is replaced by ¢ (t) and dz is replaced 
by ¢’ (¢) dé. Therefore, while using the method of substitution, we 
follow these steps mechanically and proceed to compute the integral. 


Now, we shall consider different situations in which the method 
of substitution can be applied to compute the integrals. 

I, Integral of f(ax+6) where /(z)is in the standard 
form. 

Suppose that 

f f(x) dz=g(z), and suppose further that we have to compute 
the integral. | 

I=ff (az+6) dz. 

In I, put ax+b=t. 


a dx=dt or dz=—, at. 
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“ 1=| f(t) — dim (sy dt. 


g(t)+c. 


a) alr 


g(az+-b) +c. 


Illustrative Examples. 
Ex.1. Let I=f (ax+6)" dz ; n~—1. 
Put t=az+6- 


dt=—a dx or d= — dt. 


1=/> tn aot | t” di= cle )+e. 


a a a\n+1 
(aw +b)ntt | 
(w+) 
Ex, 2. Let I=f cos (ax+-6) dz. 
Put ar+b=1. 


adx=dt or de=— at. 


l | 1 ioe. 
. -—| cos (t) dt—= —- sin ttc. 


__ stn (ax+6) ig 


a 
Ex, 3. Let 1={ (eet) oy 
Put axz+b=t. 


adx=<dt or | de — dx. 


Sas I=al e¢ dt= etc 


al ale 


(ex +0) ag, 


EXERCISE 5:5, (a) 
1, J (5—22)-3 de ; 2. fain (3¢—4) dx; 


3. f cos (5—32) dz ; 4. J cosec? (742) dx ; 
5. | cosec (4x—5) cot (4x—5) dz ; 6. | At —S a5 ; 
3 22 dz 
7. dr ; 8. os 
J . ‘ | V1—(324332 
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ax 
9, geet eS ciate he 10. | oO 
| 1+ (4x2 -—3)? = 7 ~ JV l— (4b) 
ANSWERS 
__2Qy)-2 —_4 
1, aise eae ; 2 e die; 
3. pli let a a 4. cot (7 dee : 
_-3 —4 
—-cosec (4%—-5)  eht-3 
5. 2 | ae +c , 6. a te +e ? 
7 bed : 8 : sin-1 (32+2)+¢ 
“Selena Sg on tea 
9, + tan—1! (4v—3)-+c¢ ; 10. a5 sin-1(45x)+c. 


1. Integrals of the type | [ f(x)]" f’(x)dx ; a~—1. 
Lot T= [fey sa) de, 


Put f(z)==t 
f'(x)dx=dt 
tnt 
. i= =|! ees | +c 
_ Lien 
ntl 


Illustrative Examples 


Integrate the following — | 
(i) | # (a34.1)52 dz ; (ii) ieee dz; 


sing 
Bin 22 ae (sin=1 z)* : 
(#41) Wrens (a cos? z+ sin? x)3 zp 2 AY) Gere co dx 5 


k tan-1 x 
(v) ) : _ ax 


1+ 22 


Sol. Observe that in all the above examples, the integrand ig a 
product of two functions [ f(x)]" and f’(z). 


(i) Let 1=| n (22-41)82 dra | (28-4.1).28 de. 
Put a%+:l=¢ | 
s 8edeadi or 2%dx=~ dl. 


= $/2 = — 52 
I |: 3 = | dt 


Indefinite Integrals 


ls ¢7/2 
=3( a)" 
NS 


ae (a+ 1) 40 


cos x 


i) Let J= | ———— 
("") J sin x 


ia=| (sin x)!/? cos x dz 


Put = sin z=t 
* cos x dx=dat 


] 


Ee 


2 
=24/ sin x-+c 


af Te gin 22 dx 
( oF J (a cos? x-+-b sin? x)8 


{1/2 
I= { “1/2 dt—= —_——_—_ ++C 


1 
=| Te costes z4b aint)? sin 22 dx. 


Put (a cos? x-+b sin® x)=t. 
(—2a cos x sin +26 ain x cos %) dr=—dt. 


2(6—a) sin x cos x dx==dt. 


; l 
oe sin at aay at 


(a cos? x-+-6 sin? x)~? 


2(a—b) a 
| a x4 | ae 
(1) 1=(S 2 he (sin-! x)¢, ——. dx. 
: Via © 
Put sin7] x=t. 
TF dxdt. 
—2 


(o 
ng oy 


sin-} x)5 
_ Asin” 2) +c. 
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k tan-\x | 
e k tan-1 x l 
J e as dxt= é Wee 
Put & tan-\—t. 


k 
a ipa dx=dt 
1 1 | 
1 1 
el pte pc ot 
Ia[e - dt cla 
i t 
aa A é +c 
} k tan x 
mae +c. 
Note. Whenever we write logx, we shall always mean log, z. 


This method we shall adopt to write the expression in a compact 
form. 
EXERCISE 5:5 (b) 


Evaluate the following integrals, 


L. 28 (744. 2)5/2 ; 
3 2e+3 
: Vx2t3z : 


5. —-23 cos x4; 


J 
e+ 4) 


7. xet2 ; 
9. ain x 
cos? x 
Il. cos§s .sing; 
sec xr \2 
i € +tan x ) j 
15. tan5 z. sec? zx < 
7, 22 (log x) ; 
x 
1 
ad g cos2 (log =) 
1) ( 
31. ( 1-3 ) € 
93 act—he-e 
"  (aet+be-z)a ’ 
2 tan=i 
95. 2+% git ttaa-? x) 


14-22 


22. 


24. 


" Vat_a2 


Ta VWge2—T1 


8 fos 28 ; 


ro 


e 
9 


sinVx 
Va.’ 


sint x cos & ; 


- sin’ z—co38 x ; 


eiz 
Vetz+ 1 
sect ». tan x; 
cosec® x 
BeC & 
(tan-1 x)3 — 
l4q2 ” 


e8" goc-l x 
2 (2&1) 


tan ev 


> 
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ANSWERS 
1, ee 2. 2 (x®?—1)38/24¢; 
3. Va213et » 
III. Integrals of f(x) (ax-+-b)" where f(x) is a polynomial in x. 
In such cases, we put ax+b=# and express f(z) in terms of @. 
The following examples will make the procedure clear. 


Illustrative Examples 


Ex. 1. Obtain the integrals of the following ; 
(t) (7a—2) (3—4 x)5/? ; (it) 


4 sin x—5) cos x 
(7 sin +2)8 
Sol. . (2) Let 3—4xr=¢. 


(say | 


| en dz —— dt 


Also ’ t= 


3—t it 13 
Te 2—1 ( —2_ 0,8 


(7a—2) (3—42)°? dz 


7%  13\.,( 1 


(ik ee 13 ¢ ,., 
7/198) 137 4778 

= 16 ( oO 78 Ex )r 
2 2 


7 13 ; 
=aq (3—42)?? — =e (8-42)? 4 6 
) Put 22—3=t. 


2dz=dt or dz =: > dt 


Also, x= an : 
3z2-++-52—4=3 (> , 4-5 (*)-« 


3t? 31 
sage ge 
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sa>+5e—4 ,  /38? ol \ 
“te ar = |e) ‘(Qa 

3 ~§5 7 -6 % 4] a 
= g | Po dt g-| 8 dey |’ vdt 

S/ft* \) Tt \ als es 
=e 4 +5( <5 )4%5 (3) +6 

3 “4 7 4] 

=— gg (22-3) — 4p (2-3) 5 J (2x3) 8 he. 


(vit) Pat 7sin 242—¢. 
7 cos dx=at 


Cos x d= edt 


t—2 
7 


Also, sin r= 


4 sin r~5=4(‘5")—s 


8 
4t 43 1 \. 
—_— a 2.2 
( 5 rez a 


7 
, 43¢ .. 
| * dt 35 | 8 di 


t-8 43/7 \— 
= )-a3(—7 +e 
2 . Z 43 : 7 
— “a (7 sin 242)-61. “545 (7 sin £+4+2)-71¢, 


i} 


Note. Though the example (177) given above does not belong to 
this class, it can be converted into this class and hence has been dis- 
cussed above. 

EXERCISE 5.5 (c) 

Integrate the following with respect to x: 

I. (i) (22+1) 22-73 (ti) (7w+45) (x—2)3/2 

(42%) (4 ~Bx){~—3)~5/2, (dv) (9—42)(x—1)8 ; 
(v) (12¢—7)(4—ar)? /2. 
2. (2) (3”42) Jf te—1 3 (at) (Te) (3% + 1)-3/2 
(2é¢) (6B—3z)(2—3z)-1/2, 
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3. (4) (2u®452—1)Vfz—9 = (t2) (322—Tx+4)4/p—) : 


(i727) (522+-4a +-7)(274-8)-3/2. 
4, (¢) (2 tan x—3)5(3 tan x+4)sec?2 x. 


ANSWERS 
1, (2) S (2—4)5 24 6(2—4)9/2 4. 
(zt) 2(2—2)?7/2 $2 5-(e—2)52-+e, 
22 
(272) 10(e—3)-1/24- ore oa Race 
2 5 
(tv) — — (e@— 1+ “gy (F—-9P -+e3 
(oe) FE dee a9 463 
2. (t) iz (2a—1)5/24. 7 (22—1)312-4.¢ 
: 10 8 * 
(22) = (3a -+-1)1/24- 7 (32+41)-1/2+¢,; 
(tit) —2(2--3x)1/2_—- = (e—2)82-46, 
3. (2) > (a—2y-+ 8 (w—2)5/24. 52 (e282 46. 


(44) (#122 (e182 4e,, 


(i¢i) - (22 -+3)3/2— ae (2a 4.31/2 Pena y . 


f’(x) 
IV. Integral ch f(x) 
f(z), 


Put f(x)=t. 
 f'(z) dx=dt. 


1=[4 dt=log | t| +e. 


=log | f(z) | +e. 
Illustrative Examples. 


Ex. 1. Integrate the following with respect to x : 

(i) sin2z ‘i J I coll Mid 

| 3+sin® x’ a (1-2?) tan-! x’ a ew +e % 
Sol. Let t=| ae 
3+ain® x 
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Pat (3-+4-sin? xv) ast. 
- 2sin x cos x dx=d. 
: sin 2x dx~=dt. 


ee 


ee t={+ dt=log |t|{ +c. 


=log | 3+sin? x | +c. 


- l l 
Put tan ly—t. 
1 
- dzx—d 
s. i+2 June °* t 


re 1=(> dt=log |f | +c. 
=log | tan-? 7 { +c. 


ans et.— Ee d 
(iti) Let I= |S oe de. 
Pat ez e7 z—f, 


‘ (ex—e-t)dx=at 


- 1=|> dialog |t| +c 
| =log | e+e? | +c. 
EXERCISES 5:5 (d) 


Integrat : ‘he following with respect to x. 


l a cos x—b sin x 1 ; 
: asin x-+6 cos x ’ VW 1— 22 gin-1 x 
3 sin x 4 sin 27 
a+bcosx “acosta+bsinta ’ 
5 tan x sec? x 6 cotr 
. sec? x-+tan2 x’ * log (sin x)’ 
7 cos 2x : 8 Sein 
"(cos z+8in 2)2’ "eb +q% ” 
e2r4.] ]-—tan x 
eae nee 10; Ss 
9. ear] ”’ ° l+tan 2’ 
1 I 
1. Toa Ss > 12. ——_———— 
: z+2 log x x log = [log(log z)] 
ANSWERS 
1. log|asinz+6cosz]| +c. ; 2. log | sin-la| +c; 
1 1 : 
3. Sa log | a+b cosz | +c 4. 7 { a cos? +6 sin? x | +c; 


5. }log—sec? x+tan? «| ++; 6. log { logsina| +e; 
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7, log | cos -+sin | xe; +e: 8. Ife log | et 42° | +e 
9. log | et—e-*| 4c: 10. log | sin x+coa az] +e; 
Wl. log | 1+log x | +e; 12. log {| log (log x) | +e. 
V. Integrals of tan x, cot x, sec x and cosec x. 
- sin x 
(2) [tan x dx= (seat 
COs 2 
. ( ) 
“=~ (COS x 
dx 
= S we 
COS x 
=—log | cos x | +¢. 


= log | sec x | +. 
| tan x dx=log | sec x | +c. 


cos x 
sin x 


dx 


(12) | cot a dx= | 


jae” de Lar oh 


sin x 


=log | sinz] +c 
[oot » dr —log | sin x | +c 


Sec x(sec x+tan 2x) 
(sec x-+tan 2) 
sec? x+sec x tan x ae 
sec r+-+tan x 


(227) Let 1=|s0¢ £ da=| 


Now, put sec x+tanz=t. 
", (sec x tan spacial dx = dt, 


= log sec x+tan x | +. 
| soc xz dx==log | sec x+tan x | +c. 


cosec x (cosec x -++-cot 2) dx 


(2v) Let = [coses x dx | 
cosec x--cot x 


cosec? x-+-cosec x cot x d 
_ cosec x+cot x 


Put cosec x-++ cot x=1. 
—(cosec x cot 7-++cosec? x) dx=dt. 
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] l 


=—log | cosec x+cot x | +c 
", foosec x dx=— log | cosec x+cot x | -!-¢ 


Now, we add these formulae to the list of standard for- 
mulae. 


27. ftan «dx=log | secx | +c. 

28. fcot «dxr=log | sinx | +c. 

29. fsec a dx=log | secx+tanx| +c. 

30. fcosec x dx=—log | cosec x+cot x {| +e. 


Illustrative Examples. 
Ex. 1. Obtain the integrals of 


cos 2x ce sin x l 


(2) sinz ’ (12) J l—sin x (0) sin (~—a) sin(x— 6) 


= f(cosec x—2 sin x) dx 
=-—log | cosec x+cot x | +2 cos r+. 


sin x l—sin x—1 
it Let 1=|_ = [_— 
) V l—sin x Vv (l~sin x i 


= | = ae | : dx 
Vet eres 

Now, -\ vicar adxr= {( cos-—— y—sin-s Je 
== —2 ( — 


Also, = “| = 
af 1—sin x C085. — sin 


Js 1 
a 


coS—-—sin x sin... 
°4 4 4 


l T 
= | cos (2p n/p = | so( ae’ Jae 
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—log seo La 5)) + ten xt ¢ )ire. 
sin x a 1 
‘ ne: oe me dz \Faen rs dx 
- V1—sin x ‘ \v1 as va l—sin z 


. 2 2 
—2 (sing +0085} +log 


seo( vt 7) 


on n+ = +) + 


a) | aay ae =a sn (x—b) xe 
— sin(a—b) 
~ sin = ‘sin (a—b) F sin (—a) sin (e—b) 


1 lane sin [(¢—b)—(x—a —5)—(z#—4)],. 


sin(@—b) }sin (%—w) sin ayn eb 


dx 


= i] sin (x—6)cos(x—a)—cos (—b) sin (x—a) de 
~ sin aa| sin (x—a) sin (x%— b) 


= aap |let (x—a)—cot (x—b)] dx 


Sana 5) —log | sin (e—a) | —logsin | x—6 | +c. 


| sin (2-+-@) 
sin (a—6) 08 sin (7—b) +e. 


= 


EXERCISES 5:5 (e). 


Integrate the following with respect to x 
1. (¢) tan (5—8x); (1%, cot 5x ; (777, sec '3xz+4); 


(tv) cosec (42) 


x 
(2274) € Tran e 


2. (4) #2 cot #8 (iz) Rabe eee Jl SEZ 


.. cos 2x ... tan 2x 
a Ae) cosa? “tana 
i 1 (di) sin z 
40 (its Vijains 
oe 1 
) ——— . (iv : 
a ¥1l+cos2z ’ ne) a/ cos & 
: ] : re cos x 
(*) cos (s—a) cos (z—b) * (24) cos (x-+a) 


sin (t—a@) 


) sin (+a) © 


232 Mathematics 


ANSWERS 
1. (4) $ log | cos (6—8z) | +e; (id) 4 log | sin br | +e; 
(127) $ log | sec (8r+4)+4tan (3%4-4) | +c; 
(tv) —} log | cosec 4x+4cot 4x | +c. 
2. (4) Flog | sin 23 | +c; 
(22) log | sec (log x)-+tan (log x) | +c; 
(27%) log | sec e% | +¢. 
3. (7) 2 sin x—log | sec z+tanz | +c; 
(it) w+log | tan 2a-+sec 2a | +c- 
4. (i) V2log | tanz+sec a] +e; 


(12) 2 ( sin 5 08 )-V2 log ltan 5 tees 
(714) bos |eosee (+ —2)--eot( -2)|4e; 

é co a: 
(2v) 2 log |tan € -F )teot( = — 5 +2 


5. (t) cosec (a—b) log |e lye a ae vs 


+65 


(it) Hint : Put cos x=cos [(%-++-a)—a] and expand ; 
xz cos a 4-sin a.log | sec (x-+a) | +c; 
(iit) 2 cos 2a—sin a-—sin 2a.log ! Sin (24a) | +c. 
VI. Standard Substitutions 
The integrals which are of the following types or which contain 


a factor of the type, can be brought toa simpler form ; and some- 
times directly to the standard form, by the following substitutions. 


Integral Substitution 
(t) Vat—x? z=asin@ or x=a cos 6. 
(it) Vf ar—zx? x=atan@ or xr=a cot @. 
(iii) Va?—a? z=asec@ or x=a cosec 6. 
(iv) q ced x=a cos 26, 
a+. 
(v) a? — x* x2—a2 cos 26. 
' att x? 


Illustrative Examples 


Find the antiderivatives of 


VES, woe [Se 


a 
Sol. (i) Let = I= j f 2 de. 
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Put c=a sin 6. 
dz=a cos 6 dé. 
t=(Vo—a* sin? 6g cos 6 de 
a? gin? @ 


a@ cos 6.a cos @ 


~~". @2 gin? 6 


= cot? 0 d9= | (cosoct 6—1) dé 


=—cot 6—6-+c. 
—cos 6 
en 
a a —sin-1 7 — +6. 
(ii) Let Te a) aaa y 
a 
Put x?— a? cos 26. 


Qa dx=—2a? sin 26 dé. 


T= @—a? 008 20 _____-_ _ (—a? sin 26) dé 
‘a?+-a¢ cos 20 


—=—q? 1—cos 20 .2 sin 6 cos 6 dé 
“1+ cos 26 


cos @ 


=—a'| sin, Sar eee 

—=—a? \2 sin? @ d@=—a? [a—eos 26) dé 

=—at( 6 sin _ |-+e 

| , = Vat—at 

=—da [ # coe ( 5 )- 4 Vee |+e 
& cos 20— =, | 
a 

2 
=5| VeoF—a cos-1 (<3 ) |+- 


EXERCISE 5-5, (f ) 


Integrate the following. 

1 1 
- 3) 2 2. rn 
x2 sf 72} . @4/1 422 


1 4 a—z 
(x2-4-a2)2 al ata 


1, 
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a—Z l 
ie af z . (2ax + 22)3/2 
ANSWERS 
1 Velie 2, —V1-+28 1, 
xv 0 


1 x ] c 
oaeaas SU Soil, clown eects 
3. q3'9” ( a )  $a2 ayaa ° 
4, Wa2%—xz2—a cos] (= )+< ; 


Hint : Put z= a sin? 6; a a Af a yt Va (a—2) 10. 


I a+az 
a? Wf 9ax 4 x2 


on 


2 


VII. Integrals of oe : ee eee ‘ so pie 
Jfat—x?’ x 4+ a2 > Y x2 42’ Jf x? +a? 
I 
x \/xi_ al 
Here we clearly see that the standard substitutions are useful 
in finding the integrals of the above functions. 


dx 
2) Let I= ——_——_—— 
(i) Let j eae 
Put x—=a sin 0 
dx=—a cos 6 dé and @=:sin-1 (= ) 
l= a cos 6 dé 


/ a?—a? sin? @ 


POON sn age Tap 
WV a (1—sin® 8) (1— sin? 9) 


bir: )+e, 


oer dx 
(22) Let I= [aor ; 
Put x=a tan 0 


| : a sec? 6 
1=| a? tan? ga? dé 


a sec? 6 
=| a? (tan? 6+ 1) on 
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Put x=a sec O. 
dx—a sec 6 tan 6 dé 
=| asec 6 tan @ 
Vf a? sec? §—a?_ 
asec 6 tan @ 
VV at sect G—1) - 
| sec @ tan 6 
tan @ 
=log | sec 6+ tan 8] +c 


=log | sec 6+ ¥ sec? @—1 | +¢, 
= ied x 2 
=log| a +4 2-1 [+6 


dé 


d0-= | se0 § dé 


L+t- a/y2_ QQ? 


a 


lc. 


=log |x+4f/22—a2 | —log | a| +4 
=log | t+ fxz2—ai| +¢ 
where c= —log | a | +c. 
. d 
($v) Let I= Serta ean 
af x*+a 
Put x=a tan 6. 
dx=a sec? @ dé. 
= a sec® @ 
| Va? tan? 6a? 
a sec? 0 
~ \ at (tan? 641) 
2 . 
(SS do = | sec 6 dé 
a sec @ 


= log | sec 6-+tan 0 | +¢, 
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= log | 4/tan2 64.1 +tan 7 | +C, 


—— og x od 
=log ath + Cy 
x 2 2 
log) “VA tet 40, 


log | z+ Jf zt+a2 | —log|a| +c, 
slog | t+ fx2+a? | +6, 


where c=log |a | +¢,. 
dx 
Let I= ag ade 
( es 
Put x=a sec 6, 
| dx=a sec @ tan 6 dé 
x 
and seo = ) ; 


i a sec @ tan @ 
4 sec 6 /a? sec? 6—at 
=| a sec 6 tan 6 

a sec g / a2 (sec? @—1) Y 


l f sec 8 tan @ 
== |Srare a 


 @ 
: sec”! = +C 

—=—— Seé€ —_ : 
a a 


Now we can add to our list of standard formulae the above 
results. 


31. | penn (FZ) 
a/ Qz—72 a 


dx 1 4{ 2%) 
32. las =— tan (Z)4< 


a2 2 


33. |-2  =log [2+ Vf x?—a | +e. 


d. 
/ 2?—a2 


ax . ee 
34. \ ao {otf at+at| +e. 


39. 


wl 


legs Ce s0ort( = ) 4. 
Lafx2%—q2 a a 
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The following examples will make the procedure clear. 
Illustrative Examples 


Ex. 1. Obtain the integrals of 
: 1 = 1 
(t) of 9—422 (02) 94-422 
Sol. In the examples of this type, we make the coefficient of 


x2 as 1 and proceed. 


© Sram rT 


2: 3/2 
= ; sin71 (= )+¢ 
(4) a -7|—s 
z)t+# 


Ex. 2. Obtain the integrals of 


: l 
3) —_—_—_——_  ; 
) Vf 3x22—7 


d 
Sol. (i) \rar—va | 


\ 3 

: ] 
=—7y 08 ta] [+e 

1 af 322—] 
Pere se ees | 
=a ep Ve te 
arn | 
= qin | ET | 40 
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3 log | ey/3+ J 322—7 | is 
=>, log | 2/34 V¥322—7 | +c 


where C= ~> log 1/3+¢, 


Cy 


log | ari kot . 


op VOT 40 


1 
V3 

is 
Payee 


sauce gl eB4 ST 
Jy ng OCT 
1 


log) 73+ V322+7 


~3s log V¥3+¢, 


I ev 
= . tVf3+ Jf 3x?+7 +e 


where | C= ~~ log f3+¢, 
Ex. 3. Obtain the integrals of : 
: 1 i ] 
u VM 5 +42—22 ") v?— 474-13 


Sol. In the examples of the above type, we express the deno- 
minator either as x2-++ a? or 22—a? or a?— x? and proceed. 


dx 
/5442—2 a V 9—4442—22 


=| Wo 


—gin~} (= )+e. 
3 
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s4 dx ax dx 
) | ames =\acaepaze ~| woos 
= tant ( = )+e. 
Ex. 4. Obtain the integrals of : 
] - 1 
(2) Se (22) Se 
V 222+-724—5 J/ 2224.72 +13 
Sol. Inthe examples of the above type we first make the 
coefficient of z? as 1 and express the denominator as x7?-+-a? as 2?—q? 
or a?—2z? and proceed. 


(i) da Al ax 
[verre J ,, We 45 
T° 4 ee 
2 2 
l dx 
vey fo Te | 49 89 
to + T¢— Te 


(ii) j dx os dx 
4/2 7¢+13 V2 7 \2 ae 
. Uta y+) 


4 
_i log|( e+-5 7 wf 55 \"| 2 
=a Mel tty +f erg )+()| 4 
_ 1 log\( + 7) + 2, 1, BIL, 
| v2 ("4 a} “7 
Ex. 5. Find fl O+® dx 
a—zZ 
Sol. Let =f jets dx 
aj a—-z 


= V a+z y Vate dn 
Va—-x WVatez 
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Now h=a| 4 = =a sin-1 (a) 
a2—~-x 
x 
J,= 
Let ; a 
Pat e=asing ,, dx=a cos 6 dé. 


b= | pees a cos 6 dé 
| V at—a? gin26 


=| a cos 6 dé. 
a cos @ 


—a sin 6 d6 =—a cos 6 


=a  ]1—sin? 6 
= —f i= =—@ Vas — x? 
ae a 
= — 4/ qi_z2 
. fvZ aa dz=-a sin-1. (= )- v qit—at-e. 
Ex. 6. Evaluate spe i 
. sin? 742 sin 2— 
Vsin? z+ 2 si 3 
Sol, Put sin z=—¢. “. cos 2 dz=dt. 


| cosc dx =-| dt -| dt 

Vsin?2+2sine—3 JV 124243 ¥ i84-2¢4+1—4 
at See ee 

=| vena TO =log [(¢-+1)+ V+ 1)2@—(2)8 I+. 

=log [(¢+-1)+ Vt? 223] +¢. 

= log [sin z-+1)+ /sin?+-2 sin z—3]+¢. 
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EXERCISE 5:5. (9) 


Obtain the integrals of : 


1 we. oh 
©) Figs (*) say i6 
Te 16 (7) Tes 
2. (i) V Tam ; (22) aay 
(242) ea (iv) ree 
) VA ws (*8) wage 
oe yi 16’ ) 7 oetp le’ 
oe ae a/ care ) ATT 
(222) 7 = 7 (vv)  tatpit 
5. (i) ee! (it) aT 
1 
(ié2) eae ree (iv) Wee at 


] 

) Taek be 
1 

JV 322627 ° 

sin Z ; 

/ 1-+3co88 a ’ 
42 

i ex 

Sa 3 


6. ( 
(iit) 
(2) 
(iii) 


aed ] 
(222) e- 24 26 . 


9. (4 


eye 1 
() sc8p6ep7 


: ] 

Cy ae —————— 

oA a/ 322 +. 504-7 

ig sec? @ ; 
() stand o—12 tan 6414 ° 


.. @ 
e) e2z4+16 ” 


l 
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1 ‘e 
VY 1229+ (sin-! 2)2) *() ym) o/ 3[tan-) 2)24-ten-) 2+4} 
ANSWERS 


a | 
(isin (> +e (i) ztent( FJ +e; 


(ati) log 2+ 4/7216 | +c; (tv) log | B+ 4/e2416 | +¢. 


jad 
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2. (i) sin-t( >) +0; (41) oy tan 15 77 tes 
(tt) log | w@4/g2—7 [ +e; (dv) - | T+4/et17 | +e. 


3. (i) Zein} (= " ($i) 5 tan ( bd )res 


(2.4) > log | 3a+4 +/9x2—16 | +e; 


(iv) = log | 3x+. Vf 9x2+16 | +¢. 


- log euien 


vi 
(20) is log | 25+ / 5x2417 |+<. 

5. (#) sine? ( sat )+e ; (70) = tan-1( ana )tes 
(oti) log | (2+3)+ V22+6z—16 | +e; 
(tw) log | (t+3)+ fz2— 62+ 34 | +e. 


dy (62— 5 
6. (t) ve vat 


(127) 


(tv) vs log | e+ 5 Hie ot foams 


7, (4) 3 log (V3 cos +7143 cos? z)+¢ ; 


5 5 tan 6—6 
(it) wai tan-? (eras |te 


(4it) Hint: Put Bat ; 
Ans. = log | (w8+1)+ Vat TBAT S| +0 
3. (t) log | e+ 4/e%z_—1 | +6; 


gy tart (ee: 


1 | ex ’ 
Nett 26) V1+25 er ’ 


Ans. ae log \aer+ i + 25¢22|-+-e ; 


sol _y( sin} a 
9, (t) x oie (—- Jee 


(v3 tane! a+ vat V7 3(tan-) 7)2+2tan-1 z+4/+c 


(477) Hint : 


ae oth 
a) 73 log 
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px+q px 
Vii. Integrals of axi-bx +c’ JVaxttbxie 
f(x ) 
ax?+bxtc 


We observe that 


fjlast-tbe-+e)-—2ax-+b. 


We express px-+qg=zA(2az+6)+B for suitable 4 and B and 
proceed. The following examples will make the procedure clear. 


Ex. 1. Evaluate the following integrals : 
' 52 +2 ‘52-+2 
ee EE gs 
: setters +) Soper” 
Sol. (i) 5 S (32%-4-40-+5)=62+4 


Let 524+2=A(6x%-+4)+B, for suitable A and B. Equating the 
coefficients of x and the constants, we get 


6A=5 and 44+ B=2. 


Solving these re we get 


4 
Ane and B=:— = 


5 , 4 


: 6 n : 
Bet? fo TN ge 
peeeeees ~ ) Batt4e45 . 
~ 6 aes oF | 3224-4245 
Now, 
6244 7 (82*-+4245) re (324+42+5) ) ; 
Jsrpevats = eee - 
log | 37?+49245 . 

Also, 


l eae 1 i 
Betfpaep5 "Bl 4 bo 
ei 


244 


§2+2 _ 6 | 4 
(it) As in example (3), 


5 
5x2 +.2 | 6 a si 
| V 327+4.6 V3x84 4245 
5 | 6x+4 


4 1 
oe . 

/ 322+ 424-6 | 3 
5 


4 
@ 1- 3 I,= (say) 
Now, in /, put 
327-++-47+5=4, 
=|r 1/2 dt= 211/23 2(382- + 444 5)1/2 


=—2 a/ 3224-42-46 
Farther, 
h=| ee ee 
| — 


“ATE («42 


AEE (+) 


“4 


—_—_-—__—. fx 
V/ 8284-4245 
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344-2 
vit )* i 
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—loe|( 


~ 4/38 ( +5 tty +345 e+ +e 
| 524-2 


gn nee IY 
ere 


=a oA /3at +49 4-5 — 373 $ loa r+ | 


fe 5B 
+ aL a 
Ex. 2. Evaluate the integral 


| 204 —3238—47-+4.3 


wide a 


Sol. When the degree of the polynomial in the numerator is 
greater than or equal to the degree of the polynomial in the denomi; 
nater (i.e. greater than or equal to 2) ; we divide the numerator by 
the quadratic expression of the denominator and then proceed as 
follows. 


224 —323— 4743 
== (2at—4a3 +4 1027) + (22+ 227+ 52) —(82*—162-+ 40) 
—252443 
= 222 (¢2— 224-5) + 2(a2?—2¢ 4 5)—8(x?—2-+5) 
| —(252—43) 
= (2224 x—8)(z?—22+5)—(25x—43). 
22A— 3x? 427 +3 
| x?@—2¢-+-6 
(2a? +-%—8)(z*— 22 -+5)— eS) 
-| g2—2e4+5 de 
—4 
= || 22*+2—8— aes - 5 Jew 
25x—43 F 
222246" 
pe a se —| 25x—43 
= 3 137 et —lc+5 
252—43 
—22-+5 


dx 


=| (xt +2—8)de—| 
ax 
dz as in Example 1. 


Now we we 


agen oe (2°22 + 6)= =27—2. 
Let 25 x—43ecA(22—2) 4B 
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for some 4 and B. 


.. Equating the coefficients of x and the constant terms, 
we get 


9425 
and —2A4B=——43. 
25 
a 
and B=—_18 


25—43—= 5 (2a ~2)48 


° 
ef? 


25 
25 2—43 |g 2-2) —18 


2 9rt5 7224-5 


25( (27—2) ] 

=> |e laces de 
1 

(e194 (2) 


== log | 22-2245 | —18.4.tan-1 ( — } 


= ioglat— 2245 i= 18 dx 


25 2—1 
=F log | 27—27-+-5 | —9 tan"! ( 5 } 
| 2a4— 3284243 
| 2®—27+5 a 
225 x8 


ae OE 


25 
=—9 5 8x——z log | w@—27+65 | 


4+.9 tan-! ( 7 )+e. 


EXERCISE 5:5 (h) 
Evaluate the integrals of the following functions : 


1 : 22—3 se 5a—1 
- (9) gps ges 7? (") Steep? 
me 324-5 
(4) Gage] * 
; 22—3 “i 52—1) 
° ———_———_ 3 ©) ee 
= Vf 2224-32-47 ee V 2224-3247 
oe 3245 
(448) \/ 4a Set 
Te+3 = Tx+-3 
3. (8) Va aet3° (12) ae rae 
12+3 
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.. 2¢4—3x22e44_ ... de4—3x3__g24 J 
an A) e2—2etiQ  ’ “) v24-2¢+432 
..., 30344234 127—7 , 
a 22+.27+-6 


5. Evaluate | eel ee 
: 4/5 cos? —12 sin 2+4 


ANSWERS 
1, (2) 2 log | 2a2+32+47 | — gion (5 slash a )t ; 
(21) - log | 2a2-++.32+-7 | ir tan-1 (asst +¢; 
(tt) =f Icg | 422— 3241 | +e tan-1 war) 


2. (2) J 2a Ba 1 — log 


( z+ a ot. style 
( «+ a)taf a Peyfte 
(itt) 2 tate 7) me logl( x 3 )+ Al oy Ute. 
3. (i) 74/22 Be 13410 log | (w@—1)+ V 222243 | +e3 
(ii) 74/22 —2xe 3410 log | (2@—1) 4 +/z9—22—3 | +e. 
(tit) —T4/3+422—a2+ 10 sin-! (> = )+6. 


3 
4. (7) | log | 22 9n4-2 | +c; 


(ii) + / tat a1 —— log 


11 
(42) 4 122 log | 224.2742 | ae tan-! (7+-1)4+e; 


2 


5. Hint. Express 5 cos? x—l2sin 2+ 4 in terms of only sin 2 and 
then put ¢=sin 2. 


3 So 2 .,. , £6 sin 246 
ane ae V6 cos? z—-12 sin 214 + 56 sin-1 eo )+e. 


1 


ree 
2__y2° 
a x 


IX. Integrals of = — 


(t) Wecan express 
1 _ il 1 #342 
mq? 2a\x—a x+a ) 
1 
la —at da = =z, [les | c—a | —log | +a | J+e; 


i lo - 
Oa g [“I46: 
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Here we have assumed that x7?—a?2>0. 


(71) Inthe same way above, if z2<a?, we have 


a te ak re 
a—z? 2a \a+x tl 


Consequently, we get 


fare mae [ape ee | 


=a eaten 


_ ] 
~ 9a. 


log [z= |e 5 


| Now, we add these results to our list of standard formulae - 


l _ ] 9 |t—a 

| 36. \ az dx = + log = z+a +, 
1 a+xj 

37 — di= 5 log 2 seer es 


EXERCISE 5.5, (i) 
Obtain the integrals of the following}: 


fe 1 oe 1 
1) Same erat 
(itt) =a 3 (v) se75 ? 
e-.? AR a Ll - 
2 0) “gay (1) Saar i 
1 
(ii) gaa () agente 
no 1 ‘: 1 
3) ada ) gIp4a—at 
sa I 
(eet) “2246245 ’ 
; 1 . UU 
4. (1) arava? () —3e—oge 
; 22+3 ie 52—1 
5. (i) sear get (") gabe 
ANSWERS 
l z—5 ne 4i2 
1 (2) ™ log Pail | ae (22) “7 log pe + alte 
74-2 : ] 2— 
(22t) mT log as +C; (zv) 2V is log Be: 
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ta, +, 2a — 8.1.9 
2. (t) 7 log ;—, = be; (iz) _ log os ax Hite 
ee VI+ay3 eVT—Vig 
(202 = log 4+-c; (tv wae: | Cc: 
’ VBI avs ) sFi08 18 lerpviglt 
ae! xz—T I 3 
3) gy toe leeates ag dow pal te s 
(127) — log +2 ; 
SL he Bo TF . 1. wipes 
4. (t) —— log j————]Tt¢ 3 at a | I7+43 + 4% 
" V17 a moa Vi7 * ae 
+e ; 
‘ 3 424-3—VW/ 7 
5. (2) 5 log | 2a2432—1 | = pfaae log sae +c; 


5 19 Vi7 a 
> log | 1—-8x—2a2 |---| 
" ere ae a yge re Vi7 —3—4e 
5-6, Method of Substitution for some trigonometric expres- 
sions, | 
] 1 


1. Integral of [Tb costx’ aph sin’ x 


If the integrand is , then divide the numerator and 


a+-6 cos? 2’ 
the denominator by cos*z and then proceed. If the integrand is 
1 


—___—_._.— ,t hen divide the numerater and the denominater by sin? x 
a+b sin? x | 


The following examples will make this iden clear. 


Illustrative Examples 
Ex. 1. Evaluate the integrals 


| 1 cas 1 
(") ls; Leen \sr3 ant x @ 
. 1 
Sol. (2) I= \ croara 


sec? o 
13 sec? 7-14 
sec? 2 dx 
=| 3 (tan? x+1)+4 
sec? x ay 
~\3tan? 217 7" 
Now, put ¢=tan z. 
Then dt==sec? x dz. 


dx 
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Then we get, 


aagigtte (VEE 40 


cosec? x 
9 cosect 5 
| cosec? x 
- \sorcste 
Putting t=cot z, we get 


Then J= 


az. 


dx— —cosec? x dx. 


l 
t=—| oa dt 


I. Integrals of( a cos x+-b sin x 


“ec sin x}+dcosx } 


If we have to evaluate the integral of the type 


a cos x+0 sin x 
c cos 2-+d sin x 


we may adopt the following procedure. 


tant (aay ) te: 


Mathematics 
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Put (a cos 7+6 sin z) 
=A(c cos x+d sin z).1 


d 
+5) (c cos x+d sin 2) ] 
_Express the numerater as 
A (denominator) +5] 3 ( denominator) | 


where A and B are the constants to be suitably determined. It is 
then easy to evaluate the integral. 


Illustrative Example 


(2 cos x+3 sin 2) 
Ex. 2. Evaluate | 6 ae, Te ae 
Sol. Let 


(2 cos x+3 sin x)=A4(5 cos x+4-7 Bin z) 


+B— ¢ rat cos 2+-7 sin x ) 


(2 cog x-+3 sin x)==A(5 cos x+7 sin z) 
-+-B(—5 sin +7 cos 2) 
Equating the coefficients of sin z and cos x, we get 
 T4—5B=3 and 
se nas == 2, 


and ) 


alta (5 c08 2+7 sin a ) 

1 d 5 7 si 
a a cos x-++-¢ sIn x) 
2 cos +3 sin x : 
saad Macatee ey 
5 cos x+7 sin x 


31 : 1 d 
a (5 cos x-+7 sin x)— <a ----(5 cos x+7 sin x) 


= (5 cos x+-7 sin 2) ae 


dx 


d 
(5 cos x-+-7 sin x) 


(5 cos 74-7 sin x 


= —— #— aq loa! 5 cos +7 sin x [+6. 
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EXERCISE 5:6. (a) 


Integrate the following functions : 


1 I if 1 
» () 3 Feinge * (%) 9 cosee 
; 1 -» 1 
aH) 4+3 sin2 a ’ ev) 4+-3cos2 x’ 
cae : (vt) —— — 
(?) 9+16 cos? x’ 16+-9 sin? x ° 
2 .. 148in2z+8cos 2 (ai cos a—sin x ; 
- () Sein x+-3 cos 2’ ) cos z+-sinz ” 
... 78inz +6 cos 2 : 3 sin z 
Sa 5 sin 2—-4 cos & ("?) 6 cos 2+-7 sin x’ 
I ; I 
(") Teor a ° ) Toten ? 
wi 4 sin x—38 cos & 
‘) 5 sin z—11 cosa 
ANSWERS 
tan x 
——— tan-1 
1. (t) = tan any +63 : 
V2 tan c— 


is) pee _ 


. dt 4tanz 
(vt) xan 5 )re 


2. (2) 4e—2 log | 2 sin +3 cos x | +¢; 
(tt) log | cos x+sin w | +e; 
I] 8 
(i2/) a7 a hog 5 sin +—4cos aE 


18 


(#v) — aE log 6 cos x+-7 sin |e. ; 


(v) 4 z—} log | sin z+cos a [ +¢; 
(vt) 4 w—f log | cos z--sin x | +c; 
(vst) 8a—log | 5s8in x—11 cos x | +c. 
| } i 1 
Til. Integr als of a+b cos x ‘. a--b sin x 


In order to obtain the primitives of these functions, we use the 


eubstitution tan 5 =t, so that, 
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2 tan — 
sin = as oe and 
7 2% 148° 
1-+-tan 5 
x 
—tan2 
cos a = ee 
, . Se 
1+ tan 5 
Also sec? = dx—dt : Lttan? dx=--2 d 
9 =) — ’ ee + an 9 5) t= . 
(1+-¢2) dx=2de. 
2dt 
ca (re 


I 
aoc Gabe e 
get converted into algebraic form. The following examples will make 
the procedure clear. 


Thus, by this substitution, the integrands. 


Illustrative Examples 


Ex. 1. Integrate the following : 
(ii) 


: 1 

(9) 443 cos x ’ 3—h5 sing ’ 
7 1 

2-+cos x—sin 2 


Sol. Put i=tan z/2. Then we have, 


(iit) 


2 . 2t 
dx= ine at, sin eae ATE and 
cos em as 
— | 
(i de= 2 ai 
) iT ome COS x Se eae ¢? +e 0° 
(15) 
=| aa sua " 
2at t 
=| a7 yr fen (Fr )+e 
ae tan"! (1 n ia Cc 
J7 vio 2) 
(is) dx = [ 2dt 2Qdt 
“%) \3—5sinz 2t =| ssa 
(1-422) (3-8 rr) 
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-+| dt =F dt 
“a3. [1 eee ee (1 ee) ae 
ae Oe | ee gia 
3 + a 
_ 5 4 
. dt 2 3,,/_ 3 3 
“Su payday © OP lee ee 
( 3] 3 ats 
1 3 tan —-— 
aaa” 5 jog - +¢. 
3 tan 5 —1| 
9 
eee 2dt 
(110) | ae scae ce-sIn sc = aT as ( ies {2 l—@ 2¢.,\ 
ag _— 1423 cy 


(2 — +. foe Dt 


20 
tan-! 


~\ars 
~| Ea aT 
“\yr 


=4/ 9g tan} ( 


EXERCISE 5-6 (b) 
Integrate the following. 
sate ties 7 
1 &) 34-2008 x” (2) 


(40) ET eee | (iv) 
2. (%) Sree! (22) 
mo Tait (iv) 
3. (3) peeiereces : (i) 


Re casa nee eee 
ee) 3 sin x—cosr-+ 3 


) eT vi 
4 (9) 3 G08 Taps ° (02) 


dt 
Faas | (t—1)?4-2 


(ve) 
ba 


1 
4+5cos xz’ 
posit oe | 
Jum fs COBH ” 

_) a 
4.5 sing’ 

J 

1—3 sing 
. * 
13+-3 cos z++-4 sin x ’ 


« 
$ 


2-3 sin 2 ~ 
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ANSWERS 
1 } 3+tan > 
ze Pas 4 « : ee | +e 
1. (t) 76 tan (Fs tan 5 )+e 3; (#2) 3 og nani E 
3 tan——l 
2 x : i 2 ; 
(tit) = tan} ( 3 tan > )+ c; (iv) > log . +c; 
2 : 3 tan-> +1 


9 5 tan 5 t4 
2) > tan“1 panier Saeea as 


142 tan = 
(22) 3 log oe ee +¢ ; 
412 tan =a 


Stan. —4 
iin 2 2 


tan ~—3—2V2 


tan 53 +2y2 


1+tan > 
3. (4) V2tan-1 10) +6, 


Stan — +2 
. 1 a 2 


+e ; 


(20) Hy log 


(t¢#) tan-J (1+2ten 5 )tes 
ae tan LY | 
4. (i) Hint ; Put tan v= ; vs tan-1 (= tan x Ye: 


(24) aE log (so — aoe || +°. 


5:7. Integration by parts. 


Another method of finding integrals is integration by parts. 
This method can be used when the integrand is a product of two fun- 
ctions and one of them is a derivative of some known function or for 
one of the functions it is easy to find the integral. 


The rule of integration is stated below 


[F(a)9'(@)dx= [f(x)9(x) —J f(x) g(a) dz. ‘ 
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Proof. From the rule of derivative of a product of two fun- 
ctions, we have, 
d 
qe LF) HeN=S(2) ORAL (®) 92). 
By the definition of integration, we have 
F(x) g(x) =JSl f(z) 9'(x)+S'(x)g(x)] dx 
=f f (x) g(x) det f(a) g(a) de. 
§ f(a) g'(a) da=f (x) g(x)—f f'(x) g(x) de. 
Remarks, In the above discussion, we have omitted the 


constant of integration. | 
2. If we put f(x)=w and g(x)=v then the above formula takes 


the form 
dy {du 
[u (Zz) de—uo—| » (5) ax. . (I) 


Illustrative Examples. 
Ex. 1. Evaluate the integrals of the following functions 
x COS xX 5 | 
Sol. We shall use (1). 


d 
Put w=—2 and ee x. 
ax 


Then ld =] and v=sin z. 
ax 
fz cos x dz.=sin x—fsin x. 1. dz. 
=2 sin x—(—cos x)+c 
fx cos x dx=a sin x-+-c08 x+¢. 

Remark. In the integral [ xcos x dzitis easy to find the 
integrals of the both x and cos x where product is the integrand 
xz cos. Naturally, any function can be chosen as wu and the 
other one = Let us now see what happens if we choose w=cos x 
and =—=2. 


Let w=cos x and (= )==. 
~\dz 

du . | 2 

Then clearly, 5~=—sin x and v= 


(1) gives us. 


| (cos =) x dxz=(cos 2) (S)-($ . (asin x) dx+c. 
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= coBr +5| x? sin x dz. 
Upto this stage, the things have gone well but now we shall 
have to evaluate the integral 
§ 2? sin x dz. 
which is more complicated that the integral 
J x cos x dz. 


It is now evident that it isnot enough to know the formula 
of integration by parts but one should also know how to choose the 
functions 2 and ue in the product. 

In the present course, we are studying algebraic (4), trigono- 
metric (7'), exponential (2), logarithmic (JZ) and inverse trigonometric 
(1) functions. It is advisable to remember the rule LIATE. In the 
product, whenever we want to choose u, we choose the one whose 
alphabet occurs first in the order LIATE. 


The following examples will make the procedure further — 
clear. 

Ex.2. Evaluate (1) f 2 log x dx ; (10) fx tan-1 2 dz ; 
(81) fx? e. 

Sol. (1) J=f x log x dz. 


Here we choose u=log x and ge =a” as per the LIATE 


dx 
scheme. 
du 1 x 
Clearly, a and v=— 3 
Applying the formula (1), we get. 
I=fxz log x dr=(log x se Cg 
=x log == (log 2) z) (> a oe 
_@ logz 1 
5 > | x ax. 
a2 log x. x 


—_— —_—— —_—_—“- 


2 
(it) Let laf x tan} x dz. 


— C. 


Here, we choose u—tan“! x and =o ae =2 as per LIATE 
scheme. 
du I x 
I ea eee ee 
C early, we have=- = (pa and v= 5 
Applying formula (1), we get. 


I=f x tan“! x dy=(tan-! 2) (5 )-(F : dx . 
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4 
x - ] 
= tan 125 | l. dx li 3 dz | 
2 x ,tanlez 


] x 
mars (x?+-1) tan-1 Bey ean 
(#07) Let J=Jfx? e* dz. 


Choose u=2? and ay =e, 
ax 


du 
— =27 and »—e* 
dx 


Formula (1) gives us, 
fa® e* dx=x? et fe. Qx dex. 
= x9 erx—2f[xer dx. 
Now, let [,=Jxe* dz. 
Applying formula (1) of integration by parts, we get 
J, =we*—Jfer, 1. dx — 
= re*— €*, 
J. «fxte® dx=xe*—2 [xe*— e7] +c. 
= (%?—2r-+2) e*+¢. 

In this case, we have applied the method of integration by 
parts twice to evaluate the integral. 

Ex. 3. Evaluate (7) f log 2 dz, (1%) f tan"! x dz. 

Sol. In both the examples above, the integrands do not seem 
to be in the form of product of two functions. However they can be 
certainly expressed as product.of functions by taking the sccond fun- 
ction as 1. | 

(i) flog adxr=J 1. log x dz. 


dy 
Put w=log x and = =1. 


du I 
— =— and v=2, 
ax x 


Applying the formula (1) of integration by parts, we get 
flog x dx= log z). r(x es dx. 


=x log x—fl. dx. 
=x log r—x-+-c. 
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(si) f tanz x dy=/Jl. tan-) x dz. 


Put w=tan “1 x and ay =], 
dx 


u 1 
Clearly we have ea ere 
On application of (L) of integration by parts, we get 

az. 


and v=2Z. 


-1 —(tan-2 7 eee 
J tan-} 2 dx=(tan" x) x fz. ie 


1 Qu 
_ = eee) een eee 
=xztan-1z 5 | ine dx. 


=xtan7] a log (1+ 2?)+c. 


Ex. 4. Evaluate (1) [ x2 cos x dx ; (it) f x? e3 dz. 


(ti) fa5 log x dx, | 
Sol. (i) For fz? cos x dz, choose uw=2?, a =Ccos 2. 


we a2 and v=sin x. 
.. Applying formula (1) of integration by parts, we get, 
fz? cos x de=x? (sin x)—f (sin x) 22 dx. 
=2? gin x—2 f x sin x dx. 
Again applying integration by parts, we get 
fx sin =x (—cos x)—f(—cos 2). 1. dz 
=——z cos + sin x. 
§ x2 cos x dx=x? sin x—2 [—z cos &+sIin xz]-+c, 
=2? sin x+227 cos x—2 sin r-+¢. 
(2) For fa? e3 dz, chonse 
u=22 and a ae 
oe = 2x and — | 
Applying formula (1) of integration by parts, we get 


w2 032 dr —r? ee — Base 22x d. 
é Hoge 1 3 B . 


esr, 


2 8 
aed 7 —F| x eit dx, 
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Once again, by method of integration by parts, we get 


3 3a 
| x ek dxa=—x ( a (FS 7). l. dz 


a? et 2 gest 1 
2 o3z —_ eS) Ae eee eS 
| est dx= 3 z1 3 " ot |e. 
2 


=> x2 od err + es 1c, 


9 
a ( 3 9 faz | t¢ 
‘ie dv 
(itt) For f 2° log x dz, we choose u=log z and =—=25 
du ] x8 
Then, we get ae and t= 
.. Applying formula (1) of integration by parts, we get 


6 
= Te ee 5 [ segs 


28 x 1 x6 
~—6 6) (5) + 
_ 8 logar _ 7 


= a6 T° 


I \ 2° 
=( log 14. 


Ex. 5. Evaluate f et cos (br-+c) dz. 


x8 a | 
f x® log x dx=(log z) ole — dx. 


Sol. Let 7=f et? cos (bx-+c) dz. 
dy 
Choose u=cos (br+c¢) and = =e 


l 
Then, du __4 gin (b2-+-c) and y= — e2% 
ax a 


., Applying formula (1) of integration by parts, we get 
az 
I= { 9 cos (ba-+c) dx=cos (br+¢). (=) 


a 


= | — [—b sin (br-+c)] dz. 
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1 b 
== — e8* cos (bx +c)+ ; | ez gin (bz-++c) dx. 
Now applying method of integration by parts, we get 
{ est gin (bx +c) dv=sin (be +0). ae 

ear 
-\(+ ) 6 cos (6z-c) dx, 
1 


=—— e9% gin (bz-++c)— = =| ee cos (br-+-c) dx. 


aad a 


ms etz gin (b2-+.0)—— f. 
Substituting this value in J, we get 


i= = efz COS (2-0) +— E ear gin (be +0) —— 1] 


( 14+— =) I< [z cos (6x-+c)+5 sin (br+-c)] 


=acR [a cos (bx-+-c)+6 sir. (bx-+-c)] 
f e22 cos (ba-+c) dz. 


=a (a cos (6z-+-c)4+ 6 sin (6z%+-c)]-Lk, 


k is a constant of integration. 


EXERCISE 5-7 
Integrate the following : 


1. (%) xcos@; (ti) w sec? x; (t/4) 28 sinz; (tv) x sin zZocos x ; 
(v) 2 tan? 2, | 


2. (i) wet 514i) w2a® ; (did) w8e-% ; (iv) w8er2; (v) e810 @ gin oe, 


3, (¢) x logz; (¢:) x2 tan-l 2; (iti) x (tan-1 2)? ; (') ailog 2)? , 
(v) x log (+1). 


4. (2) sin-1lz; (t/) (log x ,2; 
] 
(40) log Aree ; (2v) cos # log (sin 2) 


5. (4) COS; (tc) Sin Vx; ( tc) tan-1 fz ; 


x - x 
3) ‘I—cosa ’ (") 14cosa z ’ 
sss x P : x-+-sin x 
ee) lt+sinag ’ ONT aes 


7. (7) €5% cos Tx ; (iz) e2@ sin z oosz; (222) e4% gin (3x —1) ; 


(tv) 27 cos 32; (v) a2%+/ sin (2x+1). 
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8. (4) (x43) tan-1 (x+3) ; (27) a5 tan-la3; (¢iz) @ tan a sec? x, 


9. e2%sin (e7+-3) ; 


. wein-l es xtan-ly 
10. ————— 1 5 er nec ee Ba 
o / 1-—_ 22 (1) (1+ 2233/2 
sks ‘g—1)? tan-1 (27—1} 
(i, ae 
ANSWERS 
1. (2) x sin x+cos x+¢; (2¢) x tan x—log | sec x | +¢; 


(227) —a3 cos x+3 x2%s8in x+6 x cos r—6 sin x+c; 


i l 
(20) —= cos 29:-++- 3 sin 22; (v) Hint: Use tan?x=sec? x—1 ; 


4 
ee 
Ans. x tan x—log | sec n—|—+—+e. 
2 e8k 1 ” az 2 2 oy] 9 
— —— . —— -—Z£2 10 
+c. 
(44t) —e-® (234. 322164746)+c. (iv) Hint: Put 22=%; 
-¢2 
Ans : — (72—1)+c; (v) Hint : Put sin x=t. 


Ans: 2810 x (sin x—1)+-c. 
on 2 
3. (2) - (3 log x-—-1)-+¢ ; (it) =; tan} r— = ze s log (x*+1)+4c; 
(272) 4 (z?4-1) (tan—! x)? tan-1 x+$ log (1+ 22)+c¢ ; 
x x2 x 
2 x ae 
(V) 5 (log x, 5 log @4—q~ +e. 
x2—] ze 
(2. —z log (e+-1) Bee payor 


4. (¢) xsin“1 apVl—atte : (22) ailog x)2—2e log rt2a+¢; 
(dit) log x [log (log x)—1}+-c; (tv) Hint: Pat sin x=. 
Ans. sin x (log sin x—1)-+-c. 
5. (7) Hint: Put xt? Ans: 2(fx sin \/«--cos 1/x)+¢; 
(id) 2 (—/x cos fa+siny/a2)+c ; 
(it) (v+1) tan-1 Va—vVa-+e. 


6. 4) —x (cot +cosec x)+log | 1—cosz | +c; 1.e. 


x x 
—: aeires BT ( in— 
x cot 5 4-2 log ein 


+65 


oe x zr 
(1a) 2 tan--|+2 log jcos x [+o 
x - a(1—sin x) 
[pein a ~~ costa 


Ans: x (tan x—sec x)+log | 1+48sin x | +c; 


jij) Hint: = (sec? x—sec x tan 2), 
) 


' x Eee 
(wv) —2x cot (+)+ 4 log |sin-—- +-¢. 
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5 
7. (2) = (5 cos 7 x-+7 sin 77)+c: 
2 . 
{22) < (sin 27 —cos 2x)-+-¢; 
; : 
(222) oF [4 sin(3z—1)—3 cos (82—1)]+c; 
Qu ee 
(2v) Sy (log D2 {log 2) cos 324-3 sin 3z}+c. 
(v) Hint : Pat 22+1=t; 
7 qer+l 
"271+ (log a)?) [ 
8. (4) > (x2+6x-+10).tan-1 (x43) > +0; 


Ans : (log a)- sin (2z+1)—eos (2x+-1)]+c 


(22) Hint: Put 23=¢; 
Ans. 4{(1--26) tan-1 93 23j+¢ ; 


(177) Hint : { tan x sec? x dr=—> tan? x 
x 1 x 
or 2 7 — male 7 
Ans 5 tan? x 5 tan 2+ a +6 
9. Hint: Put ez=t; 
Ans: sin (e%+3)—ez . cos (e%+3)+¢. 
10. (¢) Hint: Put sin-1 x=1; 


Ans. : e—Y1—22 sin-! x10; 


(2) Ve (c—tan-lx)+c; 
(it) (w—1) tan-1 (~—1)—#log | 22-2242 | —}tan-1(2~—1)}2 +. 


5.8. Application of Method «f Substitution 
I. Integrals of J xtta?; /at—x?; J x?—al, 
In this section, we shall be making use of the formulae for the 
1 | ] 1 
Va Var—z Vf atta?’ fx—ae 


obtained earlier. 


integrals of 


(i) Let 1=| faz z2 ax. 
Integrating by parts, we get 
I= | l. \/a?— 2 dx 


eeeree ‘(a2 — 2x?)—a? 
=TZ / at—2?2 _— | - Vaug a 


aoe Mathematics 


== yara—| | veRmatdr— of hn 


=, a/ at — x2 —I+a? sin-1 ( =). 
2 
re 2l=x Vanae+ = sin-1 (=). 
e =| x V at—z24 Lode . 
.. I~3 2 4 
AA @oatds =| faa” aint (= 
[va atidx Eee +5 sin 7) (te 

(it) Let I=| Va—at de. 
Integrating by parts, we get 


r=| Ll. /22?—~a? dx 


. po 2a 
— VJ x22? .2 — fe. Ia 


= | 


dx 


x? 

a/ 28§~—a? 
eer 2t—a?ta2 
= 2 vima—| ane 
/ / oa 


ee 


= 2% 4/72 gi—1—a? log | t+ af xa |. 
+, Waa V/xak —0 log | a+ yzt—a? | - 
., I=4[z /e2—a® —e log | e+ ./z?—a? |}. 
JM tat da=h[x V22—a® —a? log | x4 28a? | J+. 


(ii) Let 1=| Viper de. 
Integrating by parts, we get 


I= |. 4/ x*-+ a? dz 
— 22x 
= = 2 g—|r- 9 ——=— _ 
/ 2% +a* .x | 9 Vz x 
—__q? 


=2 VB Bdx—| = Fig eet 
J 28+ a® 
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dz 


—— —— I 
I=2 V/x*+a!? -| V w+a%dzr+a? | 
=2 o/ a2 a2 —I+a* log | t+. 28+42|. 
2T=2 y/at1 qt +a* log | r+ 4/a8+at |. 


x ——— a? | aa 
=> Vxt--at+ = log ja /2x?-+-a? 


f /at+a? dx=3[ / xi aa+a* log | z+ V x?+a3 | J+c. 
We now add these results to our list of standard formulae. 


36. | vara dx = E Vim Ss sin-! (=) |+« 


37. | vas dx= E VP—at— + log| x+ 4/xi—at ] 


4-6. 
38, | Vat+at dr= J + Vitae & log| x4 /xt+at ] 
Le. 


Illustrative Examples. | 
Ex. 1. Evaluate (i) f«f5—322 42; (tt) J /xt+at dx 


Sol. | v5=e" ia=y3| |.) $= dx 


-visy zoe? sin (755) [+ 


sates al +—sin 1 (Ye) [+e 


(ii) Jax J ztat dr=3) Jf (x2)? 4 (a2)? 2x dz. 
Put xe=t. 
22 dx=dt. 


= fa / x4 4-a4 dx=})f a/ 2 4-(a*)? dx 
s\z Jepa + Slogt+ /t?+a* 


I 


4 ———— 
a a/ at +-a4t + log x4 s/ wt+at ||+e 
Ex. 2. Evaluate f 4/322—427+7 dz. 
Sol. [ /3a?—42+7 on a ae - dz 


Be ceoetne 


— 
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17 
fe a 


ae! Scie. bd 
= ae 2 3nd pT 4 ee logi{ 


) a 


II. Integrals of (px+q) V ax?+bx+c 
We know that 


ne (ax2-++- bx +-c)=2ax+ b. 

Therefore, we put 
pz t+qeA(2ax+b)+B. 

This gives us sé 
f(px+q) Vaxt+brte dx 

= [A(2az+b) Vax?+bx+c dxr+BfvV az?+br+c dz 

) 

Now, fA(2axr+) Vaz?+ bx+c dx | 


can be evaluated by substituting az?4-bz+4-c=—¢ ; where as 


f Vuat+bre+cdz 


can be evaluated using the above mentioned standard formulae. 


and 


Ex: 3. Evaluate f(a+3) /3—42—2? dx 
Sol. We have, 
<(8—42—2%) = —4—2r. 
Now, let 2-+-3=A(—4—22)+B. 
Equating coefficients of z and the constant terms, we get 
—2A=1 
—44+4+B=3, 
A=—4} and B=1, 
z+3=—}(—4—22)+1. 
f(x+3) /3—42—2? dx 
= —}/(—4—22:) «/3—42—2? dx 
+f 4/3—42—2" dz. 
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Now, if we substitute 
¢=3—4x—z? , then we get 
dt=(—4—2xz) dr. 
This gives, 
f(—4—22) of 3—427—78 dr 
=fa/t dt=2/3 08/2 
= $(3 —42~— 2?)3/2, 
Also, { +/3—42—2? dx 
=f 1--4—42—22 dz 
SV (VP (e +2) de 


_ si V 3—42—22 +-ysin- (+4 =): 


Putting these values in the given integral, we get 
f(v+-3) V3—42~—2? dx 


-(=> ) 5 (8—42— 22) 
+| Sv sae te J sin"t (“Sz) Jee 
= —43(38—42 — 7)8/2 
+f > /3—4a ~ 22 + Zein ( ) Jee. 


EXERCISE 5:8. 


Integrate with respect to x the following. 


I, (4) ¥ ¢22—16 3 : (24) 4/9224 16 
(iit) 4/ 16-922. | 
2, (i) V1x2® +6 5 (it) b—222 ; 
(117) V 7x2. 
3. (i) +/84+22—2? ; (ii) Vireyat; 
(iid) 4/x2—42+43 ; (ivy 4/222, 
4. (i) —/4ae®@—4e43; (ii) WV4432—2a2 ; 
(iit) 4/10 —424-422, 
5. (1) (w@42) /x2@—3x 47; (it) (w@4+2)4/a2?—z 41; 


(iit) (Qa 44) V2224+3r~-1, 


6. (i) z/dz—22+1; (17) 2 4/x6—ab, 
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1. (i) > V 98] 6 — 7 lee|se+ v o28—T6| +e; 
(it) F-/S=16 + soa] 304 /Pat+I6 | +e ; 
(dit 3 10 OaF +5 sin-( 7) 


5 eee 
2. (i) + VIat +5 +377 log| aV7+ ¥ Tat 45 | +63 


ee ae 7 
(t7) = Vota = sin) )tes 


(224) — MTB ~— 7 _— + VW 1x2—5 |+e. 


3. (2) (Sv +2n— 22 ee =— sin-) a => )t6 ; 


(42) (7 lei a | yor | 


+e; 
wi) (FF z)Y sda 48 “em VBaeFS +e; 
(iv) CF =v Fea +5 s— sin-1(x—1)+e. 


4. (2) Ce = eid 3 _ (2a—1) +. 4/4¢2— 4243 | c. 


sin-4 a +¢ 
in af 41 4] : 


(222) iene + log|_22—1)+ 
V 10—-4x2—422 | +e. 


(72) 


7 =, 
5. (2) > (x2?—.2¢-+ Ce eae ar (22—3) 4/a2—32+7 


re g 108223) 4 20 eae | +6. 
(“Z) - (222418245 > (20 —1) af gg 1 
+p lee U42VAEET [1.0 


(itt) = oereear ss = (40-43) «/2z2+32—1 


222+3,—]1 
7 > log|(42-+3) eal Le-+- 35 1 | +e. 


6. (1) Hint: Put 22?=t ; Ans. 


3 1 
a x e|( ats )+ 


x3 canner te a’ na 
(i2) = f «t—a® — | log] 23+ 4f 26 _-a6 |+c : 


Se aa 
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5-9. Reduction formulae for 
[sin x dx and [cose = dx. 


In the earlier discussion, we have seen that it is quite simple 
to evaluate integrals of ain x, sin* x, 008 7, cos*z etc. However, to 
evaluate the integrals of higher powers sin z and cos x may seem to 
be, rather difficult. But, fortunately it is not so. There is a stan- 
dard method—called as reduction formula—by means of which integ- 
tals of any higher integral powers of sin x and cos x can be evaluated. 


(:) Reduction formula for | sine x ax 


Let I n= [sint 2dx, where n is a positive integer greater 
than 2. 


T= {sino x sin x dx. 


Here, we put x=sin"-! 4 and =sin 2. 
du 

dx 
and v= (—Cos 2). 


Applying formula (1) of integration by parts, we get 


Clearly, (n—1) sin"-2 x cos x 


I, =(sin"-1 x) (—cos x)— |(—eos x)(n—1) sin”-2 x cos x dx 
=—cos x sin®"} x+(n—1) | sin x cos? x dz 
==— cos z sin*-1 ¢+(n—1) [sine 2(1— sin? x) dx 


==—cos x sin"! v+(n—1) [sine x dx—(n—1) [sins x dx 


I,=—cos x sin®”! x+(n—1)L[p_—(n—1) Ly. 
- nl,=—cos x sin™-12-+4+(n—1) Iy_s. 


; n—l] 
l,=— a cos x sin*-! 7+ ( an soo 
nN 11) 


By this formula, we can express the integral of sin" 2 in terms 
of integral of sin"? x or in terms of reduced power of sinz; and 
hence it is called a reduction formula. 


Replacing n by (n—2) in (1) we get 


1 - ig ., a= 
I,-2=—p—y 008 sin" 3 %+——sl na 
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Similarly, we get 


n—5 
malts 


a : cos x sint-§ gw 
n-4— n—4. ; 


and so on. 
Continuing this way, we can get finally a relation which con- 
nects J, with J, or J). 


Now, 


T= | sin 2 dx= {sin x dx=—cos x 


and I= [Ideas 
Substituting all these values in (1), we can evaluate the integral 
sin" x completely. 
‘Illustrative Example 
Ex. 1. Evaluate fsin® « dz with help of the reduction formula. 


Sol. We know that 


n—~lL 
— Ine 


— 
1,=—— sint-* v7 COs x-+- 


Putting n=2, 4 and 6 in succesion, we get 
I,—=—} sin x cos 7+3 J, 
 ==—4$ sin 2 cos +3. ; 
I,=—} sin? cos 7+ ? J, 
= —4 sin? x cos r+ 3[—} sin x cos 7+ 42] 
=—} sin? x cos x—2 sin x cos x43 


1. 5 
and L=— = sin’ cos x ela 
: cos x sin5 7+ 2 : sin} z cos x sin xcOs x ae 
= 7 amar g + 8 
t cos x sindz sin? x cos x eee 
= —~ — —_—— os x 
6 24 16 
52x 
+76 
r e 
: sin’ x dx 
1 : Bo 4 5, 
ae cos xsind x— ~--- gsin® 2 cosx— -—~ sin x cosr 


6 24 16 


5x 
te ee 
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(ti) Reduction formula for fcos" x dx. 


Suppose that J,,=Jeos" 2 dz. 


= fcos "-! x cos x dz. 


. du 
Write w2z==cos"-! x and —~ =cosz 
dx 
Then we get, 
du 
a = —(n—1) cos*-? x sin x and v=sin x 


Using now the formula (1) for integration by parts, we get 
I,=cos""1 x sin x— {sin 2[—(n— 1) cos"-? x sin 2] dx | 
= sin ¢ cos"-1 x+-(n—1){cos"-? x sin? x dz 
==sin 2 cos""} x-+(n—1)Jcos"? x (1—cos? x) dx 
=sin x cos"-! 24-(n—1)feosn-3 x dx —~ (n—1) feos" x dx 
I,=sin x cos *7! 44+ (n—1)L,_.—(n—1) Lp. 
ni,=sin x coat"! x+(n—1) In_2 


} ae r—J] 
[,= sin x cos”-1 o+( ; \ine 


...(2) 
(2) is a reduction formula which connects J, and I,_3. As before, 
I,=f{cos x dxy=sin x and : 
=fl.dr=zx, 
Ilastrative Example. 
Ex. 2. Evaluate fcos® x dz. 
Sol. J;=fcos® x dz. | 
Since I, is odd, it is finally connected with I,. Putting n=3 
and 5 in, we get 
1 2 
is I,= “3 008? x sin e+ I, 
\ 2 
=> cos’ x sin t+ sin x 
I 
and I= 5 cost x sin e+e; 
l 
= — cost zsin x+— | oo x sin x 
= sin x | 
Dy 4 8 
= 5-008 x sina + T5°O"" xsin x +—sin x 


16 
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| cos® x dx 
ae cos‘ x sin ice cos? x sin 2+} a sin x-+¢ 
~ &§ 16 15 ; 
EXERCISE 5.9. 
Integrate the following functions ; 
1. sindz; 2. cos® x. 
ANSWERS 
1. ae sin* xcos pees sin? x cos 7 — a THe, 
5 15 16 


2 A oos8 2 sin n+ cos’ x sin & es COB % sin ee C+¢ 
° 6 24 16 6 ; 


5.10. Integral of cos" x. sin" z. 


In this case, we shall discuss the method of obtaining the 
integrals of cos” a sin* x when both m and 7 are positive integers. If 
m or n is odd power, then the problem of evaluating. - 


[osm x sin" x dz is extremely easy. 


If mis odd, we should put t=cos x and then evaluate the 
integral, Ifnisodd, then put #=sin xand accordingly evaluate 
the integral, The following examples will make the procedure clear. 


Ex. Evaluate () {sins x cos® x dz ; 


(48) {sin x cos? x dx ; 
Sol. (s) We have 


[sine x cos® x dz 
= {sin x Cos? x cos x dx 


= [sin‘ x (1—sin? 2) cos x dx. 


Now, put sin x=é 
. cos 2 dz=dl. 


* | sin‘ x cos x da=| t4 (1—23) de 


{5 t? 
oy 
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(#8) We have, 


| sin? x cos? x ia—| cos? x sin*® x sin x dx 


-| cos? x (l—cos? x)3 sin x dz. 


Put t==CO8 x. 
dt=—sin x dz. 
sin x dx=—dt. 


[sin x cos? x dz 


=—|" (1—t9)8 de 


~—{r (1-184. 314382) det 


= | (30+ 342) dt 


eo 37 86388 
9g Pa a = 

cor® x 3 cos’ x 
= ee — — 4 - cos® x 
cos? x 

3 

If both m and n are even, then either convert the integral into 

integral containing only powers of sin x or only powers of cos x and 
then apply reduction formula to evaluate the integral. 


Ex, I. [cost x sin® x dx 
= | (1—sin x)* sin® x dx 
we x-+-sint x) sin? x dx 


sin® x dx—2 [sin x da (sin x dx. 


Now, each integral can be evaluated using the reduction for- 
mula for the sine function. 
5-11. Integration by Partial Fractions. 


. 7 1 _ 2a 
Consider the expression > ( 42 215 ) 
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pied it, we get 


poe ay _ 3 
(@-F2\(@+6) J~ 3 (x42) (c+) 
l 


~ (e-+2) (x-+5) 


Now reversing the steps, we can write, 


b( dd 
(e+ 2) (x+5) =-5( c+2~ 246 ) 


Oke 


—_—_— lr iO 


(~-+-2) (x+-5) ~ t-+2 7 x+5 


(x), (=3) 


Here, ro a >a are called the partial fractions of 
j ae | 1 
———____—_—— |. Thus we have expressed ornare | into two 
(x-+2)(x+5) ? (t+ 2)(z+5) : 


partial fractions. 


We observe that there are two distinct linear factors in the 
denominator and the number of partial fractions is also two. Hence 
‘we may expect that if there are 7 distinct linear factors in denomina- 
tor, then the number of partial fractions will be also n. 

The process of finding the integral in certain cases, becomes easy 
if we make use of partial fractions. 

Consider the function 

2224-32+-5 
(+1) (@ +2) (2243) 
This function is expressed asa quotient of two polynomials 
f(a) and g(z) where ~ . 
f(z) =229+37+5 
and g(x)=(e+1) («-+2) (2043) 
The degree of the polynomial f(x) in the numerator is less than 


the degree of the polynomial g(x) in the denominator. Also, 9(z) is a 
product of three distinct linear factors. 


F (x)= 


As we expressed | into two partial fractions, if 


l 
(%-}2)(2+5) 


Bae 3 — Qe2@+38a2+5 : 
we can express ees | cee oes | into three partial 
fractions ; then the problem of finding its integral will become easy. 

Let 2234 32+ A B C 


(@+1) (@+2) (2243) (e+) 7 (+2) * @x+3y 
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2x72 4+-327-+-5 
Then, @HI) (@-+2) (2243) 
_ A (e4-2) (2e43)4-B (2-41) (2¢+3)+0 (x41) (2 +2) ay 
(x-+1) (%+2) (224-3) es 
im 2x2 +32 +5=62A (x+2)(224-3)4+B (x+1)(22+-3) 
+O(2+4+1)(7+2). -«.(2) 
This identity must be true for all values of x. 
Putting x+1=0 in both the sides of (1), we get 
9(—1)2+3(—l) +5=A4 (—142)(—14.3) +B x (0-243) 
+C x (0) x (—1+42), 
which on simplification gives A=4. 
Putting x+2=0, we get, 
2(—2)?+3(—2)+5=A x (0) x (—443)+4 B(—24 1)(— 44.3) 


+C x (—2+1)x (0) 
which on simplification gives B=7. 


Putting (2x-+3)—0, we get, 


(HY 8 (Bye (42) 


2 
3 3 3 
+Bx(—5 +1 )xo+e (—$42 \(-$ +2 ) 


which on simplification gives C= —20. 


222+ 32 45 4 7 (—20) 
(efijef2)(2e+8) atl tepe tarps (3) 
inthiewaye 


(e+ 1y(a--2)(204-3) 1s expresssd =n three partial 
fractions. 
Working rule for finding partial fractions 


In order to find the partial fraction corresponding to the factor 


x+1,we had z+1=0 1t.e x=—1 in (2) and found the value of A. 
Instead of this, we follow the following method. 


In order to find the partial fraction corresponding to the factor 
(x-+1), let us drop the factor ;x+ 1) from 


° 292.4 34+5 : 
F(x) = athe oe and consider 
2274-3745 
(#+2)(22+3) 
Now put 7+1=0 (4.e., x= —1) in this expression. 
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Then, we get, 
—14+3(—1)+5 4, 
(—14+2(—243) 1 
which is the value of A. — 
Similarly for finding the partial fraction corresponding to 
(z+-2), put x-+ 2=0 
es 5 (here we drop x-+-2) 
Then we get, - 
2(—2)?+-3(—2) +5 _t_y 
(21-443) 1 
which is the value of B. 
Similarly for finding the partial fraction corresponding to 2x + 3, 
put 27+43=0 
( ee 3 in 2284+. 32+-5 
(eF1)\(e+2) 


(t.e, x= —2) in 


Then we get, 
2(—$)43(-4)+5 | 
2 2 an ae 20 
“fj 3 ..\( 3.2) =a * 
(~3+1 (348) 


which is the value of C. 
Now we can find the integral of 
272+ 32+-5 


EE Ie +2 2243) very easily. 
227+32+4+-5 —20 
(ELIE 22243) * el (itegatmes) oe 


== 4 log (x+-1)+7 log («+2)—20 ac Aichi Se 


=4 log (x+-1)+7 log (x+2)—10 log (22+ 3)+-. 
IMlustrative Examples 


a+3 
Ex. 1. Find (enl@—D(a241) 
z+3 _ A B C 
Sol. Let = ya—a)0e4) =e—1 + eo toe TH 


. . _ t+3 
—.j t.€. l 
aa a a 7 
we get, 
143. 4 


4=q-a@4h ~ 3’ 


Indefinite Integrals 


277 


x+3 
Putting x—2=0 (i.e. e=2) in Goh Gey) | 
we get, 
2+3 5 
B= Seen en | 
Q—DAFH=s 
fei deees na Mae 43 7. 
_ Putting 204-1 0 (v.e.2= — 4) in | yea (73) 
we get, ce 
Cs ab Bie 2 
a ry ae =3 


xr+3 


(@—l) @—2) Gath “ 


—4/3 1 2/3 


< 


r—l 


= = log (x—1)+log (a—2)+ 


3 
Ex. 2 Evaluate | 


Sol. 
a | 
Let ap) (a®+2) (27-3) ~ 
A B C 


Sait apo? aF3° 


g-1 tes +5e41 


. 


B log (2x-++1)+c 


x—l 


(FY (4D HB) 
Here in place of z* we take u and find the partial fraction. 


u—l 


(ul) (u2) (w+3) 


u—l 


Putting w+-1=0 (ie. u= 1 in Feeaces 


we get, 


SS OO eee ee 


(—142) (—143) 
Putting u+2=0, (i.e. w= 
we get, 


B 


_ ae /coee 
~ (=2+1) (— 248) ~ 


Putting 1+3=—0 [t.e. w= 


we get, 
—3—l1 


= (8H KH 3FH = 


xz—1] 


(74-4 1) te) (arpay “ 


—l 
ICES) 


u—l 


~] inl 1) (u+2) 


_4 


2 


a5 2. 


r=| ee} si 


4 
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3 x 
= — tan-1 —=t n-1 —— “1 
: *T9 " V2 a ve a 
428472 7143 
2229 +xr—1 


+ ¢. 


Ex. 3. Evaluate 1=| dx 


Sol. Here the degree of the polynomial in the numerator is 
larger than the degree of the polynomial in *he denominator. Hence 
by actual division, we get, 


40342? —a+3 4er 
tape = (*—-9)+ ape * 


4x 4x A B 
Let 928+ 2—1 = (22—1)(x+1) ~ 97) eer 2+1- 


Putting 22—1=0 (i.e. r=}) in (=) 


we get, | 
2 4 
A = Pas iy E—4 3 e 
4x 
Putting 7+1=02.e.z=~—I1 ns 7 = i 
we get, 
—4 4 
sa a ag 
4x 4/3 4/3 
Qnpe—1 ~3z—1 tel’ 


f 4/3 4/3 
~~ i+ est) 


4'log | oe | ++ 


—3x t+ x log | (7+-1) | 


=e 18 3x +4- = log { 22—1 | ++ log | +1 | +¢, 


ax 
az 
sin 2+s81D 2x 


Ex. 4. Evaluate | 
Sol. Let I= 
ax 
=| x+2 sin x cos x 
dx 
-{ sin z(14-2cos 2) 


sin x dz 
-| sin? 2(1-+2 cos 2) 
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ain 7 d 
=| aon x)(1+4+2 cos x) . 


Put COs Z=t 
: sin x dx=—dt. 
| (aay 
~ ) A —t?)( 1+ 22) 
it [ aoaaraeTy | 
A B C 
=I—i* Tpit Type 
: a . 1 
Putting 1—‘=0 [t.e. ¢=1] in | naz | 
we get, 
lL 1 


~ (I+ 1)(1+42) *'6 * 
Putting 1+t=0 [t.e. t=— lj in Rene 


(i—H(1--2 
we get, 
] 1 
~ (1112) ~~ 2" 
; | 1 | 
Putting 1+2¢=0 [¢.e. f=-— a jn (i=naty 
we get, 
1 4 


cme STE 


1 1\ ~3 
(1+3)( 1-3} 
7-1 {# dt 4f dt 
=- slits “\ ae 5 \ics 
= + log | 1-# | eyes — § log (1+4-2#) | +c 


= } log | 1— cosa | + } log | 1+ cos z | 
—§ log | 14+2cosz! +c 


EXERCISE 
Integrate the following w.r.t. x 
92 4? 
© 0 exayeraeaay 
es x2 
2) ————_—_________.__- 
) ex) @—B eps)? 
es (%—~—1) (x—-2) 
® ae ee 
OY) SENET a F5) 
; 524-2 es 2+12 
2. ae, ae : 
) oa 3255 * () yariseyas 
= 204.5 
(1) Gea ed 
3. . 6xr&%&—3 a 224 2x] 


0) gma | (8) asa 
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Mathematics 
Fr ios i 
(ext) x342n2 82” ee) 4231 8724. 32 
222._47—1 , | 
(?) 223_-_x2_ x 
: g24-1 ; és x2—3 
4. (4) (2a 1)(22—1) : 0h) 


a3 Te +6 ? 


x8.— 6x2 + Lla—-6 


: 22—1 os 2 
* OO Terra) ane Th 
er x2 
4) Gare aee Fay 
(2v) jes (v) ay: 
xt + 522+ 6 7416 
473199241 | ... w8— 4721397411 
6) Gna (8) ee 
ares x—2x2 
(1%) aoe 8 
. 22 me xs , 
7 OTe) ap oy@eta 
Bin 23 2a 
(it) 


(A 1@2 5) 


i= =) 
_— 
e 
— 
@ 
® 
© 
ix) 
& 


ed —- 


(1_tan? x)(2}tanz) ° 
is sin 22 
(“) Cost apdeosaps 
.... 8ec2 a—2 tan? x sec? x 
(929) 2 tan x«—tan’ x 


‘ ] ae a 1 _ 
9. () ing (2+cos x) ’ () Sin g—sin Qe ' 
Bate 1 ; (4 sin +3) cos x 
et) 3 sin 2+-91D 22 ’ 2) 5—sin z~6 cos2z ° 
. 4 | ... 6e8%—4e2zx 
10.) [ygery gee (1) Ser perpa F 
wise 1 
(242) 


x log x {1—(log 2) 


J 

Fad log x7 ((log z)2—5 log +6} ° 
1 

(”) a (144284 326) 


ANSWERS 
(¢) —2 log | e—1{ +log | 7+2 | +3 log | #—3! +e. 
9 1 
iz log | x—2 | +ig log | ea | —G log | z+1 | +e; 


(864) 10 log | x+-3 | —30 log | +4 | +21 log | #45 | +e. 
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2. 


8. 


(i) 12 log | ~—2 } —7log}| x—1]| +e; 
(iz) 19 log | x—7 | —18 log | x--6 | +c; 


.... 13 4 | 
(274) 10 log | 2x—1| — a log | 3z@-+1 | +c. 
(4) log | v3 (a2_1) | +c; 


- ] 7 | 
(22) log | z | pea log | 22—1 | age log ] 2x41] +c; 


: 5 
(iit) - oe log | x | ~ log | +4 | + jp lee | w—2 | +¢; 


(iv) 2log | az] +log | 2743 | —log | 2a+1 | +c; 
lle 


(v) log | ee 
(2) 5 log | z—1 | +log]a+1| —-, =~ log | 2a+1| +c; 


1 ] 3 
(i) -9 log | e—-1 | + log] e—-2 | +75 log | +3] +0; 
(vit) 6 log | z—1 | —20 cs ae +15 log | z—3] +e. 


©) eee )+ aye 8 Eye lt 


2 
(14) v4 log 7 be tan-1 € a 
1 V2 
(iit) “g tan” eR log aed “jo Lay <q tes 


(») gx 10 e Fl-zs ss (+) 


2 22—1)2 
log |e er se; 


(2) - 
(ii) = ae be 9 log | x—2| +11 log | x-3]| +c; 


oe 1 
(100) —> log 


z+] 
eae [2+ 


| 2 
(1) Hint: Putz%=t Ans, -.,- log . 


ane 1 3 
(02) See ten-} (+ )+ a6 tan-1 (} )+es 


1 
(ti) — eg 13 og | x2—1 | HH log | w21+65] +c. 


1 
(4) > log | 1+tanz | — = log | 1—tan a | 


| 
ae log | 2+tan z | +e; 
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os 1+cos x 
(6) log | yy eo8 ays |*° 
ecoe 1 3 ] 2 2 
(ttt) ac log | tan z | +7 log | (tan? x—2| +. 
. dl 1 | . 
9. (2) ca log | 1—cos z | aac log | 1+-cos z | ee log | 2+-cos x | 


a 1 1 
(22) ear i log | 1—cos z | as log | 1+ cos = | 
2 
Voge log | 1—2 cos 7+] c; 
a 1 2 | 
(2%) log | 1—cos x | —->~ log | 1+cosz | +— log {342 cos f 
2 5 3 
+¢;5 
(¢v) —log | 1—2 sin z | = log | 14+3 sin x| +c. 


10. = (#) x+log (1+ e%)—2 log (1+2e7)+c; 


(ii) — Glog (e742) +log (e7—2) | —-g- log(e—1) | 
3 
+5 log | e™+1 | +c3. 


(444) tog] | oss 


(tv) es log | log x | — - 


ra 


x log | log z—2 | i log | log e—-3 | +e; 
(v) Hmt: Put z=¢ 


Ans. log 24--- log | 1-28 | — = log | 14328 | Lc. 
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Definite Integrals 


6.1. Preliminaries. 


The basic idea of definite integral was introduced in the eleventh 
standard and some simple definite integrals were evaluated. Now 
that we are in position to tackle quite a few difficult problems of 
indefinite integrals it is but natural for us extend the scope of the 
topic of definite integrals, Thereby, we hope to solve more compli- 
cated problems of definite integrals. 


Def. If { f(x) dx = g(x) +c, then 
f. f(a) dz = 92) a e| 
= [9 (6) + ¢] — [9(@) + ¢] 


= 9(b) —9(2). 
Here a is called the lower limit and 6 in called the upper limit. 


d 
of the integral [, f (x) dz. We read | f (z) dz as the integral of 


f (x), with respect to x, between the limits a and 0. 

In the above definition, we observe that the constant of inte- 
gration is conspicuously absent. This is to say that the cetnite 
integrals are independent of the constants of integration. | 

We may rewrite above definition as 

If g(x) = f(a), then 


[, £(@ ax = 96) — (a) | 


Hlustrative Examples 


2 a 
Ex .1. Evaluate (2) " sin x dz, (tt) ee dx 
t) Jo J a— 
283 
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iy 1 
|, mpeepe 
Sol. (2) ie sinadx = E cos x T/2 
0 o 
= (—cos x/2)—(—cos 0) 
= | 


| = 7/2, 
(172) By method of partial fraction, we get 
] _ ] 
wt5r+6 | (a-+2) (#48) 


4 J de = ] 1 2 
Sapege =| [sp-ar l= 
| | = log Dope eae eee aes 


er fa: 
| e*+52+6 : =| °8 


25 
=e (sr) 


42. Rules for evaluating Definite Integrals. 


I 
o. 
0g 
—- 
o} 
ence” 
Oo. 
0 
i 
a > 
eee” 


-% 


For proving rules of definite es a we may state the 
definition of definite integrals, 


Det: If g(x) = f(z), then 


y f(a)de =| 9 @)| 
Rule 1. [. | Ale)-biata jee= f. Ii(2) ie te [. Sa (x) dx. 


Proof. Let g, and g, be two functions such that 
gi, (%) = fi (©) and g's (2) = fo (2) 


clearly, [. ii (”) ) dx =(a (x) A 


and [he 7 x) dx =|" (x) : 
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Now, we have 


all i (x) + Go ( 1 |=,[ 91(X) |+ ral 9a a 
| 91 (2) + 9o(2) - E (%) + fa (2) | 


Applying the definition given above, we get 


{. [Ae +h Jax 


z | 9 (2) Egy (2) i 


. [91 (6) + ge (6)] — - (2) + 92 (@)] 
[91 (5) — 9: (@)] + [92 (6) — 92 (2) J 


[ai], fae] 


ce > ee 
[ [A@+h@ fae =|" fe det | ie ae. 


b 6 : 
Rule 2. | ief(a)da =k | f(a) dx. 
Proof; Let g be a function such that 
g) (x) = f(z). 
b b 
clearly | f (x) dx = | g 2) | 


Now, we have 


“| "9 2) | =k - E (x) |=. 
“rf Foe) | = kf (2). | 


[. f(a) de = [# a2), 


= kg(b)—kqg (a) 
= k[g(b)—g9(a)] 


I We 


[" kf (x)dx= =r |’ f(x)dzx. 
Rule 3. If a<c< 3), then 
b c b 
| f (x) dx = (* feyde+[ f(x) de 
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Proof : Let g be a function such that 
g (x) =f(z) 


Clearly ¥ fle)de =| g (0)—a(@) | 


| fleyae=| 9 (¢)—9.(@) ] 
and [ f)ae—| 9(5)—g (c) i 
Now, we have 
|" f(x) dx + |" f(x) dx 
= [9(c)—9(2)] + [9 (6) — g (c)] 
=| 90 —g (2) i f S (x) dx 
[fe da= | f(ayde+[ f(a) de, 


Rule 4. I. f (2) dx = 0. 


Proof : Let g bea function such that 
g' (x) = f (2). 
Clearly then 


[sea =[o@ | = g (a4) — g(a) = 0. 


I: f (x) dx = 0 
a 
a b 
Rule 5. | f(z) dz = — | f (x) dz. 
b : a 
Proof. Let g be a function such that 
g' (x) = f (2). 


‘Then, we have 


= g (a) — g (6) 
= [9 (2) —9 (a)] 


_ —| fe ae 
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a b 
[° f(x) dx = — I" f (x) dz. 
Illustrative Examples 
Ex. 1. Evaluate ) ‘ie (2? —2x +3) dx ; 
" 7/4 1 ieee 1S 1 
— d 
(22) \’ x; (222) 


——__—__————_ dx 
] — sin x a af (x—a) (B—2) 


(x? — 2x + My dx 


ada—_2( adx +3 ‘¥ L dx 


aes +(e]. 
E-Bh-G-Fe io] 


zi 7/4 ] _ {7/41 + sin x 
i) aime =] a 

1 + sing yg 
—— a eee, | =— 


ee (sec? x + sec x tan x) dx 
0 


4 4 
“I sec? x dx ne tes sec x tan x dx 


_ £8 1 re 
Js f= Pe) 
re 2 ) 
—| gin-1< . 
| 
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=| sin (= : (+8) 1} 
== sin-1 (==: ) — sin-2 z=) 


— gin-! 1 sin-1 (—1) 
ae ane oon 


EXERCISE 6-2 


1. Evaluate the following definite integrals. 


(2) ie (w2— 2 + 4)dx; (7%) \, (w8— 3a + 1) da, 
1 
== jd 
V =) i 
2 - ae ; 4 eet 
(0) was ; (v2) [ (veri + Yaz— 2 ) de 


9 
2. (a) if | (3 22 +1) de = 28, finda. 
1 


aii) [ (Be — 2) de ; 
) 0 


(5) If ip (222 -+ 5x + c) dz = 16, finde. 


3 
(c) If I, (@ +1)? dx = a find a. 


3. Evaluate the following integrals. 


(4) a sin? x dz ; (22) [70 cost 2 de, 

. £6 dx ; i, 19d. dx 

ee dx OO ke 
(107) ", PE per ma (20) i V (e — 3)(7—2) 2 


& x2 sp aia ae —]1 da 
(») I, ee (vs) jo (2941) O28] 


10 oi 
wi) |, ee TH” 
ANSWERS 
1) Ps eG TB om Tw) H(2 2") 5 
(vi 2 a? a? 9 ) 


2. (a) 3, (8) (c) 1. 3. (t) w/4, (4) w/4. 


4. (1) » (it) sinl \/ S — sinl A/ + : (222) aw /6. 


_ ow. a 4 
alt 3 (v) log 5 (wv) “T° (v11) 24 log > 


(tv) 
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6.3. Change of Variable 


We already know the rule for change of independent variable 
used in evaluating an indefinite integral, namely 


S fixjdx=f f(d()] 4b) ate. 
where x = ¢(t) | 
A similar rule holds for definite integrals as well. We shall 


only state the rule and omit its proof as it is beyond the scope of 
this text. | | 


Rule for change of variable. 


Let x= ¢(t) be a differentiable function such that 
a-—¢(a) and b= ¢(§), then 7 


[fey de = [FE sigio) a a 
Th ustrative Examples 


: 2 | 
Ex. 1. Evaluate : sin’ x cos x dx 


Sol. Put sing = t. Then, cosxdzx = dt, 

Also, when x = 0, sinz = snO0 =0=f 

and when x = 7/2, sin (x/2) = 1=t. 
i.e. when 2 = 0, ¢ = 0 and when 2 =: ae t= 1. 


af2 , | 
[; sint x 008 ede = |, “a-[s | 


7 ] 
_ hans 
l 
Ex. 2. Evaluate ——————SSSSS dx. 
j, SG erg 
Ber Put x == sin 6 
_ dx —= cos 6d 6. 


Now: when x—0, sin 6-0 and therefore 6=0. 
Also, when «=—1, sin 6=1 and therefore 6=x/2. 


; 1 ] w /2 cos @ 
j, t+ fT — 22 ae \; sin §+-cos @. a, 
_ [re 2 cos 9 
at 
_ 1 [(7/% (sin 6+ cos @) + (cos 6—sin 6) 
~ 0 - 6+-cos 6) 


w/2. 2/2 cos 6—sin.6 
Se, l-d ia eae 
yi | aa) eto sin 6+-cos 6 ag 


sin 9-+-cos @ 76 


do 
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and 
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2 
= 5° is ihe =| be sin 6-+-cos 8 f ike 
ad, 
(i “s 5 (ain 6 + cos 6)= cos 6—sin a) 
l 
aa ee (0) 
9 e “go + ( ) 
ot 
aes, 4° 


w /4 sin 2 6 


Ex. 3. Evaluate \° aint@ = costs 


Sol. Put x — sin? 6 


’, dx=2 sin 6 cos 6d9 = sin 26d6. Also, when 6-=0, 


when 0=7/4, 7= ei 
/ (x/s sin 26 _ fz sin 26 
¥ “sin? + costg -{j (sin?@)? + (1—sin?@)?* 
_ ris sin 20 16 
- [; 2(sin?@)?-—2 sin? 94-1 | 7 
1/2 l F 
\, 9229x411” 
11/2 ] 
Fn a 
: 1 abe 
] (1/2 I 
~ Fo an, re 
0 ( x) 7 (x ) 
( 1 \ |pPe 
= Zs l tan-1 | (2-3) | 
= 2 ( 1 ) | 1 ] f 
als 4 Aes 
: l (3 j 
] : 2 
= 35 Sal tan”) (24-1) | 


= tan-1 0 — tan-! (—1) 
= 0— (—n/4) = n/4. 


Ex. 4. Evaluate [; x (a+) cos x dx. 


Sol. Let I = [" v (a+) cos x dx. 
0 


I 


v 4 
a2 cos x da+ am cos x dx. 
0 0 | 


d 6 
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Integrating by parts, we get 


J ~ {{ emef — |" 2eeinx ar} 
cf 
+n4[ csine f _| sin a de} 
0 


= 0 —2 x sin x dx +2x0—n{" sin 2 dx 
0 


\ 
= — 2 {fa cos »f -[" (—008 2) da | | 
0 0 ; 

Z —n[ cose | 

— —2 (2) —2 ("cos xdx — nf 141 

( ) [" cos a al + ] 
= 222] sine [ = 
0 


—= —4r —6 
= — 4. 
1 2 2 
Ex. 5. Find the value of | a. dar 
0 l + x2 


Sol. Put xz = tan @, dx -= sec? 6 dd. 
When x = 0, 6=0 and when x—1, 0 = n/4. 
1 a%tan-l1 24 #/4 tan26.6 
—— r= Pe ncmines eee anes 
[, I - 2% o ec? 8 


4 4 
= [°" 6 tan? 6dé a (*" 6 (sec? 6 —~ ]) ag 


sec?@ dé 


4 4 
= : 6 sec? 6 dg — [*" de 
0 0 


a/4 w/4 
| tan @ hf * tan odd — . 9 dé 
| 6-tan 6 b- “Ll —log | secé | fig a rh 


| 


I 


= = ete es Bee ie ey, es 
n/4—loga/2 5 5 ri : log 2. : 5 
EXERCISE 6-3. 
Evaluate the following definite integrals, | 
i. oa I-z , oe | : dx | 
» (2) iZ af — x; (2¢) 0 (1+a8%) Vf) 72 
ho 8 LM a2—a2? 1 dx . 
44 ee . , i ee 5 
( ) |, Vv = Oe = 2 dx : | (2@) |. (2—22) V 4—22 


‘wig 0 Bina 
}. 1 + cos? x 
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ws sin dx oa [ls az ; 
co 2+sin2 a COg2 X ues , st) ioe sir.2 + sin2x — 
wig, .. fw'g 3sin x cos x 
ou) i ‘142 sin & + cos — cos x’ AY) iP 5 sin’ 2+ 2cos2z ae 
1 
@ [F xz cos 3 x dz ; (22) [ ztan-1 2 dz 
, J-1 
(722) I. x? tan-1 x re (22) ia eV 3 gin x ax, 
. TT, 
4 1 x (sin-ly 2 
, a ee te 
0 Vv 123 
ANSWERS 


1. | ({) Hint: Put «=cos 6; Ans.: w ; 
es : | Par [2 d@ 
(4i) Hint: Put v=sjn6é; I= | 


» Train? ge 
x 2 cosec2 @ w 
ee See REPS ae - A Me Reena Sean 
[oa eotn 800 Anes 
art [a 
(1i7) Hint : Put 22 = a2cos 26, Ans: > (+ em | ) 
(70) Hint: Put x= 2sin@; Ans. = log ( 2 + va )s. 


(v) w /4. 


4 1 s a ” 
2. (7) logs (¢2) -g log 2— 5) log 3; (#27) TF tan-1 Y 2; 


sgt tak 5 
(¢v) > log 9° 


cas w a sf sianon, ae ] 
3. (7) 7 ( 1+ =) (22) 2 —1; (222) °g — ~ 
(iv) 
4, a—2. 


f. gtine Ss 
4 e 


6-4. Properties of Definite Integrals 


There are certain nice properties of definite integrals — the 
knowledge of which can certainly help us to reduce the computation 
work while evaluating particular definite integrals. We state below 
some of the interesting properties. 


I. [" f (2) da = \, I (y) dy 
Proof. Let g be a function such that g' (x) = f(z). 
Then, \’ f (x) dz =[9 «| = fy = Ha). 
Also, g' (y) = f (¥), < 

l. iy) dy = E (y) | = yb) -- g(a) 


(" f(x) dx = (" f (wy. 


a 
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The above property shares that the value of the definia, 
integral does not depend on the representation (x or y) that we give 
to the variable, but it only depends upon the limits of integration. 


I. | j@ae= [" fee ere 


a 
Proof. Puta+ b)—x =. 
. de = dtordx = —dt 
Now, when « = a, t = b and whenx = b,f =a, 


, 


fia4+6—x)dx = — (; S(t) dt 


R 


f (dt : (by Rule 5) 


J (t) dt by property I 


‘ f(x) dx = [. f(a +b— x) dz 


a 


Cor. = 


| 
J 

= [fea 
| 


f(z) dx = (’ f (a—x) dz, 


Mil. ( Sf (a) da == (’ f (x) dz + ’ f (a — 2x) dx. 
Proof. We have, by rule 3, | 
2a | a 2a 
[" f(a) dz = [* F(a) de + J, fede. 
0 7) a 


2a 
Let I =|" f (a) dz 


Put a — x = — lt. 


when x = a, ¢ = Oand whenz = 2a,t=a 


fe be (" f (x) dx = (* fia — t) dt 


a 
= [; MESS bv property I 


. (1) becomes, 


|; GE = (; J eye sh (" f (a-- x) dx, 
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_ Iv. [; f(x) dx = 2 [; f (a) dx, if f is even 
oO 0 
= o, if f is odd. 
Proof. (i) Let f bea even function. 
Then, f (—2) = f (x) 


Now, we have 


"a oO a 
"J (2) dix = r f (x) dx + [* Fe) dx. (2) 
oO 
ett = [°F (a) de 
Put x = —t. 
nie dx — -~ dt. 
. Clearly. when 2 = --a, t = @ and when xz =0, ¢ -s 0, 


+ [°, Lede = (° f(—t) de 


= % f(—t) dt (Rule 5) 
~ [* f(t) a | (*,° f is even) 
= " f (2) da) (Property I) 


Substituting this value of I in (2), we get 


‘i f(x) dz = 2 {° f(x) de. 
(it) Now, let f be a odd function 
Then f (—z) =—f (2). 
We have \", f(z) dz = '¥ f (av) dz + (’ f (a) dx (3) 


Let I =|" Fe) dex. 
Put r—- —f 
dx = dt 
Clearly, when 7——a, t=a and when x=0, ¢=0. 
& es {° f (x) dx 
_a 


= ( fi—t dt 


{ 


°F (—t) dt (Rule 5) 


. 
— —| f (t) dt) 7 (° fis odd) 


7 f (x) dx (Property I) 
O 
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; oO a 
t= | f (x) dx --| f (x) dz 
a Oo. 
Putting this in (3), we get 
a o | a 
f" Sede =|? serde + |" see ae 
-a ~a oO 
a a 
i —| f (a) dx + f (a) de 
oO o 
= 0, 
We shall now show how these properties can be used skillfully 


{o simply the computations of some definite integrals with the help 
of the following examples. | 


Illustrative Examples 


Ex. 1. Evaluate | ih af Se 


Sol. | Pg mary 
o 
3 — —___— | 
a . (3 -— x)? f3—(3—2) dx (Property T}) 
3 ——— 
_ (9 — 6e + 2%) Vax de. 
3 
_ (Ga!/2 __6 13/2 4 x 5/2) dz 
0 
923/2 6x5/2 a /2 i 
=} BR) ~ (5/2) + (72) 
108 -_— oe 
= 1873 —-—- ¥3 +o y3 
144-5 | 
= 95° V3. 


Ex. 2. Evaluate \; x sin? x da. 


Sol. Let I = e x sin? x dx. 


I = (; (7—2) sin? (x—-x) dx (propery) 


w Me 
= [ (rn—2) sin? x dz 
ww . w . 
= ; sin? rdr — i x sin? x dx 


I— cz (; sink x dx - IJ 
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Fy 


21 w= FT (; ‘sin? xz dx 
x fw l—cos2z 
nm (tw < 
LS Tle (i= cos 2.x) dx 
ot sin? 2 7 
— 4 E a. 0 
aig. Ae : i rated 
- eal aa ae 
2 in a 
Ex. 3. Evaluate ‘ = sine ax. 
0 Vsinzx + cos 
Sol. Let I == i. v'sin x ae 
0 sine + fcosa 
aie sin (n/2 — a 
J =f pee 6 dx (Property II) 
0 Wsin (x/2-—x) + cos (x/2—2) : 
w/? cos x 
— SS dx 
j, Jcosx + Vsinz 
aw /2 ee: . 
oI J sing el, 
0 Jcosx + ¥Ysinz | 
: aJ cos % . 
: ene ee eee een | 7 
0 Vcosx + ¥sinx 
\ Vsinz + 4f cosa , 
acunias a ee ee a Ee ee en ee OE ee dx. 
0 vsinx + Jcosz 
2 
= iM 1 dx 
0 
ox. J 
to 
wT 
21 => 
a 
ae? 
Ex. 4. Evaluate C ee ea dx 
0 sec xr + cos zx 
at 
Sol. Let I = \; eas et 
0 sec vr -++ COS & 
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wr xsinz 
jot ie 


9 1-+cos? x 
7 (™—sxr) sin x 
= | 5 ee SA RE, f 
0 os (™-—2) 
_ {7 (7% — x) sin x 
0 1+ cos®x a 
wr . ging cf x sin 
— Se Se orisiaal ol DRNy, 
0 1+ cos? x 0 1+cos? x 
sin x 
— TT. eee ee. ye , 
[" 1-+ cos? x 


215 an _sint 4, 
9 1+ cos? x 


~ [7 sin x 
2 Jo 1+ cos? x 


Now, put cos x =. 


[ = 


a sin Hoy dx == —dt 


Also, when 2=—0, ¢-=1 and when x = =, /=~--1. 
ek: ee  —dt 


2 
TT 
2° 
T 
os 
T 


(he 
a. 


tan-! (1) — tan-! ee me 


$[4-(4)] - 


| 1/2 3 . {92 
Ex.5. Evainate 3) ( St™ ae iy (%" asin ade 
7 1/2 4—2? _n/2 
Sol. 
4 1+! 
(i) Let I = a aaa 
1/2 l 1/2 x3 
T= een os 
een i“ 4 — x? +| 1/2 4—2? ae 
= J, + I, (say) 
Now : ~ 18 a even function 
4— yx? | 
1/2 l fle fens 1/2 
a oe ee roe =e [ 7 5 bl | 8] 
] ive d 
= eee 
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But, 4 is an odd function. 
1/2 xs 
— wre dx—0. 


1/2 J4a 1 5) 
ee Gag og 8 (+ }. 
(ti) Since 23 sin? x is an odd function, 


2 
\" x? sin? x dxv--0. 
sw] 


EXERCISE 6-4. 


Evaluate the following definite Integrals. 


a 
a) (" a3 (1 — 22) 3 an ; (27) i. c® (a® — x?) 


y 0 

a 1 5/2 

(¢22) [. x? (1 — aye dic ; (2v) , x2 (1 — 2) dx ; 
0 . 


2 
ale dx ; 


3 1/2 
(v) x2 (8— 2x) dx, 
0 
a [Te ee 
Jo a2-sn7z 
iv “wy csecxrtanax 
(2) i 2+tan’ x 


wxsing 
ee MY) 9 1+sin x 


(aie fx x sec x 


w5 


1+tan x 
‘3 xsing . 
(2) im 1+ cos? x a 
Pa Wats w /2 1 
3. ra us 4. er F 
ms | Ce eae me) [° 1+ tan x aes 
.. fa/2 ; aw /2 cos? x 
ay i? Sa aes dx ; (2v) | nae peosz dx ; 
a [2 4/sinx fr? tane 
mI | Vana + cose a | T+ tne % 
.. fw/2 1 si f. 1 
(v02) f T+ tana dx ’ (v227) F Pe a mar a ; 
I 


Peet eg 
(x | tt aV qi— x2 a 


1/2 1428 , 
4. ye 14328 


.. (w/4 5 
V2 — Ta! (#2) x/4 tan®z sec z dz ; 


) fe w/2 sin? x ene 46509) (ae al 
0 framers 
is, 3 
os f fave oy fF reas sie 
(477) ee x cos 32 dz ; (20) ie a d 
1 
) in Tiree 
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ANSWERS 


ye (J —1)s He (G1) s 6 ge ay Fas 


~ 


2 2 
(iv) 5 () AD. 


. ] | ees 
3. (i) 2; (i) Ps (HH) A (i9) Fs log (I+ VE) 
4 > 
4. (i) log3; (#1) 0; (i) 0; (tv) 05 (v) 9. 


... 2/7 ac ae 
5. (2) one (27) Ls (222) a(3+1)5 (2v) a7 3 (v) 13 


say dete, ME pe w 
(v) 03 (vt) > (vit) ——; (Ut22) per Ba (2x) a8 


6-5. Reduction formulae 

We have already studied the reduction formulae for the 
indefinite integrals | sin" « dx and [cose x dx where n is a positive 
integer. Using these formulae, we shall write the corresponding 
reduction formulae for the definite integrals. 


We know that, 


sin*-1 x cos x n—l a 
sin" x dz —___—___—___——_ + rae sin-2 7 dx 


nN. 
a[2. sint-l x cos 2] #/2 n—] [(x#/2. 
ae Sin 2 aa + | sin"-2 dx. 
0 n 0 n 0 


sin"-! x cos x ] x /2 0 


But, | — 
n 0 
2 ee, 2 
i sin* x dx — see . sin”-2 x dz. 
0 nm jo 
Further, we are aware that 
2 2 . 
[" sint x dz = [ sin® (7/2—-2) dx. 
0 
2 
= (* cos" x dz. 
0 
., We get the reduction formula as 
Z 2 = 2 
: sin 7 dx = - cos" «dx = ia (3 Sin "-2 x dx. 
0 0 n 0 


It is clear that every time we use the reduction formula, the 
power of sin x gets reduced from n to (n—2). Therefore the formula 
can be successively used till the power of sin x reduces to either 1 or 
zero depending on whether 2 is odd or even. 
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a. (we (rie, 
Ex. 1. Evaluate (1) sin iv dx; (it) sin’ x dx 
0 0 


Sol. We know the reduction formula 
n—J | a [2 


gin 7-2 dx. 


w/[2 
sint ¢dx = 
0 n 


0 
(t) ., Using this successively, we get 


w/2 6 fw/2 ,. 
| sin? ada = al sind a da 
0 7 Jo 


— +13 ae sin? x dx ] 
247 2 fa/2 , 
zs | \" sin x dx ] 
= =|. sin 27 dx 
16 
35 


(ii) Applying successively the reduction formula, we get 


2 7 2, 
sin’ x da = zl sin&adx 
0 8 Jo 
i 


2 
=~ =|" sin? x dx ] 
0 


357 3 (7/ = 
=6( 2), sin? x de] 
6 2 Jo 
_ _ 3s Tt 
— 198 2 
35n 
~ 256 


2 
Ex. 2. Evaluate (2) (" sint x cos? x dx 
0 
I ee 
(dt) | ataf 1—a? dz. 
0 
sin4 x cos? x dz. 


sin? a (1—sin? x) dx 


2 
= ["" sin x daw -— \" 
0 OQ 


sin® x dz, 
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| 


2/2, 
Now, | sin 7 dx= 


a/2 
| / sin? x dx 
0 0 


3 J i 
i 


L.dx 


Similarly applying once again reduction formula, we get 
Oe cx 5 a/2. 

\" sin§ «#dx=—= —.- | sint x dr 

0 0 


3 | 
aa Gra, (from above) 
5 


32 
w/2 3x 5x 
. 4. COR see ie aie 
Re I" sin‘ x cos? x dx 16 30 
= 6n—Sx _ om 
~ 32 a 


(47) Put x=sin 6. 
* dx = cos 6 dé, | 
Clearly, when z=—0, sin 6—( and therefore 6-=0. 


Similarly, when 2==1, sin g=1 and therefore 6-7/2. 


l piss Ms 
> | a4 fl-—x? dx 

0 , 
wf2 | aay |. 

— | sint 67 1—sin?@ cos 0d OB 
0 
m/2, 

=| sin! 6 cos®?@ dQ 

. 0 


7 TO 
= a5) calculated in example (1) 


Remark. [n case one wants to write the value of, 
wiz, aw {2 
| sin x dx or 
0 40 
following formula. 


2 2 
(7) \" cos" a dir = \" sint a dic 
0 0 
23 ie ee, when 7 iz even 
n(n —2) (n—4) 4-2 2 


cos" x dx directly, one may remember the 
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te w/2 ale, 
(22) | cost «dx = sin” « dx 
0 


0 
_ (n=) (n—8) ... 42 


== n(n—2) (n—4)... 531 when n 18 odd. 


EXERCISE 6:5 


Prove the following : 


1. Ve cos’ x dx = ee - 2. a cost x da = haley 
0 35 Jo 16 

3. i cos’ x dx = call ; 4. lee sind x cos8xdx =: ge ' 
0 | 3 0 35 
wj2 . 6 2 ne 

as | sin§ x cos? x dx = 36° 
w/2 4 4 _ 3, 

6. { sin’ x cos! dx = 956 ° 

7. (a sint x coa® 2 dx = ir} 


wl2. 4 7 _ 2 
8. i sin’! xz cos8 xdxz = 35.3 


9 
9. ea sin3 x cos3 x dr = 3 
10. pn" sin® x cos§ 7 dx = i 
/ 0 60 
l ——— ae 
6./Toatdn om 
os i BUA ore) 
8 


12. b ai Wi —x2 dx = ——, 
/ 0 i 


6-6. Definite Integral as a Limit of a Sum. 


We have intuitive idea of what is meant by the area of a plane 
geometrical figure. It is the positive real number associated with 
the region bounded by the closed geometrical figure. For example, the 
area of a rectangle is the product of its length and breadth, the area 
of a triangle is half the product of the length of its base and the 
corresponding altitude. 
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The area of a polygon can be defined as the stun of the areas of 
the triangles into which it is decomposed ; and it is independent of 
how the polygon is decomposed into triangles. 

Now, let y = f (x) be any continuous function defined on the 
closed interval [a, 0]. For the sake of simplicity, we shall assume 
that f (x) >So for all x in [a, }. _ 


Vig, 6:2, 


Consider the area bounded by the curves y — f(x), x-axis, 
v= a and x = 6, shown in Fig, 6-2. by the shaded portion. 


, b 
This area is defined as the definite integral f(z) dx. We shall 
Ct 2 
compute this by a slightly different method by finding the limit of 
asum. We use limiting process to find the area. 


Consider the subdivision of the interval fa, 5] given by 
A= 4% < ty < eye... ow) Kay <i... << ry = OD 
which gives rise to x subintervals, namely 


[Xo, Ly}, [%y, Va). .-. [az 2',). 


Fig. 6-3. 
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Select now a point ¢; from the ith subinterval [ My, te. 3 t= 
1,2,3, ...n. Clearly we have | 

a= % <b Ky K bg KXq... < Many < by < 2, =O 

Let 5; be the length of the ith subinterval, i=1,2,...0. 

The norm 6 of the subdivision is defined as the largest of the 
values 8,, 52, ... , Sa Clearly, as 5 -> 0, 6; > 0. 

Now, on each subinterval (on X-axis) as a base, we erect a 
rectangle whose height is the value of the function f at the point 


selected from that interval. [2.e. f(é;), f(t). ..., S(én) are the 
heights of the respective rectangles] as shown in Fig. 6-3. 


Define s,, the sum of the areas of these rectangles. Then, 
clearly, 

Sn = S(ts) 8, + f(a) 82... + fi (tn) 8 | 

However, these rectangles do not cover the region whose area 


is under consideration. But, we observe that s, depends on 
(1) the number 2 of subintervals, 


(iz) the choice of the points 2, vy, ..., %q_-4 
of the subdivision | 
and (zit) the choice of the points ¢,, ts, ... , tn. 


It is evident that the sum of the areas of these rectangles, s, is 
an approximation of the area under the curve. A better approxi- 
mation can be obtained with more rectangles each with a smaller 
base and thereby the upper base of each rectangle would lie quite 
close to the curve. Thus, as we go on decreasing the base width of 
the rectangles, we go on making better approximations. This is to 
say that in the limit, the sum of the areas of the rect. angles is equal 
to the area under the curve. 


*. The area under the curve y = f (x) 


=|, f (x) dx 


= lim. Sn 
d>0 
= lim [f (4) 8: +f (te) be +..-+ TF (tn) 8): 
3-0 | 
Note that the above limit is found to be independent of the 
choice of the points ¢’s. 


This method, however, is rather difficult. to use in practice. 
Therefore, by making some special choice, we can evaluate the value 
of the definite integral (or the area under the curve) comfortably. 
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We shall assume that 
(i) The subdivision divides the interval [a, 5] into » sub inter- 


b— 
vals of equal length —— = h. 


Clearly, then the subdivision of fa, 6] is given by 


dath,at2h,...,a+ nh where the norm of the sub- 
division is h. 


It is evident that as h — 0, » — eo and conversely. 


(it) Instead of choosing any arbitrary point ¢; from the ith 
subinterval, we choose t; = a + th. 
With this we get | | 
S=fathhtf(at+2hhti..+f(atnhyh 
ti) 
t=1 
Clearly, we have 


vt 


b . 
(; f (x) da = aa S A f(a +t hy) 


t=] 
. 
ee S hf(a+tih) 
a= 
Note that haw and 


ash —-+ 0, 2 ——» oo and conversely, as m —+ co, h —> 0. 
__ We shall now show how to evaluate the definite integral as the 
limit of a sum. 


Illustrative Examples 


1 
Ex. 1. Evaluate \, za dx as a limit of the sum. 


Sol. Let f (2) ee EUs 


Clearly f is continuous on the closed 
interval [0, 1}. 


Divide the interval [U,1] iuto » subintervals each of length h 
at the points given by | 

0,0 +h, O + 2h, 2... ,o+ nh =) 
or 0, h, 2h, 3h, 


a h =- 


n nH? 
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Clearly, as h->0, n->co 


) eee d 
it, x r=] f (x) dx 
” 
= lim h f (th) | 
% —» CO 
i=} 
n—>o} 4 
tez] 
n 
= in| Ss 
n 
= lim E 4 
N= co n 
=] 
= lim | oe n(n) | 
ne | n 2 | 


= lim as 1 ; 
_ 1 
= De 

] 1 

‘ adx = eT 


3 
Ex. 2. Evalnate| x? dx as a limit of the sum. 


Sol. 
length h at the points. 


1, 1th, 1+2h, 143A, ......... , l+nh=3 
ites, ee 
n nN 


Clearly, as h —- 0, n — oo. 
Let now f (x) = 2%. 
f(l + th) = (1 + th)? = 1 + Qh + ih? 


— 
— 


2 4 
—_— ° oo 
1+ 2% - a ae oe 


42 
2 


i 
(l+4— +4 
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() f («) = 2) 


Divide the subinterval [1,3] into » subintervals, each of 
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. edxr = [, f (x) dx 


ft 
— lim def a+in 
N—y co 
i] 
nr 
2 a ”) 
ed OP es tee ede 
a=] | 
2 
4 ; 4 
— 1 —— —_——. paar 4 
ol ea ee a Pe 
t=al 4=] 


og. 4 2 4 n(n+l) 4  n(n+tiy)Qn+) 
= tim) 2 fy SNOtY , 4. set gety apy 
; | 


4 1\ 4. 1 
= lim 244( 1+ —)4 +s)( 2 + 


> 


a 


8 
=e a Sek aoe a 
1 
Ex. 3. Evaluate . e2zdz as a limit of the sum. 


Sol. Divide the subinterval (0, 1] into 7 subintervals, each of 
length h at the points 0, h, 2h, 3h, ... nh = 1. 
1—0 1 


= ——* 


 _h= 
nN n 


Clearly; ash — 0,n >. 
Now, let f (x) = e*, 
na f(th) = eth, 
] 1 
. | ov dx x= | f (x) de 
Oo oO 


n 


= lim S hf (th) 
h-yo 
tewl 
n 
— lim S h ef 
h-yo 
q=]1 


nk 
= lim | h = + ¢%F 1 gf 4... +e \] 
h-»0 


n-1)6 
== lim Vas tae ) 4 


hyo 
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= em 
=lim | ver |S “{] 
h->o L é | 
h 
— lim e” (en%_— 1), (a—1-} | 
h-yo [ ( er—] 
= lim | & (er 1) (= ) (nh=1) 
h->o —_ 


; h 
ape | ca) 


= (e—1) x 1 = e—]. | 


2 
Ex. 4. Evaluate | (3x + 4) dx as the limit of a sum. 
0 


Sol. Let f(z) = 32 + 4 for0 Cx 2. 


Divide the interval [0, 2] into n subintervals each of length / 


at the points 0, h, 2h, 3h, ..., nh = 2. 


h= = 20 that as h +0, n + 00, 
Clearly, f(zh) = (8th +4);2 = 1, 2,..., 0. 
2 2 
|" (3x-+-4) da =| Sf (x) dx 
0 | 0 
5 cat 


- h f (th) 


Tim CO 


] 
5 
Se ee, 

3 
. nfs 
eae 

Ww 

a 

+. 

+ 
Se 


ll 
& 
+- 
wm 
il 
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EXERCISE. 6-6 


Kivaluate tho following definite integrals as the limits of sums. 


1 1 
1. [ x3 da: § 2. | (4 2246247) dr. 
/ 0 0 
4° So og 
3. | (2v—1) dix ; 4. | e da 
3 2 
2 4 
5. { (z24+-324-5) dav 6. I, (2a+4) dx ; 
1 
db og b 
7. | e dx; 8. [ x dx ;- 
a e a 
b 2 . 
9 { x% da ; 10. | ( « +a ) de; 
a 0 
ANSWERS 
1 47 
— ~—— C) 3 — ¢2 ° 
1 7 a 2 3 3. 6; 4. (e e2) 
Ca b a. b2 — a2 ; 
5. 3 > 6 ll ; 7. e* —e€é 5 8. Spe 3 
3. g3 
9. a= 10, e% +1. 


6:7. The sum of an infinite series as a definite integral. 
We already know that | 


| f (x) dx = ae a (a -+ th) 


ee 
In particular, if a=0, b=1, then we get 
n 


f, tedden tin} > (Se 


Now, suppose that we are given an infinite series S An 


foo] 


n=l 
which is convergent. If we can write its partial sum 3, as 


nN 
A 4 ] ; 
Ss a € - for some suitable function f, then we can obtain 


sl 


co 


the sum of the infinite series a, as 
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lim s, 
N—> co 


-— 
—= 
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% 


sft\ i 
ol PEAS 
[, St (x) dx. 


| i.e. The sum of the infinite Series can be obtained as a definite 
integral. It may be noted that while finding the sum of the infinite 
series a8 a definite integral, one should be rather quick in detecting 


the function f. Rest 


is quite simple. 


Illustrative Examples 


7 
Ex. 1. Evaluate lim ance 
| tase n? +1. 4 
4=1 
de 
Sol. lim ah 
N=> © net 42 
t=] 
nm 
2. iin = aa ae 
ti} a 
yoy ar 


1=] 


(by dividing the numerator and the denominator by n?) 


= v 


Now, we choose the function f given by 


f(@) = 


Then, clearly 


Np OO 


Nd co 


Np 00 


] 
1+ 23° 
” 

i) 
_— 
t=] 

n . 

q 1 
a 
a=] (Gr 

es 
a I 
f (=) TT 
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1 
0 
1 
9 l+2 
1 
— | tan-1 x ] = tan-1 ]—tan-! 0 
0 
7 
SiS eee 2, 
4. 4 
£7 
sa ; 
Ex. 2. Evaluate = lim ae . 
Th} co att.n 
qo] 
Sol. 3 
% 
Nm 00 n* + a 
t=] 
rf) 
= lim ; (0°/n8) i 
Ee T4(i4/n4)  “n 
t=] 


n 4 \8 


1 lg 
ra 
. T-fat * 
_itt 42, 
~ EJ I-at™ 


1 l d 
= ral log ate] ‘e ~—( 142%) 428} 


Note; One may know the following formulae to evaluate the 
limit of a sum as a definite integral. 


n—] 
(2) rus > f (+) — = [, f (a) dz. 


7=0 
n 


a 4.4 1 
(iz) Bae S I (=) = . f (2) dx. 
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nt] . 
ait) lim f Y : 7 f d 
Dla ae ee lo ee 
i— 
Ex, 3. Evaluate 
n—!l 
; eee ix , l | 
: lim sin? | — | 
N—> 4nion 
t==0 
Sol. Using above formula, we get 
n—l 
mt \ 1 
lim sin2 (= — 
ne 4n J n 
z==0 


= i a4 sin (7/2 x) Vi 
o— 


4 gh] 


I 
=| iP —- sin (7/2) ] 
I ] 
apeen 
EXERCISE 6:7 


Using the definition of the limit of. @ sum as a definite 


integral prove 
the following. 


lim 1 i Ss 1 a 
rape | zart+ apot Tt x | =198 4 


N— I 


> ] 
aT = log 2. 
= 


0 

= 
3. lim >: ei, 
Nd w ae at 8 


2. iim 
ae A) 


4. lim 
Tow’ CO 


7 
ae ~ Bq’ 
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5. lim [ eye | n4 n4 
ti} 20 (w+ 156 “(in 8) Ss as hae | 
15 
~ 6h" 
rn 
6. lim eget 
i> co ay ne Te 2 
2 nh : 
7. lim # : V2 + @ saa et areal 
Fim CO tL 
: in 
8. lim we isin\ nm 
ol Ze 
a 
9. lim [ 1 mea ee a SB ' eae { | 
uU—> wo met] T 3 1 23 + 3 + 33 7 7 az | 
10. lim e 1, 16 ee ee ee 
molar. Gee wee Ol 
= _ log 2 
2 
jy) 
il. lim \ aa = = 
Mi} co — V(n-p sis 


6-3. Area under a curve as a definite Integral 

We shall now obtain a geometrical interpretation of the definite 
integral . 

Th. If the function f is continuous on the closed interval 
[a, 6] and f(x) > 0 for all x in [a, 6] then area bounded by the curve y= 


f(x), the z—axis and the ordinates at x = a and x = 6 is given by 
h 


! f(z) 


Proof Suppose ie ) is increasing in ic b]. Let AB denote the 
graph of y = f(x) from x = a to x = b as shown in fig. 6-4. 


Y 


s PixabPlx+éx0) M X 


Fig. 6:4. 
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Draw AL, BM perpendicular to OX, meeting it in L (a, 0) and M 
(b, 0) respectively. Let P (x, 0) be a point between L and M&M on the 
axis of x. Let the ordinate at P meet the graph in Q. 

Since Q is a point on the graph whose abscissa is x, the ordinate 
of Q is f(z) t.e., PQ = f (x). | 

Now let F (x) = area ALPQ. This area is determined by the 
position of P between L and M i.e., by the abscissa of P viz., x. Hence 
it is a function of vz. That is why we have used the symbol 
F(x) for this area. Let Q be a neighbouring point on the graph 1.e. 
with co-ordinates {(x-+-5x), f (x+dx)}. Draw Q'P’ perpendicular to 
OX meeting it in P’. Then P’Q’ = f(z-+ 52). 

Draw QR' perpendicular to Q’P’ meeting itin R’ and Q’R 
perpendicular to PQ (produced) meeting it in R. Then from the 
figure we have 

P'R' = PQ = fix) 
PR = PQ’ = f(x+8z) 
OP = 2, OP’ = 24+8x 
“. PP’ = OP'—OP = 82% 
Now area ALPQ = F(z) 
area ALP’Q! = F(x+8z) 
The area bounded by the curve QQ’, the z-axis and the 
ordinates PQ and P’Q’ i.e., the area QPP’Q’ is given by 
area QPP’Q’ = area ALP'Q’—area ALPQ 
= &(%+82)— F(z) 

Also area of the rectangle PP’R’'Q = PQx PP’ = f(x). 8” and 
area of the rectangle PP’Q'R=P'Q'’XPP'= f(x+8z) . 8x. It will be 
seen from the figure that, area of rect PP’R'Q < area QPP’Q < area 
of rect PP’Q'R, i.e., f(x). 82 < F(x+82)—F(2x) < f(x+8n). dx 


we have 
fle) < APHRI— FO) — Ha Bay 


Taking now limits as $x + 0 since 


lim  F (%+42)—F (z) , 

3240 = FF (2) 

and lim /f(r+6z) = f(x) as fis a continuous function we get 
3x->0 


f(z) < P'(@) < f(z) 
t.e. F'(x) = f(x) 
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F(x) is a primitive of f(x). 


b b 
Shade = [F 


== J (b)—F (a) 
Now by the definition of F (2) 
F (6) == area ALMB 
and F (a) = 0 


| 


ra) ; 
Sf (x) dz = area ALMB 
a 


b 
Hence geometrically { f(x) dx represents the area of the region 
; a 


bounded by the curve y = f(z), the axis of z and the ordinates at 
x=aand x = b. 

The function f is assumed to be continuous. We have drawn 
the graph of an increasing function. The same result is obtained 
when the function is decreasing or sometimes increasing and some- 
times decreasing. The only restriction is that the graph must not cross 
the axis of x between z = aand x = 6. When it crosses the axis of 
x Say once we consider the two areas to the left and the right of the 
point of intersection separately. 

Sign of the Area 

Consider the area A of the region bounded by the curve 

y = sin 2, the y-axis and the lines = 0, z = 2x. As seen above, 


2r 
this area A = f sin z dz. 
0 
2a 
= (—cos 2] 
0 


= —cos 2x-+c0s 0 
= I-] = 0 
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From the adjoining figure, we see that there is area of the 
region, but by the above calculations, the area has come out to be 
zero. Let us try to know the reason for this apparent absurdity. 


The whole region R is composed of two subregions OABO and 
BCDB. Out of this the region OA BO is above the x-axis and hence 


its area is positive. The region BCDB is_ below the v.-axis 
2r 

and its areais { y dz. In this region y = f(x) is negative and 
ns 

hence, 


mr 
S, = Xf (t,\ §r is also negative. 
) 


T= 
Therefore the area of this region is negative. 


By symmetry the area of these two subregions are equal in 
magnitude, but they are opposite in sign. 


; vv wT 
Area of OABO = f§ sin adx = [—cos 2] 
0 0 


=-— cos m-+cos 0 = 141 = 2 
2x Jn 


Area of BCDB = f sina dz = [—cos 2] 
P19 wT 


=~—cos 2 x+cosx = —]—] =—2 


The magnitude of the area of the region R under the curve 
y = sin 2, from x = 0 to x = 27 will then be 


m par 
= f sin rdr+ | f sin xdx | =242=4 
0 Tt | 


Sketching of a curve 


In order to find the area under a given curve it is necessary to 
draw a rough sketch of the curve. Forthis purpose the following 
points will be useful. 


(t) Symmetry 
2 3 
Consider the region bounded by the ellipse = + = las 


shown in the figure. We can at once say that the area of the 
ellipse is four times the area of the region in the first quadrant 
(shaded in the figure). 

This happens because the ellipse is symmetrical about both the 
axes. Thus the symmetry of the curve helps us in calculating the 
area under that curve. 
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We shall find the area of the region OABO. The equation of the 


hd bd . hd b r; a e 
curve in this region is ¥ = —v,'q?__z2 
a 


¥ 


Fig. 6-6. 


The imate of integration will be the x-coordinates of O (origin 
and the point A. These are obviously 0 and a. 


a 
De, gases 
- Area of region OABO = = “/ at —a2? dx 
6 
a 
b a / at i fin gine 
Sl ee 
LU 
2 
= Ea = (sin“} 1} sin“! 0) 
a 2 
= = ab 


The area of the ellipse = 4 (area of region OABO) 


—_ 


=4.7 ab = xb 


We have already known about symmetry in coordinate geometry 
and we shall be making use of it in finding the area of region which 
is symmetrical. By the same method show that, the area of the circle 
a? t 2 — az 1s xa? 


(#t) Points of intersection with the coordinate areas 


We know that the y-coordinate of a point on the z-axis is zero. 
Hence in order to find the 2-coordinates of the points of intersection 
of the curve with the x-axis, put ¥ == 0 in the equation of the curve. 
The resulting equation will be an equation in z and its roots, will 
then be the x-coordinates of these points of intersection. 
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Similarly putting x = 0, in the equation of the ourve we shall 
get an equation in y. The roots of this equation will be the y-coordi- 
nates of the points of intersection of the curve with the z-axis, e.g. 
Let the equation of the curve be y = 2?—227—3. 

Putting y = 0, we get 2?—22—3 = 0 
“. (t+1) (2—3) = O 
The roots of this equation are x, =—1 and z, = 3. 

These are the x-coordinates of the points in which the curve 
intersects the x-axis. Their coordinates are (—1, 0) and (3, 0). 

Similarly, putting x = 0, we get y =—3. 

This is the y-coordinate of the point of intersection of the 
curve with y-axis. This point is (0, — 3). 

Let us try to draw a rough sketch of this curve. 


The equation of the curve can be written as, y = (7°—22+ 1)—4 
t.e., yt4 = (x—1)*. Put Y = y+4 and X=2z—1. Then the equation 
becomes Y = X?. We know that this is the equation of a parabola. 
Thus the given equation represents a parabola, which cuts the x-axis 
in A (—1, 0); B (3, 0) and the y-axis in C (0,—3). 


Y 


Fig. 6-7. 
The formulae of transformation are 
z= X%X%+landy = Y—4 

Thus the new origin is(l,—4). But this is the vertex of the 
parabola. 

With this much information, we can draw a rough sketch of 
parabola. | 

The following illustrative examples will make the above ideas 
still more clear. 
Illustrative Examples 

Ex. 1. Find the area of the portion of the parabola y? = daz 
from its vertex to its latus rectum. : 
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Sol. From the sketch of parabola the required region is 
OLSL’O where S (a, 0), is the focus and DSL’ is the latus rectum. 
The parobola is symmetrical about the x-axis. 
Area of region OLSL’'O = 2 area of region OLSAO. 
In this region the equation of the curve isy = 2 faz. The 


limits of integration are the z-coordina tes of O (origin) and S. These 
are obviously 0 and a. 


Y 


Fig. 6-8, | 
Area of region OLSL’O 


a a 
~?!V ae dz =4ya J xtdx 


a 
=1v 4/3 | = Via (a3/2__() 
J 3 
8a? 
3 ; 
Ex.2. Find the area of the region enclosed by the parabola 
y = x*—6x+11 and the line y—2x41=0._ 


Sol. Let the parabola and the line intersect each other in 
P (2, y:) and Q (x2, ¥z). The x-coordinates of P and Q are given by 

y = #*—67+11 = 2r—1 

ie., 2? — 8r+12 = 0 

i.e., (a—2) (rx—6) = 0 

2, = 2and x, = 6 

From the fig. we want to find the area of the region PAQBP. 

Also, area of PAQBP = Area of PP’Q’QBP—Area PP’Q'QAP ...(1) 


Region PP’Q'QBP is bounded by the line 4 = 2x—1 the 
a-axis and the lines x = 2 and » = 6. | 
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Ares of PP’Q’QBP 
‘ ; 
= f(2e—1) dz 
2 


6 
= Cee! = (36—6 )—(4—2) = 28 


Fig. 6-9. 
Region PP’Q'QAP is bounded by the parabola y = x°—6zr+1, 
the x-axis and the lines 2 = 2 and z = 6. 


6 
Area of PP’Q’QAP = f (x?—62+11) dx 
2 


6 
3 


= (72—]08 4+ 66)—(§ —12 +22) 


(1) gives 

Area of PAQ’BP = 28—42 = 2 

Ex. 3. Find the area of the region common to the circle 
vity? = 8 and the parabola y? = 2r. 

Sol. Let the circle and the parabola intersect each other in 
A (2x, y,) and B (x2, yz). (By symmetry A and B have the same 
«-coordinate and it is positive. 

From the equations of the circle and the parabola e yuating the 
values of y?, 
We get, 


y* = 8—a® = Qe 
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t.e., 24+20—8 = 0 2e., (vx +4) (v—2) = 0 
a =:—tanda = 2 
2 =—4 is rejected, since this wij] make 7? negative for the 
parabola and the circle. 


xz = 2 and z-coordinate of 4 is 2. Also zx-coordinate of C 
is 2f 2. 


We want to find the area of the region OACRO. By symmetry, 
this area is twice the area of the region QACMO (in the first 
quadrant). 


Area of OACBO 
= 2 area of ODACHMO 
= 2(area of OAMO + area of AC'MA) 


2 Wf 
-|| V 22 dx +| [Sak de 
y 2 


eee 


2 r | 8 . 
= /f2 a \+2|F V8—e + > sin-t5— | 
0 


272 


a tV2 yo af 4 sin"! 1-24 sin-1 = | 
V2 


| 


Ex.4. Find the area of the region common to the parabvlaa 
y2 = dar and a® = 4 ay 


Sol. First we find the x-coordinates of the points of inter. 
aection of the parabolas. 
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From the equations of the parabolas, we have, 


x4 
2 — ein el 
y2 = 4az and 7? = léaz 
=e = 4azx J“, 24—64 aix — 0) 


x (z2—64a8) = 0) “. «= Oandxr = 4a 
These are the limits of integration. 
Required area = 
= area of OAPBO 
= area of OAPP’O — area of OBPP'O 


~P 22a 1 f 2? Ya 
se : zeal apc aie 
ala a | a7 ir in| 3 h 


Fig. 6:31, 


EXERCISE 6-8 
1. In each of the following problems, find the area bounded by the 


given curve, the x-axis and the given lines 


@) y= 2e?t+3 x7 = 0,27 = 8 
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(72) Yy = @—374+4 2 =0,2 = 2. 
(777) Y = 2-22,¢ =-—l,x =), 
(70) y = 3—27—2*, c= —1l, x = 3. 
(v) y®? = 42,2 = 2,2 om 4. 
2. In each of the following problems, find the area of the region 
enclosed between the given curve and the line 
(t) y = x?—62 +15, y = 3x+3. 
(27) w?t4y = 4, the v-axis. 
(127) y = 2—22,y+¢7 = 0. 
(2v) y? = 8x, its latus rectum, 
(v) y* = 82, 27—38y+8 = 0. 
(vt) ay = 3 (a2?—2z?2), x-axis. 
3. Show that the area of the region bounded by the curve y = x2 2a, 


: . 49 
the x-axis and the line y = 2z is zy but the area of the region between tho 


cutve and the line y = 22a is < : 


4. Find the area of the region of the parabola x21.4y — 4 in the firat 


two quadrants. 
5. Find the area of the region in the first quadrant enclosed by the 


2-axis, the line x = y Vf2 and the ellipse x?4+2y2 — 4, 
6. Show that the area of the region in, the first quadrant, enclosed by 


the z-axis, the line x = yV3 and the circle 7244?=4 js + : 


7. Find the area of the region common to the following curves : 


(i) y® = 4a, 22 = 4. 
(it) y = 5x2, 2e2@-y+9 = 0. 
(i174) w®y? = 12, y? = 4a. 
(iv) 224-3y? = 3, 3a2+y? — 3. 
(v) y? == 16x, x2? +y2 =36. 


y2 = 3a, y% =— 3x, c2+y? = 4. 


(v2) 
Find the area of the region above the z-axis enclosed between the 


3. 
curves y2 = 2 ax—2? and y? = av. 
ANSWERS 


: . eer ; 
1. (z) 18; (%) a (224) aa (2v) Hint; The area from —1+-to 


8 : 
i8 positive. Ans. 16, (2) ee cae 2) 
32 i 8 aa: “8 .. 32 4 
: otters pws 4 a=: — seed“ . 2 
2. {4) 33 (a) 7° (222) 3 (tv) 33 (v) g 5 (vt) 4a2, 
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4 te 
5. mar 
7. (2) ae (22) 12/3; = (722) 2 (2243n—sin-t 7 
(iv) =v ; (vw) 18n + “ve __36 sin ; (40) +(2=-v3) 


($+ 4)= 
6:8. Volume of Revolution. | 
Let AB be an arc of a curve and XY be a line not intersecting 
the arc AB. 
Draw segments .1A’ BB’ perpendicular to the line XY. 


B 


. Fig. 6-12 | | 
If the region AA’ B’B is revolved completely about the line 
XY, the solid, so obtained is called the Solid of revolution. 


The line XY about which the plane region AA’ B’B is revolved 
is called the axis of revolution. 

e. g. (1) Ifa semicircle is revolved about its diameter, the solid 
so obtained is a sphere. 

(2) Ifa right-angled triangle is revolved about a line contai- 
ning an arm of a rightangle, the solid of the revolution so obtained 
ig @ cone. 

(3) If a rectangle is revolved about a line containing one 
of its sides, the solid of revolution so obtained is a cylinder. 


We shall assume that the volume of a cylinder is equal to the 
product of the area of its base and its height, and obtain the volume 
of the solid of revolution in the following theorem. 


Theorem. If the function f is continuous on the closed inte- 
rval [a, 6} and f(x)>0 for allazin [a,b], then the volume of the 
solid obtained by revolving about the +—axis, the region bounded 
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by the curve y=f(.) the «—axis and the lines «=a and x=6 is given 
b 
by ny? dz. 
a 


Proof. Let 4B be the arc of the curve y=f(x) from «=a to 
vb, 

Draw segments A.A’ BB’ perpendicular to the 2—axis. If the 
region 44’ B’B is revolved about the x=axis, we get a solid of revo- 
lution. We want to find the volume of this solid of revolution. 

Let P (x, f(z)) and Q (7+ 82, f(w+65x)) be two poirts on the arc 
AB. Draw segments PP’ and QQ’ perpendicular to the x—axis. 


Then PP’=f(x) ; QQ’ =f (x+8x) ; P’Q'’=8z. . 
Let V(x) denote the volume of the solid AA,P,P4A, and dV 
the volume of the strip PP,Q,QP, (Fig. 6-13). 


Fig, 6-13 
The adjoining figure shows the crogs-section of the solid by the 
XY—Plane. (Fig. 6:14) 


Fig. 6-14 

Area of rect. PP’ Q’ R <area of PP’ Q' QP<area of rect. 
NP’ Q’ Q. 

The same inequalities hold for the volumes of the golids obtai- 
ned by revolving about the +—axis, the above regions. wath) 
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When the rectangular region PP’ Q’ R is revolved about the 
x—axis the solid of revolution is a right circular cylinder of base 
radius PP’ =f(x) and height P’Q’ = 8x. 


Vol. of this cylinder=x (PP’)? (P’Q’) 
m= rl fu) P82 


when the rectangular region SP’ Q’ Q is revolved about the 
x—axis, the solid of revolution is a right circular cylinder of base 
radius QQ’ =f(x + 8x) and height P’Q’=52. 
Vol. of this cylinder zx (QQ’)? (P’Q’) 


m=[ f(v+5x)]? dx 
From (1) we get, 
x [f(x)}? ——— f(x482)]?2 82 


m[f(x)P< SY <r [ f(x +82))? 


lim x«[f(x)}P?< Im we lim = w[f(x+8z]]? ...(2) 
52-0 3x50 9% S2—>0 
Now f is continuous at z. | 


lim f(x+32)=f(2) 
sx—>0 


(2) gives, 


Integrating this relation between the limits a and b we get, 


b b 
V | =| ay? dx, which proves the result. 
D a 


Illustrative Examples. 
Ex. 1. Find the volume of the sphere of radius a. 


Sol. A sphere of radius a can be considered as a solid obtai- 
ned by revolving about the x—axis the semicircle 2*+y?=a? above 
the 1—axis. 


a 

V= | my? dx. 
td ; 
a 


=| nm (a2—x?) dam 2nl" a?— 2?) dx. 
4 


A won 


=—2r | ate— >| => a> 
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Ex. 2. A plane is drawn parallel to the base of a hemisphere 
of radius a at a distance of a/3 fromthe centre of the base. Find 


Fig. 6-15 


the ratio of the volumes of the two portions in which the plane divi- 
des the hemisphere. 


Sol. Let ABC be the hemisphere with O asthe centre of the 
base. Choose the coordinate axes as shown in the adjoining fig. 
Let DE be the plane at a distance = from O and parallel to the 
base. 

Then the two portions are BCED and ADE. These can be 


considered as solids obtained by revolving about the z—axis, the 
plane regions BOD and DMA respectively. 


Fig. 6-16 


The equation of the circle in the wzy—plane is 2?+y?~a? 
1.€, y?==ar—x?, 


3 
Vol. of BORD = (" x yedz 
0 
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a/3 
= | (a2—wx?) dx. 


0 
~| ater a ae a 
[es (Ft) 
26 a 
= 5 ..(a) 


Vol. of ADB=\" ae ee [" (a*—22) dex 
a/3 


[31,4 )5-# | 
a/3 = )- 3. «O8i 


27 a8 2603 2803 9 
“3 Br Bl ae) 
Vol. of BCED 26 13 
“Vol. of ADE 28° 14 : 
Ex.3. The parabola y? =4a2 is revolved about the +—axis. 
Find the volume of the solid of revolution between the vertex and 
the plane perpendicular to the axis through the focus. 
Sol. Let S(«u, 0) be the focus. 


Required volume 


a . 
= | x y2 div 
0 


= [° 4ax dz 
0 


x “\a 
==4 an 


Fig. 6-17 


Ex. 4. The rectangular hyperbola zy=1 is revolved about 
the z—axis. Find the volume of the solid of revolution included 
between x=1 and 7=2. 
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Sol. The equation of the rectangular hyperbola is ay=1 t.e. 


2 
Required volume=[ Tey? da 


2 dx —172 
I 72 x il 


Ex. 5. The straight line z—y+3=0 cuts the parabola y?= 16x 
in the points A and B. Find the volume of the solid obtained by 
revolving about the r—axis the region enclosed between the para- 
bola and the chord 4B. 

Sol. Eliminating y between the equations of parabola and the 
line, we get, 

(x+3)?= 16x 

t.e. 2®@—1074+9=0 

x=lorz=9 
A is (1, 4) and B is (9, 12). 


Fig. 618 


From the Fig. it is clear that the required. 
Volume V=V,—V. where 


V,=Vol. of the solid obtained by revolving the region below 
the are AB about the +—axis. 


= |; ny? dx (where y?=16z) 


9 299 
=| 16x dx=167 [>| 
1 mi 


=8r (81—1)= 6402 
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and V,=Vol. of the solid obtained by revolving the region be- 
low the chord AB about the 1—axis 


9 
=|, ny? dx (where y=7+3) 


q (s+3) 
= Oy pee oes 
= [ (x+3)dr=nx 3 | 


__ 1728 Of) = eee, 
“"\ 3" 3 3 
1664 


2 VV; V,=640 ne 


EXERCISE 6-9. 


1. Obtain the volume of a right circular cone of 
(2) height h and semivertical angle %. 
(<7) height h and base radius r. 


2. Find the volume of the frustum of a cone with radii of the two 
faces r; and rz and height h. 


3. A plane is drawn parallel to the base of a hemisphere of radius a 
a 

a 
volume of the hemisphere in the ratio 11 : 5. 


at a distance from the centre of its base show that the plane divides the 


4. Aspheroe of radius a is cut into two parts by meansof a plane at 
O distance a—h, 0<h<a, from thecentre of the sphere. Findthe volume 
of the smaller part of the sphere. 


5. Show that the volume of 4 cap of height h,. of a sphere of radius 
. wh? 
ris = (8r—h). 


2 a 
6. The ellipse > + a =1 is rotated about the z—axis, Show that 
che volume of the solid so obtained is _ m ab? 


7. Find the volume of the solid obtained by rotating the region en- 
closed by the ellipse z244y2—4 about the x-axis. 


8. The parabola 72—162 is revolved about the z-axis. The solid so 
obtained ia cut by a plane perpendicular to theaxis and passing through 
the focus. Find the volume of the rolid between the vertex and the 
plane. 


9. One branch of the rectangular hyperbola 22—y?2=a® is revolved 
about the z-axis to form a solid of revolution, Prove that the volume of 
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the portion of the solid of height a measured from the vertex is equal to the 
volume of the sphere of radius a. 


10. Show that volume of the solid generated by revolving about the 
x-axis. the region in the first quadrant enclosed by the parabola y2—4x 
and the line 2=2, x=4 is 18 x. ° 

11, The part of the parabola x?+4y—4 in the first two quadrants revo- 
lves about the z-axis. Find the volume of the solid generated. 


12. Show that volume of the solid obtained by revolving about the z. 
axis the region enclosed by the parabola ay=3 (a*—z?) and the z-axie, is 
48r a3 

5 


2 2 
13. AOB isthe positive quadrant of the ellipse ~ ir =I where 


. OA=a and OB=b. Show that the volume of the solid obtained by revolving 
about the x-axis, the region enclosed between the chord AB and the erc 4B 


is 3 ab2, Also show that the area of this plane region is = (x—2) ab. 


14. Show that the area of the region in the frst qnadrant, enclosed by 
the x-axis, the line xz=yV/3 and the circle 72+ 42—4 is = 


Show further that if this region is revolved about thn z-axis,tne vol- 


ume of the solid so generated is as (2—+/3). 


15. The region in the first quadrant bounded by the z-axis, the para- 
bola y2—42 and the circle 22+ y2m_12 revolves about the z-axis. Find the 
volume of the solid of revolution. 


16. A straight line 2x—3y+484+40 cuts the parabola y?=&z in the points 
Aand B. Find the volu‘ne of the solid generated by revolving the region, 
enclosed between the parabola and the chord AB, about the z-axis. 


17, Find the volume of the solid obtained by revolving about the 
z axis the region enclosed between the parabola y=2z?+-1 and the line 


18. The curve y= sin x, Oe rq, r is rotated about the z-axis. Find the 
volume of the solid generated. 
19. Find the volume of the solid generated by revolving about the 
«-axis the region bounded by the parabolas 
z2=2y and r2—12—4y. 
20. The solid obtained by revolving the ellipse 


about the x-axis (a > 6) is cut by a plane throngh one of its foci and perpendi- 
cular to the major axis. Show that the ratio of the volumes of the two part is 
2+ 3e-+e2 : 2—3¢—e2, where ¢ is the eccentricity of the ellipse. 
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ANSWERS 
1 r : nh3 tan? : (it } marek 
; ( ) 3 oll a3 } 3 te e 
1 < 
2. 3 wh (124-7 yrg+7y7) 5 4. 3 h2 (37—h) ; 
8x , 32 7 
Ty 3 8.128 x ; MW. Se 
15, 8x ( 2/3—. a 16. 16r; 
104 = 72 128 x 
17. 15 , 18, = ‘ 20 5 e 
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Differential Equations 


7-1. What is a differential equation 


The student is familiar with algebraic equations such as 
32 +5 = 0 
in which zis an unknown quantity to be determined in such a way 
that the given equation is satisfied. In calculus, many times, a 
variable y is an unknown function of another variable x. Their 
relationship is given in terms of the derivatives of y w.r.tz. This 
leads to equations involving the derivatives of y w.r. t x along with 
zand y. Such equations are called differential equations. A differ- 


ential equation thus is an equation involving differential coefficients. 
The following are some illustrations. 


(2) 


dy \2 Pe 
(3) _ oe (ii) 
oY pce 
el (iii) 
dy \2 dy ; 
US fog OU Gi ot 
( dic? } ty dx eee (iv) 


7-2. Order and degree of a differential equation. 


The order of a differential equation is the order of the highest 
order <lifferential coefficient involved in it. Thus in the above (¢) and 
(it) are of the first order while (77) and (iv) are of order 2. 


The degree of a differential equation is the degree of the highest 
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order differential coefficient involved in it. In the above illustrations 
(2) and (172) are of degree 1 while (32) and (iv) are of degree two. 


7-3. Formation of differential equation 

Differential equations generally arise from geometrical or 
physical problems. We shall first consider how differential equations 
arise from geometry. 

Consider the equation, 

y=2x-+c (2) 

This equation represents a straight line with slope 2 and y- 
intercept c. For different values of ¢ it represents different lines. 
Further any line with slope 2 will be represented by the above 
equation, for an appropriate value of c. Hence this equation 
represents all straight lines with slope 2. The equation thus repre- 
sents a family of lines. The constant c which can be assigned any 
arbitrary value, is called a parameter. 

Now from (I) we obtain by differentiation, 


ax it 
Equation (iz) is true for every line of the family represented . 
equation (2). It simply states the fact that the slope of every line in 
the family represented by +) is 2. Observe that the constant c 
has disappeared in the process of differentiation. We have obtained 
an equation involving a differential coefficient 7.e. a differential 
equation. This differential equation is satisfied by the equation of 
every line in the family represented by equation (2). Itis called the 
differential equation of the family and is obtained by eliminating 
the parameter involved in the equation of the family by differen- 
tiation, 
Similarly the equation 
x2 y2— ¢c2 | (222) 
in which ¢c is a parameter represents the family of circles with centre 
at the origin. From (27) we obtain 
dy 
acd dx : (20) 
by eliminating the parameter by differentiation. This is the differen- 
tial equation of the family of circles represented by equation (112). 
Now consider the equation, 
: y =a sin (bx +c) («) 
in which « and c are parameters and 6 is an absolute constant. This 
equation represents a family of sine curves. We shall obtain the 
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differential equation of this family by differentiation. From (v) ‘we 
obtain, 3 


dy ae. ies 
ie =O bcos (ba + c) (vi) 
Differentiating again we obtain, 
d?y , | 7 
Tz? = —ab* sin (bx-+- ¢) (vit) 
Since a sim (be+c)=y, (vii) reduces to, 
dty be 
ery 
d?y 24) —=0 ae 
OR ar aa Y= (v222) 


The parameters a@ and c have disappeared in (vitz) and a 
differential coefficient of the second order has appeared. Equation 
(vitt) is the differential equation of the family of curves represented 
by equation (v) Observe that the equation of the family involved two 
parameters and the differential equation of the family is of the 
second order, since two relations e.g. (vt), (vt) had to be obtained. 
by differentiation twice, to eliminate the two parameters. In general 
the crder of the equation is equal to the number of arbitrary cons- 
tants eliminated by differentiation. | 

We shall now consider some simple differential equations 
arising from physical problems. 


Suppose a particle is moving with a constant velocity u along 
the axis of x. Let x be its distance from the origin at time t. Then 


. od me 
its velocity at time ¢ is — . This is constant and equal to u 


This is the differeutial equation of the motion of the particle. 


Consider the motion of a particle projected. vertically upwards 
with an initial velocity u. Let x denote the distance of the particle 
above the point of projection O at time t. Then its velocity and 
acceleration at time ¢ are 


v ie and « leg 
aE ae 
Since its acceleration is only due to gravity, it is —g. 
_ @x 
' ap > 


This is the differential equation of the motion of the particle. 
We will see later that this equation, along with given initial condi- 
tions, completely determines the motion of the particle. 
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In conclusion, differential equations are formed by eliminating 
parameters from equations or arise in the solution of physical 
problems. 

Illustrative Examples 

Ex. 1. Form differential equations of the families of curves 
represented by the following equations. c is the parameter in each 
case. | 

(0) xy=c2 (it) y=cuta® (dit) y=cu+2 (iv) et +ce¥=1. 


Sol. (i) ry=C fy + dy = 0 


dx 
The differential equation is 
7 OF 
y+ e T= 
(ti) y= crv+2? 
Mae + 2 cm GU 2e 


Substituting the value of c in the original equation we obtain. 
dy ‘ 
v=(4e- 2x} r+ 2 
On simplification we obtain the differential equation as 
dy 


ie eee 
a aan: a 
(iit) y= ca +2 


Substituting the value of c in the original equation. We obtain 
the differential equation, as, 


dy 
a ae 2=0 
Eee rae 


(iv) et + ce¥ = 1 


er 
 ——— —_ Re 


dy 
“dx 
Substituting the value of c in the original equation we get 
et ov 
ey dy 
da 
On simplification the differential equation is obtained as 


ey 


ez — 


d 
(ez — 1) em 
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Ex. 2. Form a differential equation by eliminating the para- 
meters c, and c, from the equation. 
y =Cc,e% + Coe ~ 9% 
Sol. y=:c,e% + cye-% 


Differentiating successively twice we obtain, 
dy 
ae = CyUE% —_ cane Fe 
d?y 
a= a? (ce*2-+ Cge-*7) 


d2y ; ; ; 

1.€. — = a*y is the differential equation. 

Observe that to eliminate the two arbitrary constants c, and cy 
we had to differentiate twice and the result is a differential equation 
of the second order. 

Ex. 3. Forma differential equation by eliminating the cons- 
tants c, and c, from the equation. 

¥=C, CO8 pt -+-Cy 8in pt 
Sol. y=c, cos pt +6, sin pt 
Differentiating successively twice we obtain, 


oy —C,p sin pi+cep cos pt 
; , 
“t= —c,p* cos pt—c,p? sin pt 
d?y : 
Te = —p*(c, cos pt+tc, sin pt) 
: d2y : 
Mee —p*y is the differential equation. 


Ex. 4. A particle is moving along the axis of x. Its accelera- 
tion at time ¢ is proportional to its velocity at that time, & being the 


constant of proportionality. Form the differential equation of the 
motion of the particle. 


Sol. Let x be the distance of the particle from the origin at 
time t. Then its velocity » and acceleration a are, 


_ aa a ee a?x 
rn | nr | 
By the condition of the motion. 
a = kv 
ax =: dx 
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' d2x da 
v.€. diz ~— k a = 0 


This is the differential equation of the motion of the particle. 


Ex. 5. The rate of decay of the mass of a radio-active 
substance at any instant is « times its mass at that instant. Form 
the differential equation satisfied by the mass of the substance. 


Sol. Let m denote the mass of the substance at time é. 


Then = = rate of change of mass m w.r.t. time ¢. 


Since the mass decays i.e. decreases this rate of change is—ve. 
Also its magnitude is am 


dm 
7 i 
4.€ OTs paicec50 
at 


This is the differential equation satisfied by the mass of the 
radioactive substance. 
7-4, Graphs of a sin (bz+4-c) and a cos (b+ c). 


The student is familiar with the graph of y=sin x which is 
shown below in Fig. 7-1 | 


Graph of y=sin x 


Fig. 7-1. 


Now consider y=a sin <. 

The graph of this function is similar to the graph of y=sin z, 
only the y coordinate of each point is a times the y coordinate of 
the corresponding point in the graph of y=sin x. 

Also —lgsnrxq@ls —aqasinzx<ga 

the graph of y = @ sin x willbe similar in shape to that of 
y = sin x and will lie between the lines 
y=--—aandy=ea 
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This graph is shown below 7.2, 


' Graph of y=a sin x fexe 
Fig. 7:2 
Similarly the graph of y = a cos x will be similar to the graph 
of y = cos x and will lie between the lines y = —aandy=a. It 
is shown below in Fig. 7.3 


Graph of y=a cos x aie 


_ Fig. 7.3 
Now consider y = asin 2x 
We have a@ain (2% + 2r) = a sin 2x 
1.e asin 2(2 + 2) = asin 2x 


.. @ 8in 22 is a periodic function with period Te 
Also we may write y = asin 22 as, 


y = asin § where § = 22 


the graph of y = a sin 2x will be similar in shape to the 
graph of y = a sin x but with period x. This graph is shown below 
in Fig. 7.4 


‘ Graph of y-a sin2ax : ae 
Fig 7.4 
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Consider now y = a sin bx b>0 
We have asin (6v4+2n) = a sih bx 


t.e.a sin b (x% + Sf) = asin be 


* asin bz is a periodic function with period sl . As in the 


case of a sin 22, the graph of y = a sin bx will be similar to the 
27 


b 


graph of y =a sin x but with period 
below in fig. 7-5. 


. This graph is shown 


Fig. 7-5, 

In a similar manner the graph of y = a cos 6x will be similar 
to the graph of y~a cos x but with period a . It is shown below in 
fig. 7:6. 


Graph of yz2a cos b x 


Fig. 7-6 


Thus the graphs of a sin ba and a cos bx are similar to the 
graphs of asin x andacos. Only there is a change in the period. 
2 


The period is changed from 2x ar ‘ 


Finally consider, y= a sin (b2-+-c). 


We have y= asin b( x ++} 
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Shift the origin to ( ss : 0), which is a point on the axis of x. 


6 
If (x, y) represent the coordinates of a point in the new system. 
b 
c 


, the equation y = a sin (bx-+c) i.e. y =a sin b (x-+c) changes 
to Y = asin bX in the system of coordinates. 


Now the graph of J’~a sin bX in the new system is the same as 
that of y=a sin bz in the old system. 


, The graph of y = a sin (b2 + c) is the same as that of 
y = asin bz, with origin shifted to the point ( = 0 ) This is 


- ghown in fig. 7-7. (a and b are assumed to be pasitive.) 


Graph of yx=a sin{boc +c) 
Fig. 7.7 


Observe that the graph. of y=a sin (bz +c) is the same curve 
as that of y=a sin bz translated along the axis of x through a dis- 


tance ~ to the left. 
In the same way the graph y=a cos (6x+c) will be the same 
aa the graph of y=a cos bx with the origin at “F ) 0), This is 


shown below in fig. 7:8. 


Graph of y=a cos(bx + ¢} 
Fig. 7,8 
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Again the graph of y=a cos (bz-+-c) is the same curve a8 that of 

y=a cos bx, translated along the axis of x through a distance 
F to the left (a,b, cf>0). 

Fig. 7-9. show the graphs of two particular cases of the 


above two functions. 


a @ ep 8 oe on anaaen @ & &2 = = es epee 


Se ee ne ee =. 7 9 =D 


-— ae ob ow = ee 


(ii}Graph of y=2c0S(3x~+ 7) vee 


Fig. 7-9 


We conclude therefore that the graphs of 
y=a sin (bz-+c) and y=a cos (bx-+-c) are of the same shape as 


sine and cosine curves with period = and shifted along the axis of 


c 
& 
and y=cos z lie between y=—1 and y= +1, the graphs of these 
functions lie between y=—a and y~-+ a. The magnitude of a decides 
the size of the graphs. For different values of @ andc, these equa- 
tions will represent a family of curves similar in shape to the sine 
21 
77 
through — 7 Observe further that both these equations rep- 


resent the same family of curves since, 


@ sin (02 +e+4 +) = a cos (bx-+c) 


x through a distance — —. Further whereas the graphs y = sin 2 


and cosine curves, with period and shifted along the axis of zx 
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Thus we may take either of 


y = asin (bx +c) ory = a cos (bu + c) where a and c are 
parameters as the equation of this family of curves. 


It has been seen earlier that differential equation of this family 
of curves is, 


d2 


EXERCISE : 7-1 


1. State the order and the degree of the following differential equa- 
tions : 


. ay 4 
(i) Sh43 54 ae 2) + 4y=0; 
se d2y ae 
(34) os) + Zao; 
(ti) (8% + y) oy + y=0; 
az : 
(2v) es —a%¥y=0; 


(v) 2d (2 )’ + y8—lenO, 


2. Form differential equations by eliminating the constant c from the 
following equations : 


(t) y=ca2 ; (44) a®@pey2 a? ; (272) cy-+loga—O ; 
(tv) y=a(x—c)? ; (vo) y=cTane ; (vw) y=co-* 
(viz) e*+ceV=1; (vidi) y=cau—c? ; (tx) (w-+y)842cx=—0; 


(2) (c©—c)®+yI=4; (xi) atbrtoa®ry 


3. Write down the equation of the family of lines having y- Baa 
c. Find the differential equation of this family. 


4. Show that «2+ 43—2c(z+y)=0 represents a family of circles passing 
through the origin and with centre on the line y=2x. Eliminate co and 
form the differential equation of the family. 


5. Write down the differential equation of the motion of a particle 
moving along the axis of z in such a way that its velocity at time t is pro- 
portional to its distance from the origin at that time. 


6. Form the differential equations from the following equations by 
eliminating the constants c,; and Cg. 


(4) y=c, e2%+ cge—2, (12) yee? +o 
(102) y=cyu2+ Con , (tv) Y=Cyr+Cq 
(v) y=e® (C14 Cg2) ; (vt) ye=e,Sin (pxr-+¢9). 
ANSWERS 
I. (4) 3,1; (44) 2,2; (add) 1,1: (tv) 2,13 (v) 1,2. 
2. (ee SY ay = 0; (27) (w%—a?) 7 —xry=—=0 ; 


si dy (wy 
(272) zloga ae eae (22) (3) = ay ; 
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dy ; . dy ae, 
(v) Sin22 ———2y=0; (v1) ae + y=0; 


dx 
is d ae dy dy \2 
(vit) (e%—1) = —e7=0; (0002) Yer aa (4) 


: dy ; dy \2 
(ie) (wy) +20 mo; (x) [1 + (=) ]=* 


; dy 
(x2) 2y—x a" a-+-bx 


7.5. Solution of a differential equation. 


A solution of a differential equation is a relation not involving 
differential coefficients such that, this relation along with the differen- 
tial coefficients obtained from it satisfy the differential equation, 


For example consider the differential equation, 
dy dy 
dat tae PY 
The relation y=e2 isa solution of this equation because we 
have, 


dy _ ay 
da 3 dae = 
=Yy =y 
dy dy 
Gat +e =" 
Similarly y=e-2 is also a solution because, 
dy -2 dy ~ 22 
ge eee 
d’y | dy 
“0 ar tag 49 


The student should verify that y=c,e*-+cge-2* where c, and ¢, 
are any numbers is also a solution of the differential equation. ¢, and 
C, are called arbitrary constants. | 


7.6. Types of solutions, 


There are two types of solutions of a differential equation : 


(t) General solution or primitive. A general solution is a solu- 
tion which contains arbitrary constants (such as c, and cz in the 
above example) whose number is equal to the order of the equation. 


(12) Particular solution. A particular solution of a differentia 
equation is a solution of the differential equation obtained from iti 
general solution by giving particular values to the arbitrary contants 
in the general solution. | 
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ae d*y dy 
Thus y=c,e*-+c,e-2* is the general solution of a7 +a = 
2y. Putting cy=1 & cg=0 we obtain yer which is a particular 
solution. Similarly putting cj=o and cg=1 we obtain the other 


particular solution e.g. ye" 2. 


M4. Differential equation of the first order and the first 
degree. 


From the examples considered so far we may writn the general 
differential equation of the first order and the first degree as 


| dy 
P(ry)+Q (5) or uae 

In practice it is convenient to write this equation in the form 
P (x,y) dx + Q (x,y) dy=0 

or Pdz+Qdy =0 

where P and Q are functions of x and y. 

Thus (i) (22 +9) +(y — 2) Ge=0 


is written as 
(2 + y) dx + (y — x) dy =0 
- d 
(ii) (@+y) => + (2—-y) =0 
is written as 
(c—y) dz + (« + y) dy = 0 
7.8. Method of solving the differential equation when the 
variables are separable. 
Consider the differential equation, — 
y2dx + x*dy = 0 
Dividing by x?y? we obtain 
dx dy 
a tae =? 
We can now integrate the equation as, 
( dz { dy 


j 2 y? 
1 ] 
1.€ PAS ae GC 
x y 


1.€. xty+cry = 0 

Thig relation contains one arbitrary constant e.g. e. Since the 
differential equation is of order one, | 

a+y+cxy=0 is the general solution of y’dxv+a2%dy=0. Note 
that the general solution of a differential equation of the first order 
will contain one arbitrary constant. 
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In this example we were able to separate the two variables x 
and y and direct integration w.7.t. these was possible. Such equations 
are called equations with separable variables. We shall consider only 
this type of differential equations. 


The general form of the differential equation of first order and 
the firat degree with separable variables is, 
Py(7). Pa (y) dx +- Q (2%). Qs (y) dy = 9 
For values of x and y for which Q, (x) + 0 and Py (y) 40 we 
can write the equation as 
P, (2) Qs (Y) 
M1 (2) +? 2 (Y) 
The variables are now separated and we can integrate the 
equation as 


| P, (X) 9 id [ae 
Q (zy Pry 4 
where c is an arbitrary constant. This relation contains one arbitrary 
constant and hence is the general solution. _ 
Illustrative Examples 
Ex. 1. Solve the following differential equations: 
Ai) J/i—y dz + fl—2? dy = 0 
2) (i+y) edz + y (1—2) dy = 0 
Ati) sin x cos ydx -+ cos x sin ydy = 0 
fv) (1-+y?) et dx + (ee + I) dy = 0 
Sol. (i) \/l—y? dx + V1—a? dy = 0 
Dividing by f1—y? +/1—2* we get, 


dx dy 
pene Lee —_—__ 0 
V 1—2 +7 1—y} 
Integrating 


dx dy 
pe ee —— ee 
| Jf 1—x? a | JV 1—y 
sin “1a -+ sin-ly = ¢ 
This is the general solution. 


(it) (Ly) edx+y (1—2) dy=0 
Dividing by (1-+-y) (1—2) we get, 


xdx yay 
lme + Thy 
Integrating 
xdx yay _ 
rat} Ity 
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[a a ee [ie pete: 


I+y 


[vig] «+ d= 


a 
—|lae i‘ {a+ frav—[ ee ay 


—x — log (1—x) + y — log (1+y) =e. 
y—x— log (1—zx) (1+y)=c is the general solution. 
(wt) sin xcos y dz +. cos x sin ydy = 0 
Dividing by cos x cos y we get, 
sin 2 sin 
cos T tos 4 
i.e. Tanadsx + Tan ydy = 0 


| Tan edz + Tan ydy = ¢ 


= Q 


log seo x + log sec y = € 
ne log sec 2 860 y = ¢ 
we sec © sec Y = ef 


Since c is arbitrary e€ is also an arbitrary constant. 
Writing c,=e the solution is 
sec « Sec Y = Cy 


or cos 2 cos y = G where G, = = 
1 
(1) (1+y)* et dx + (ee + 1) dy = 0 
Dividing by - y*) (et+1) we get, 


ex dy 
eet) te 1+y2 =n 


ry | er —_ 
< ltr sll [ oe 
log (ev+1) + Tan-ly = ¢ (i) 
log (et+1) = c — Tanvty 


os oo Lan ty 
fe _ ep an-ly 
ext ] — gene’ where 4, — e¢ 
or et =Ce, baie ... (2) 


(1) and (2) are both solutions of the differential equation. 
Usually the general solution of a differentia] equation can be expres- 
sed in more than one equivalent forms. 
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— Ex. 2. Solve 2 ax dz — dy = 
What is the family of curves represented by the general 
solution of this equation ? Find the equation of the member of this 
family passing through (2, 0.). 
Sol. 2axdzx— dy = 0 


“.( 2axdx— | dy = c 


ax*-—y =C 
or y = ax*—c 
This equation represents a family of parabolas. The value of c for 
which this will pass through (2, 0) will be determined by 
0 =a (2)? —c¢ | 
c = 4a | 
the member of this family which passes through (2, 0) is, 
y = ax? — 4a 
Ex. 3. The acceleration of a particle moving along the axis of 
xis 6 + 4 at time?. If the particle starts from the origin with 
velocity 5, find x, its distance from the origin at time ¢, as a 
function of t. 
Sol. Let z= distance of the particle from the origin at 


time é, 
“, if vis the velocity at time ¢and a the acceleration at that 
time. | 
oe dv _ 


0 TE ae 
Now the acceleration at time ¢ is 6¢+-4. 
dy 


[av = {e+ dt+-c 


; vy =3t+4t+e 

The particle starts with velocity 5 
»v = 5 whent —0 
5 = 3(0)? + 4(0) + ¢ 2.2. c=5. 


v =312+4t-+5 
; dt 


da = (3t?+4t+ 5)dt 
{ax = { (a2 -41-4-5)at +c 
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The particle starts from the origin 
g == 0 when t =O 
QO = (0)?-+-2(0)?+4 5(0)+¢, 2.e. e=0 
xe = 8424+ 5t 


_ Ex: 4. Obtain the solution of the differential equation 


a ay = 0, which satisfies y — a when x=0 
dy 
dy—ay dx= 
— —adx=0 
Integrating 
log y—ax#= Cy 
log y _ ax-+ Cy 
gee a 
grt é a 


AL Cy 
—ce where cae . 
y 


This is the general solution. 
Now y=a when x=—0, 
a= oe 
== C 
aX . , 

_ Yy=ae is the required solution. 

Ex. 5. Solve the differential equation, 
x dx+t-ydy=0 
and interpret the general solution. 
Sol. xdx+y dy =9 
Here the variables are separated. We get on integration, 
Ei dx + ly dy=c, 

te. $227 +472 = C, 
2.€. x2+ y%— 2c, 

*, «24 y42—c is the general solution. 


For any given value of c this equation represents a circle with 
origin as the centre and radiusy/c. 


x? y2—c where c is a parameter which represents a family 
of circles having origin as centre. 
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A. Equations reducible to the variables separable 
form. 

Some times an equation in which the variables are not 
separable can be reduced to an equation with separable variables by 
a suitable substitution. The solution of this second equation then 
leads to the solution of the original equation on substituting the 
value of the new variable in terms of z andy. This is illustrated 
in the examples below. 


wax. 1. Solve @e— a ]— ae = e* by substituting u=2—y. 


Sol. (2—a{ — ie =" 


dx dx 
The equation becomes, 
oes 
dx 

1.€. udu = etdx 
Integrating we get, 

4 u? =et+¢ 
Substituting back the value of w in terms of x and y, we get, 
} (c—y)}*® =e*-Le 


This is the required solution. 


y; d . 
_ 2. Solve ( x = -— ) sin t= x? cos x by, substituting 


— 
I 
2s 


Sol. ( « ne y sin ~~ =22 cos x 
x x 


sin J = COS x 
x 


dx a? 


gin udu = cos xdx 
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Integrating we get 
—cosu = sinz +c 
v.€. sn z+ cosu+c=0 
Substituting back the value of u in terms of x and y we get, 
sin x + cos = +c=0 
This is the general solution of the given equation. 
Ex. 3. Solve the following ditferential equations by substituting 
YY = UI, . 


< Gd Be gl 
HA ee at + 2y ; (1) a mat + ay + 9 


d 
= UX 


The given equation reduces to, 
du 
= ( w+ oS) =2+2 ux 


du 


te. gee os u 
Ce TT 


I-u. (o 


Integrating we get, 
log (1 + u) = logz + ¢ 


ie. log (1 +u) — log x =e 
l+u 


. log 
Dope — efl 


] u Cc 
4.e. alc —C where e? =e 
x 


Substituting back the value of w in terms of x and y we get, 
y 
Fie eee 
OF 


1.€. z+y=c x 
This is the solution of the given equation. 


=C 
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Substituting in the given equation, 


du 
— 2 py. } 


1.€. (ute ae = #(1+u-+u?) 


dx 
du 
pores se 2 
u te a Lltu+tu 
du 
ee 2 
o— l+u 
du = dx 
lj+u x 


Integrating we get, 
Tan-1u = logz +c 
Putting back the value of u in terms of r and y we get, the 
solution of the original equation as 


Tan-! 2 — logx +e. 


aee d | 
(Ex D Solve cos (x+y) —— == 1 by substituting r+y=v 
N 


Sol. cos (x + y) oe = 


‘dx dz 

., the given equation reduces to - 
dv 
COs v (= — 1) = 1 

2.€. COS V Oe 1 + cos » 
, €. COS 7 ee 
2. eee ee 

1+ cos v | 
Integrating we get 

[ees = fart c 


1+ cos v 


. { (1 + cos v)—I - | 
[ote du = dz +c 
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“(fa Trae |w=rte 


ie de: 
eV Booka. eee 
2. 
v dy 
— 2 —-, —= | 
v | Sec 5 5 xr+e 
t —_ 
v—tan=- = 2 it C 
Substituting back the value of v in terms of xand y. 
rc+y —tan= $Y 2+ 
xc+y : : deed 
y —tan —~— =c is the solution of the original 


x. e O " ( ) 


Tad 
ww” 


dy 
Sol. a= cos (x + y) 


Write z + y = v 
dy dv 


the equation reduces to, 


dv 
— —l=cosyv 


ax 

1 ae ] Os v 

es ae + cos 

dv 
e lcose 

: dv 

He Scot = 
a 


+ sec? > dv — dx 


Integrating we get, 
tan > =X+C 
Substituting the value of v, we get, 
te 
tan — —x2+ec 


This is the solution of the original equation. 
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EXERCISE 7.2 


1. Solve the following differential equations. 
(¢) (w—1) dx + (y—2) dy=0; (tz) y® dx—(%—1)9 dy —0 ; 
(iit) dx +y%ady=0; (tv) sin x dx + secty cos 2 dy=0; 
(v) xe-Vdx + yet™@dy—0 (vi) secy dx—azy logzdy = 0 ; 
(vit) wydz ++/ 1422 dy=—0 (vizt) =< bd + Te -0 : 
(ix) of 1—y2 de —¥ 1—2%dy=0 


(2) (1-++y?) sinl ¢ dx +f 1—22 dy=0 (x2) a =et+¥ 


wa dy 9 dy — ... ay xy 
(att) y—@ Sut ai (viii) = Weaipyy? 


(xiv) (2*9—ya?) 7 +y?+x2y2=0 
(xv) sectz sin ydx +. (tan +1) cosy dy =0 
(xvi) w (1+ y?) da + y (1422) dy=0 ; 
(xvit) (w—y3x) dx—(y—aty) dy=0 
(xviii) (1-2) (1—y) da—ay (1+-y) dy=0 


: dy : 
(22) FF tany = sin (%+¥)— sin (z~7—y) 


2. Solve we +acy=—xy2 whereye4 when z=1 


3. Find the solution of (%-+1) (y—1) dz + (a—1) (y+1) dy=0. such 


that, y=2 when, 7=2 
e22 __ 9—3z 


dy 
4. Solve ae =?” aa gait where y= when z=0 


d 
5. Solve y (log #+-1) =~ — x logz =0 and find a solution such 


that ye? when z—e. 
6. Solve (zy+2-+2y+2) dz—xzy dy=0 where y=0 when z=1 
7. Solve (l—2) dy—(1+y) dz=0 and find the particular solution such 


that y=4 when z=2. 
dy Y+2 
8. Find the particular solution of de Gua such that y=2 


when #=—1. 
9. Solve a =e¥cos x and find the particular solution such that y=0 


when x+=0. 
10. Find the particular solution of. 


yf l—axa dy + 2¥1—y8 dy=0 


4 3 
such that y= — when t= —. 


5 
11. Solve: 
: (4) I+ a = cosec (x+y) by substituting v=z+y, 


‘ d CI 
(22) (x+y) me +y=0 by putting 7+y=v. 
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(i¢t) @ dw+y dyanat+y2% by writing u=2z? +93, 
(év) (v+2 =) sin zy=cos x by substituting ry =». 
(v) ( 7 ac =, ) Yl” ©, 2% cos x by substitutingy — = 


(vt) (oy =a by putting z—y=». 


(vit) cos? (x—2y) = 1— 7 by substituting 7—2y =u 
(viz) (4e+y)2 ay 1 by writing 4¢-+y=». 


dx 


dy z+ ytl 


es: Sat tti =v. 
de Seu y—l by putting z-+-y=v 


(22) 
dy ‘ 
(x) (7—y) ( ] — ie) =e” by putting var—y,. 


12. Solve the following differential equations by substituting y=vz. 


(t) x SY 20+ By 5 | (41) & ae =3y—2 ; 

aos dy . : dy ; 
(122) x ae =2y—32 ; (wv) xy _ =24+y* ; 

dy —~ ; dy 
(v) 2 —ay—y? ; (vi) wy = 2a oy-+ yf. 
ANSWERS 
1. (4) (w—1)2 + (yd) 2 me ; (6%) z-y—l=ocy (w—1). 

(222) znce—t™ ; (tv) 4 tan y—cos 2zaac 

(v) 2e¥ (y—1)=c-+-e~72 ; (vt) log (log 2)—sin y ac 
(vii) yao eV 14-28 (vitd) lat + Vimy =c; 
(ta) sin-lz +. cos-ly=ac ; (2) (sin-ly)2 + 2 tancly=0: 
(wt) eT+¥1¢ eV=1; (x2) (e-11)= ar ; 


(zitt) y+logy = o—x—log (l—z) (ziv) 2 — oes = —log y=C; 

(av) (1+-tan 2) siny =c — (wut) (1-+a2) (1+y2) =e ; 

(wvit) (l—y2)=c (1—2?2) ; 

x 
1—y 
t Scie yy w\ oo. 

(xix) log tan (=-+ + )=2sin r+ 


1 
(xvitt) log =C-+- x (22+ 92+-4y) ; 


2 log 2— = —— 22 4. log 2— 
. “ae. 
3, (x+y)+2 log (cx—1) (yl) =4 ; 4.0 ys sz (en) 5 
5. y=exlogz; 6. y+ 1 —2reltv—-2 
7. (1—2) (14y) =e ; (1-2) (1+-y)+5=0 


10. 57 1—y? +5Y1—22 = 7; 
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ll. (8) %+0cos (@+Y) —c; (1s) y§ + 2ay=c 
(eet) w 4 y2 = cedz (tv) sin % + cosay = c 
(v) evl@—sin & +c; (vt) y= 5 log Saaw +c ; 


(vit) z = tan (ex—2y)+¢; 


] 
(Viti) @ = [(de+y)—-5- Tan-1 (42+y)] +¢ 


1 
(1%) @ = ~ (+4) — -g- log (z+y)+e 
(x) (w7—y)P=2e*+-¢ 
12. (1) e-+y=ca ; (40) y—a= ca? ;x (iii) y—8x=cx2 
(20) nace! ; (v) eae : (vt) yiomsee 


7-10. Differential equations of the second order 


Any general discussion of the differential equations of the 
gecond order is beyond the syllabus of the 12th standard. We shall 
limit ourselves to the following remarks : 


(t) The equation has a general solution which contains two 
arbitrary constants. | — 

(#2) All other solutions are particular solutions obtained by 
assigning particular values to one or more of the arbitrary cons- 
tants in the general solution. 

We shall obtain two differential equations of the second order 
and solve them. 


7-11, Motion under gravity. 


Suppose a particle is projected vertically upwards from a 
“a : point O (not necessarily at the ground level). 
Let OX be the vertical through O. Then the 
particle moves along OX. Let zx be the 


a a distance of the particle from O at time ¢. 
Then its velocity v and acceleration a at time ¢ 
are, 

v= = anda = adie 
0 dt — — dee 
Fig. 7.10. Since the particle is moving freely under 


gravity, its acceleration is g downwards. 
Since z is being measured upwards the acceleration is —g 


. ax 
SST, ae 
d2x 
ae =~ 9 


(1) 


is the differential equation of the motion of the particle, 
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Equation (1) can_ be integrated directly w. r.t.¢. since 


d2a de ak dx 
“4 is the derivative of ar w.r.t.t. 
d2x 
r He Sm [ode + oy 
dix e e ° e 
d= 9! + &y cis the constant of integration 4.e. 


u= Cc; — gt. 


This determines the velocity at time ¢. The arbitrary constant 


c, can be determined if the velocity at any particular value of ¢ is 
known. 


dx : 
Now yaaa (2) 
dx — (Cy a gt) dt 
This is a differential equation of the first order and the first 
degree in which the variables are separated. 


| ax = [ (cr — 90) at + 


t= Ct —$ gl + Cy (3) 

Equation (3) is a solution of the differential equation (i). It 

contains two arbitrary constants c; and c, and hence is the general 
solution. 


Equations (2) and (3) givev andz at timet. They determine 
the motion completely. Given the initial conditions or the values of 
a and v for any particular value of ¢ the values of c, and fc, can be 
obtained, The resulting relation will be a particular case of (3) and 
will be a particular solution of (1). 


Thus if the particle starts from the origin with velocity u, we 
have, 
whent = 0,v = wands = 0 
(2) gives w = c,—g(0) 2.€. cy = u 
*, (3) now 1s | 
a = ut—tgl? + ce, 
* 0 = u (0) —} 9 (0)? + cg 1.6. cg = 0 
*, (2) and (3) reduce to, 
v= u—gt and x = ut — 3 gt? 
The last relation is a particular solution of (1). 
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Note Ifthe particle is projected downwards from the point 


0 O, then the differential equation of its motion 
is, 
d2x 
tix de g 


Proceeding as above we obtain, 
uU=—C + gt and x = ct + 3 gt® + Cy 
In particular if it is released from rest at 
O, we have att — 0, x = Oandv = 0 


c, = Oandc, =0 
at time ¢t, v = gt and x = } gf. 


Fig. 7.11 


Illustrative Examples 


Ex. 1. <A body projected vertically upwards from A, the top 
of a tower, reaches the grounds in ¢, second. [If it is projected ver- 
tically downwards from A with the same velocity it reaches the 
ground in t, seconds. Prove that if it falls freely from A it will reach 


the ground in t,t, seconds. 


Sol. Let h be the height of the tower and w the velocity of 
projection. In the first case the stone is projected vertically upwards 
with a velocity u. Its distance z above A at time ¢ then is given by, 

z= ut—tgt? 7 
It reaches the ground, a distance h below A in time f¢, 


at ¢ = t, x=—h 
(ground is below 0) 
’. kh = Uty—-} gt,” 
ie. = h =—ut, +49t? | ail 


In the second case it is projected downwards from A. 
if z is the distance of the particle vertically below A at 


time ¢, 
x= ut + 3 gt? 
At & = te it reaches the ground 1.e. 2 = h at t=t, 
h = ut, + $ gt? 1.2 


If the stone is released from rest at A and falls freely to ie 
ground in ‘?’ seconds 
h = O€ + } gt? 
i.e. h = } gt? ue 
multiplying (1) by ¢, and (2) by ¢, and adding we get, 
hits + ty) = 99 ty ty (4 + 4) 
 A=tghte 
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From (3) and (4) we get, 

gt? — 49 ty be 
t=V ty. te 

Ex. 2. From a baloon which is ascending with a velocity of 
981 cm/sec, a stone is let fall and reaches the ground in 16 seconds. 
How high was the baloon when the stone was dropped. 

Sol. Let A be the height of the baloon above the ground 
when the stone was dropped. The velocity at that instant was 
981 cm/sec. upwards 7.e. —981 cm/sec. downwards. We may con- 
sider the stone to have fallen a distance h freely under gravity in 16 
seconds starting with a velocity—981 cm/sec. 

If x is its distance below the point of release at time ¢ (¢ being 
measured from the instant of release). 

x = (—981)t + 3 gt? 
h — (—981) 16 + } (981) (16)? 
16 x 981 (— 1 + 8) 
= 109872 cms 
h = 1098-72 metres. 

Ex. 3. A particle is projected vertically upwards with a 
velocity 9.8 m/sec. Find the maximum height attained by it. 

Sol. The differential equation of the motion of the particle 


18 
ax re 
dt : 
where x is the distance of the particle above the point of projection 
at time ¢. 


d2x 
dx 
i =— gt + Cy 
1e. v=—ge+ ec where v is the velocity at time f, 


It started with velocity 9-8 m/sec. 2.e. v= 9:8 at ¢=0, 
9-8—— 9(0)+ cy i.e C, = 9:8 


es = — 9-8 —gt 2.€. y=98 —dgt. 


[a =| (98-00 dt +- C, 


oe x = (9'8)t — 3 gl? + & 
Since x is measured from the point of projection z = 0 when 
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Ca=—0 
; x = (9.8) ¢ — $ gl? 
When the particle attains the highest point » — = 0. 


0 = 9.8 — gt 
9-8 : 
t = ra ] taking g = 9-8 ms/sec?® 


At this instant « = 9-8 — }4(9-8) (1) = 4°9 
*, The maximum height attained by the particle is 4-9 m. 
Ex. 4. A body is released from a height of 490m. Find the 
time taken by the body to reach the ground. How much distance 
does it cover in the 4th second of its motion. 
Sol Let x be the distance of the body vertically below the 


point of release at time ¢ Then the differential equation of its 
motion is 


d2y, _ 
dt 
d2x 
dx 
ae gt + Cy 
4.€. yv=gi4+ cy (2) 


Since the body starts from rest. v—0, whent = 0 
O0=g(0) +e te. c, = 0. 


Pas v= gt. 
dx , 
4. a a == 9 
| a sil | atdt + 0g 
me x= $ gt? + Ce 


Since 2 is measured from the point of release, x—0 when ¢—0. 
0 = 3g (0)? + Cg 1.€. Cg = 0 
: 2 = 3 gt 
When the body reaches the ground x — 490 m 
490 = } (9-8)? (taking g = 9-8 m/sec?) 
2 x 490 


¢ — 10. 1.e. the body takes 10 seconds to reach the 
ground. 


Now at the end of 3 seconds, the distance covered is 


9 
my =tg(e)? = 39 
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At the end of 4 seconds the distance covered is, 
16 


0.0. Lo = 8g 
The distance covered by the body in the 4th second is, 
Yo — % =89 a 
2 
7 
= > q 
— 34-3 m taking g = 9-8 m/sec?, 
The distanee covered by the body in the 4th second is 
34-3 m. 


7:12, Simple Harmonic Motion. (S.H.M.) 

A particle is said to execute simple harmonic motion if it 
moves along a straight line in such a way that its acceleration is 
always directed towards a fixed point in that line and is proportional 
to the distance of the particle from that point. The fixed point is 
called the centre of the S.H.M. 

Let us obtain the differential 


equation of a S H.M. Pn na cca 
Let the particle move along X’ X a fe ) Pp X 
and let the fixed point be O, the origin. Fig. 7-12 
Let x be the distance of the particle from O at time ¢. 
2 
, The acceleration of the particle at time ¢ is st 


By the definition of the S.H.M. this is proportional to z and 
is directed towards O. : 
ad2x 
at? 
2 is the constant of proportionality. It is taken in the form 3 
where k is a real number to ensure that the constant of proportion- 
ality is positive. The negative sign on the r.h-s. ensures that the 
acceleration is always directed towards O. Thus if z>014.e, the 
particle is at some point P on the r.h.s. of O, the acceleration is 
__ve and hence in the direction PO. 


—— — key ] 


If the particle is at P’a point on the ).h.s. of O, the x <0 and 
the acceleration is positive and hence in the direction P’O. In both 
cases it is directed towards O. 

Equation (1) is the differential equation of the S.H.M. It can 
also be written as, 

OR fat 


at? 


-+ k2x—0 
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ax 


7:13. Solution of 7p + ka = 0 
We write the equation as, 
dx 
Te = —k2 Xx oe I 
Now a2 — al i) 
dt? —s dt \ dt 
dv 
~ dt 
and ici = oe. Rise 
at dx at 
dv 
dx dv 
de dx 
; dv 
(1) gives oe = —k*x 
1.€. Vv du= —k®*x dx 


Integrating both sides 
4 v2= — hhex? + Cy 
2 v?—c—k?x? where c= 2c). a4 


; dx 
since v= ar we have 


sin-} ae — kt +a, «a being the constant of integra- 


tion. 
[t= Jie sin (kt + «) 
ve Cc 
Writing a = ¢ oe we get, 


= asin (kt + a) 
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In (4) a and @ are arbitrary constants and it is a solution of 
equation 1. Since (4) contains two arbitrary constants it is the 
general solution of (1), the differential equation of SHM. 


Remarks. (1) Positive sign is attached to the velocity in 
equation (3). If we take the negative sign, then the integral in the 
next step will be, 


cos! ae) =kt+ 6 


nn 


i sin (# ae (cee >) ) 


Writing «» = 6B + > we get 


t= | = sin (kt + «) as before. 


the general solution may be taken as 
x= asin (kt + a)orz =a cos (kt + a). These are two 
equivalent forms of the general solution. Further we may write 
x = a sin (kt + a) 
= a (sin kt cos « + cos Xf sin 2). 
= (a cos « ) sin kt + (asin a) cos Kt. 
Writing c, — a cos « and cz = asin a, the general solution can also 
be written as, 
x = ¢, sin kt 4+- cy cos ket. 
ss Since — 1 < sin (kt +a) C1 
—agasn(kt+a)qa 
—-a@gurga 
The particle cannot go beyond a distance a on either 
side of the origin. This distance a is called the amplitude of the 
SHM. | 
3. x =a sin (kt + a) 
dx 


4 = ak cos (kt + «) 


We have x = a sin (kt + a) and v = ak cos (kt + a). 
Now sin (kt + «) and cos (kt+-a) are both periodic functions. 


of ¢ with period i ‘ 


*, the particle acquires the same position, the same velocity 


2 
and the same acceleration after every interval of time 7 ‘ Hence: 
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the motion of the particle is said to be periodic and the time interval 
= is called the period of motion. This is denoted by J. Thus 
27 
T= ae 
4, The movement of. the particle from a position P till it 
returns to P again is called an oscillation of the motion. Thus T is 
the time taken for one oscillation. The number of oscillation in a 
unit of time is called the frequency of the SHM. The frequency is 
denoted by 7. 
no iit 
~~ Qa 
5. We have, 
v = ak cos (kt-+a) 
= kf at sin? (pa) 
2. Ut = fh (a?—2?) 
.. v2 4.e, vis maximum when z=0 and the maximum velocity 
is v=ka, This is when the particle is at the origin. 
Also when x= -+a i.e. when the particle is at the extreme 
‘position. 
v? = k? (a®?—a?’) = 0 
1.e.0 = 0. 
7:14. Particular Forms. 
We shall now obtain two special forms of the equation of 
SHM. The general equation is, 
= asin (kt+a) 
where a and « are parameters. 
(:) Suppose the particle starts at x = p with velocity v = 0, 
These are called initia] conditions of the motion, 
We have, 
x—a sin (kt + «) and v? — k* (a?—z*) 
At ¢—0, 
= a sing and 0 =k? (a—p?) 
', p=p sina ie, sina] 
TT 


= — 


2 


c= pain( kt+ =| 1.€. x = p coskt 


is the equation of the SHM. 
(ii) Suppose the particle starts from the origin with velocity 


at f~=o, x=0 and V=V, 
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We have, 
x—asin (kt + a) and u?=k* (a?—2?) 
0 =asina and vy»=ka? 


Since a + o sin a = 07t.e,a--0 and from the second equation 


we get a —= —_ 
g | Sh 
The equation of the SHM is, 
UV 
= ——=— sink. 
Jk 


Thus when the particle 1s in an extreme position when t = 0, the 
equation of the motion ts, 


x — acoskt 


and if it is in the centre when t=0, the equation is 
x—asinkt, 


a being the amplitude of the motion, 


Illustrative examples : 
A particle executes SHM along the axis of x with 
When t = 0, x = 2 andv=4. Find the amplitude of 


Ex. l. 
period x, 
the motion. 


Sol. Let the equation of the motion be, 
x = asin (kt + a) 
v = ak cos (kt-+-a) 


k ae k=2 
Also «= 2andv = 4 whent = 0 


2— asin ea aud 4 — a2cosea 


1.€e.2 = acosa 
a? sin? « +a? costa — 4+4 4 = 8 


iec.a?=8 ., a=24/2 is the amplitude of the motion. 


Ex. 2. The position of a particle moving along the axis of x 
at time ¢ is given by, 


= 3cos 2t + 4sin2¢ 

Form the differential equation of the motion. Hence or other 
wise show that it is SHM. Find its amplitude and period 

Sol. We have, | 


x= 3cos2t+ 4sin2? 
dx 


gp = O sin eb 8 cos 24 
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Differentiating again, 
a — — 12 cos2t — 1l6sin 2¢ 
at? 
— — 4(3 cos 2¢ + gin 2 #) 
= — 42 
The differential equation is, 
d2x 
at? 
Comparing with the equation of the general SHM e.g. 
dx 
We see that, the motion is SHM with k=2. 


the period of the motion is T — “pom k= 2 
Now z = 3cos2#+ 4sin2¢ 
3 4. 
— 5 | cos 2 + >= sin 2 ¢ 
Let « be such that, 


tan a= a 


sin a = oe and cos « = xii 
5 5 
x — 5 (Sina cos2¢ + cosa sin 2 ¢] 
= 5sin(2¢ + a). 
This is the equation of a SHM with amplitude 5 and period zx. 
Ex. 3. A particle executes SHM along the axis of zx with 
amplitude 6 and period {- . With what velocity does it pass the 
‘point z= —3. | 
Sol. Let the equation of motion be 
x = asin (kt + a) 
Since the amplitude is 6, a =6, 
bia tia ie 2n 1 
Also the period is ea = ae 
k= 8 
The equation of the motion is,. 
2 = 6 ain (8t + a) . 
Now v2 = k? (a?—z?) 
= 8? (6?—2?) 
when x = — 3, 
v2 — 82 (629) 
= 82x27 
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.. The particle passes the point x = — 3 with velocity 
+2473. 


Ex. 4. A particle describing SHM executes 120 oscillations 
per Minute and its velocity at the centre is 44 m/s, What is the 
amplitude and what is the velocity when it is half way between the 
centre and an extreme position ( take x = ae ) 

Sol. 120 oscillations per minute means 2 oscillations per 
second, 


] 1 


am ol 
"hk ~ 3 
88 
=—4r = = 
The velocity at the centre is the maximum velocity ak 
88 
~. a a = 44 
7 
. a= =z = 3-5 meters. 


Also v? = k? (a? — 2?) 


Qa 
“, Whenz = — 


9! 
2 
ea (a 5) 
3a? 
= 2 
: 4 
v= +hav3 
2 
eee, ee 
Se oe 
= +22 JS3° m/s, 


Ex 5. The coordinate of a particle moving along the 
axis of x at time ¢ is given by x = 2 sin? 3t. Show that the motion 
is simple harmonic about the point x = 1 as centre. Show further 
that the period is = 
Sol. We have, 

x = 2 sin? 3¢ 

= 1— cos 6¢ 
* ¢g—l = — cos 6t 


and find the amplitude. 
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Shifting the origin toz = 1,X =2— 1 


D4 = — COs 6t 
ad2X 
and die = 36 cos 6¢ 
; ax 
. @eé. We = — 36 D.¢ 


This is the differential equation of a SHM. 
the motion is simple harmonic with X = 0 as the centre 
i.e. x — 1 as the centre 
Also k = 6 
The period of the motion is, 
jo nr re 
k 6 3 
Since X =— cos 6¢, max X -= 
The amplitude of the motion is 1. 
Ex. 6. A particle describes SHM of amplitude 4 cms. If its 
acceleration at a distance of 1 cm from the mean position is 3 cms/ 
sec?, find its velocity at a distance of 2 cms. from the mean position. 


Sol, The equation of motion is, . 
da, 


Sere ae Lepe 
TD k2x 
when x = I, the acceleration is — 3, 
—3=—H() 


k= V3- 

Also v% = k# (a@—2") = 3 (16—2*) 

The velocity at a distance of 2 cms from the mean position i.e. 
when x=2 will be, 
| v2? = 3 (16 — 4) = 36 

v = + 6 cms/sec. 

Ex. 7. A particle is moving along the axis of x. Its distance 
x from the origin at time ¢ is given by x = 2+ 3 cos 2 ¢ + 4sin 2¢. 
Show that it executes SHM. Find the period and amplitude. 


Sol. We have x = 2 + 3 cos 2¢ + 4 sin 2¢ 
1.€.2 — 2 = 3 cos 2t + 4 sin 2¢ 


Shifting the origin to x = 2 X=axe-—2 
X = 3 cos 2t + 4 sin 2¢ 
: UX _ __ 4.(3 cos 2t + 4 sin 2t) 
re dt? 
— — 4X, 


, the particle executes SHM with X = 0 as the centre ¢. e. 
‘with r—2 as the centre 
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Also k? = 47.e.k = 2 


. the period of the motion T — ees —nT 


we have X = 3 cos 2¢ + 4 sin 2, 
3 4. 
= 5 | 5 00s 2t + Zaina | 


Let « be such that tan « 5 


*, 8M a= Eg and cos « => 

: m=) 5 

*, X=5 (sin a cos 2t + cos « sin 2¢) 
=95 sin (2¢ + a) 

*. the amplitude is 5. 


EXERCISE 7-3 


1. A falling body passes through 224 ft in the last second of its fall. 
- Find the height from which it fell and the time of its falling. 


2. A tower is 260 ft high and a body is projected from its base with a 
velocity of 128 ft. sec. After one second another body is let fall from the 
top of the tower. At what height will they meet ? 


3. Astone is let fall from a height of 240 ft, and at the-same time a 
stone is projected upwards from the ground to meet it. With what. velocity 
must the second stone be projected in order that the stones may meet at a 
height of 96 ft. 


4. A stone is projected vertically upwards with a velocity of 30 Filase: 
Two seconds Jater another stone is projected from the same point with the 
same velocity... Find when and where they will meet. 


5. Astone thrown vertically upwards passes a certain point in ?t, 
seconds after its projection and after a further tg seconds strikes the ground. 
Prove that the height of this point is gtytz. Prove further that the 
stone passes a point midway between this point and the point of projection 


| with a volocity - gv t2-+ 242. 


6. Apa ticle is projected vertically upwards. Show that if t;, t, are 
the times at which it passes a point at a height h above the point of projec- 
tion in assending and descending respectively, then; 

h=> gtylg 

7. <A particle executes SHM of period x secs. If its maximum accele. 
ration is 5 meters/sec®, find the amplitude and the velocity when the particle 
is at a distance of one meter from the centre of the SHM. 


8. A particle executing a SHM acquires velocities of 13 metres per 
sec and 5 metres per sec at distances 3 metres and 5 metres respectively from 
the centre. Find the amplitude and the periodic time of the motion, 


9. A particle executing SHM passes the centre with a velocity which 
is twice its velocity as it passes through a point at a distance of 5 from the 
the centre. Find the amplitude of the motion. 
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10. The period of aSHMisT. At a distance x, from the centre the 
velocity is Vo. Find the amplitude of the motion. 

Il. The amplitude of aSHM is4. As the particle passes tivough the 
centre the velocity is + 5. Find the period of the motion. 

12. If is the z-coordinate of a particle moving along the x-axis. at 
time ¢ show that the motion given by each of the following equations is simple 
harmonic : 

(?) @ = 5cos 2¢ + 12 sin 2¢t 
(74) 2 = Acospt + B sin pt 
(ti?) x2 =2sin 3t — > cos 3 -++ 1 
(tv) x2 = Scost + 4s8in¢ + 3. 
Find the amplitude and the periodic time of each of these motions. 
13. A particle executing SHM has velocities 5 cm./sec. and 4 cms-/sec. 
When it is at a distance of 2 cms. and 3 cms, Se from the centre, 
find the period and the amplitude. | 
14. A particle performing SHM starts from a point 14 metres distant from 
the centre. If its maximum velocity is 22 metres/sec. find its periodic time. 

15. A particle excuting a SHM of amplitude 16 metres takes 6 secs 
to travel 8 4/ 3 metres from the centre. Find the period. 

16. A particle executes SHM with period w. Find the equation of 
motion if at ¢=0, the distance of the particle from the origin is 1 and it has 
velocity 2 at that time. 

17. A particle executes a SHM of amplitude 4 metres. When it is half 
way between the centre and an extremity its speed is 12 \/ 3 metreg/sec. 
What is the period of the motion ? 

18. <A body performing SHM has amplitude a and period T. Show 

that the velocity V at a distance X from the mean position is given by 
V2T2—472 (a2— 72), 

19, A body is projected vertically upwards with a velocity 98 m./sec. 
How high will it rise and how much time will it take to return to the point 
from which it is projected ? 

20. Astone is released from a tower 176.4 m in height, Find the velo. 
city with which it will strike the ground. What is thedistance covered by it 
in the last second before striking the ground ? 

21. A stone is released from a height of 490 metres. Find the time it 
takes to reach the ground. What is the distance covered by it in the 4th sec 
of its motion. : 

22. <A body fallen from the top of a tower covers 53-9 metres in the 
last second of its motion. Find the height of the tower. 


ANSWERS 
35 
1. 7-58ecs.,900 ft; 2. 221 35 ft ; 3. 80 ft/sec. ; 
4. 3-5 secs., 5. 84 ft.; 7. = metres ; = metres/sec ; 


8. 2 Vit metres; ciel 8eCB ; 9. 23 
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VrT2 | Sx . ; 
10. AI x52 4 4<3 : oe “po i 12. (¢) 13,24; 
(it) VY A2+B2 ; = (72) al , Ba ; (tv) 5; 2m ; 


13. 4.7 secs. ; 4.22 cms. 14. 4 secs. ; 15. 36 secs. ; 


16. 2-2 sin ( 2¢ +4) 17, ~ 19. 490m; 20 secs; 


20. 53:9m. 58-8 m/sec. 21. 10sec; 343m 22, 176-4m. 


7:15. Problems on growth and decay. 

Many measurable characteristics in daily life, such as mass of a 
radioactive substance, temperature of a body, population of a 
country etc., grow or decay with time. We can consider their rates 
of change w.7.é time. It x represents a measure of the characteristic 


ka will represent the rate of change of the characteristic w. r. t. time. 


If this rate of change is some known function we can write down a 
differential equation satisfied by x as a function of ¢. The solution 
of this differential equation will then determine x as function of t 
This will be illustrated by the following examples. 


Ex. 1. The rate of growth of the population of a country at 
any time is proportional to the size of the population. at that time. 
For a certain country it is found that the constant of proportionality 
is 0-04. Show that the population of the country will be more than. 
doubled in 25 years. 

Sol. Let x = population of the country after ¢ years. 

from a certain fixed instant say today. 
P = population of the country at the fixed instant. 


= ax and since the constant of proportionality is 0-04, 


= =-(0-04) x. 
This is - differential equation satisfied by 2. 
. © _ (0.04) dt. 
x 
Integrating we get, 
log x = (0-04) ¢ +c. 
P (0-04)é-+-c 
c (0-04)t 
= € .€ 


when t = 02. e. at the fixed instant, x=P., 
Pe OOO) 
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after 25 years t.e at t= 25, 
y= P (O04) 25 
zex — Pie 
eS 2P since e> 2, , 
”. the population will be more than doubled in 25 years. 


ve 


Ex. 2. The rate of decay of the mass of a radioactive substance 
at any instant is « times its mass at that instant. It «—10-4, show 
that the mass of the substance will be less than half its value today 
after 10,000 vears. 

Sol. Let x = mass of the substance after ¢ years from today. 

m = its mass today. 


Since the mass decays 7.e. reduces with time its rate of change 
w.r.t. time is negative, | 


dx 
ans ae = —(10-4) X. 
dx 
at eee ~4 
e x (10 ) dt. . 


Integrating we get, 
x log = c—(10-4) ¢ 


_ go —(10-*) ¢ 
a: Ye o (10-4) t 
When ¢t = 0 i.e today, the mass is m 
ie ee 0) 
= ef 
w% == Mm, Pras Cae 


After 10,000 years z.e. at ¢ — 10,000, 
—(10-4) - 10000 


c= me 
= me-} 
x<tm 2 @€>2ape-l< 5. 
the mass will be less than half the mass today, after 
10,000 years. 


Ex. 3. The rate of decay of the mass of a radioactive substance 
at an instant is proportional to its mass at that instant. It m, is the 
initial mass of the substance find the expression for its mass at time 


ae 
t. If it is known that its mass in 100 years becomes 5th its initial 


mass, what will be its mass after 500 years. 


Differentoal Equations 373 


Sol, Let m denote the mass of the substance at time ¢. Then 


ie is the rate of change of its mass w.7.t. time f. 
dm a 
dt” 
re . dm . 
Since the mass decays i.e. decreases, > negative, 
dm 
k being the constant of proportionality. 
BU cad ese 
Integrating we get, 
log m = —kt + c¢ 
c—-kt 
m =e 
ae. okt 
Att = 0, m=™M>,; 
mo=e° . as (9) 
C 
=€ 
kt. 


0 Ml My, eC | 
This gives the mass of the substance at time ¢. 


Now at# = 100, m = —+-m, 


5 
ee m, = m gi 
5 
—100k_ 4 
| ~~ 6 
After 500 years t.e. at ¢ = 500, the mass will be, 
m = my, ¢— #500 
5 
= mM, (¢ —100k) 
;4\ 
mk 3 


the mass after 500 years will be, 


5 
7.16. Newton’s Law of Cooling 
When any body is at a higher temperature than its surround- 
ings and is left to itself i.e. no heat is supplied to it, it tends to 
cool down to the temperature around it. Newton postulated the 
following law regarding the rate of loss of heat by the body : 


5 
Mg ( +) = (33) m, approximately. 
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The rate of loss of heat of a body is proportional to the difference 
between its temperature and the ambient temperature 1.2. the tempera- 
ture of its surroundings.”’ 


Let Q be the quantity of heat contained in the body at tempe- 
rature T°C. Let T,°C be the temperature of its surroundings, 
the rate of change of heat Q w.r.t. time ¢, 


18 ae This is proportional to T—To. 


. a 
a T—To 
ao taal dQ . ; 
Since heat is being lost = 8 negative, and we have 
dQ 1 


k being the constant of proportionality. 
Now @Q the amount of heat contained in a body when its 
temperature is T°C is, 
Q = M.8&. (T—T,) 2 
where m== mass of the body 


$ = its specific heat. 
dQ dT 


_——= ms, —— : 
ee at 1 eve dt 


From (1) and (3) we obtain, 


aT | 
. m.8, a — k (T—T,) 


aT 
1 a 
Since m, the mass and s the specific heat are constants, we get 
on integration, 
m.s. log (T—T,) =c—kt 


2.€. M. 8. 


—kdt 


e & kt 
t.e. log (T—T,) = ms. ™m.8. 
: it 


ms. 8, 
T—T, = e s eee 


If at ¢ =0, T—T, = « t.e. the difference of temperature 
between the body and its surroundings initially was «, 


C ko) 
m.8. m.s. 
9 Ae — al oA é 
Cc 
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(4) gives, 
—kt 
—kt 
m.8. 


Par T=7, + ae 
This will be the temperature of the body after a time interval ¢. 


Illustrative Examples 
Ex. 1. A large brass utensil of mass m at a temperature of 
400°C. cools in an atmospheric temperature of 25°C according to 
Newton’s law. If the specific heat of brass is 0-1, write down the 
expression for its temperature after time ¢. If in 20 minutes _ its 
temperature becomes 325°C what will be its temperature after one 
hour ? | 


Sol. We have, 
—kt 


ms 


T = Ty + ae 
where T = temperature at time ¢ 
T, = atmospheric temperature = 25°C 
a — T—T, initally — 400°—25°—375° 
m = mass of the body 
s = Specific heat of the substance = 0-1. 
”, for the brass utensil, 


et 
T — 254.375 OD 
_kt 
m(Q°1) 


’, T—25= 3765.e | | 
This determines the temperature of the utensil at time t. 
After 20 minutes T = 325° 


_k (20) 
+ 395 — 25 = 375 e ™ (0-1) 
200k 
= 300 
.@ = 375 


4 


I 


- the temperature after one hour i.e. 60 minutes will be given 


by, 
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T — 25 — 375 e ™ (Ol) 


(= ) 
= 375 e€ a 


4 3 
= 310 = 
— 192 
- T = 217°C at the end of one hour, 


Ex. 2. A body of mass 500 gms, and specific heat 0-5, cools 
according to Newtons’ law from a temperature of 150°C in an atmos. 
phere of 30°C. Obtain an expression for its tamperature at time f. 
If the body cools to 90° in 30 minutes, what will be the time taken 
by it to cool down to 60°. 

Sol. Newtons’ law states that the rate of loss of heat is 
proportional to the difference of temperature between the body and 
its surroundings. 

-, denoting by Q the quantity of heat contained in the body 
at time ¢ and by T, T,, the temperature of the body and that of its 
surroundings respectively, we have, 


dQ 
ai T — T, 
, : dQ. ; 
As heat is being lost ar is negative ; 
dQ | 
ae = =— k(T—T,) k>0 
= k(T—30°) Since To = 30° (1) 


Also Q = ms (T+-273), 
m being the mass and s the specific heat of the body. 
“, Q = 500 x 0.5 (T+273) 


= 250 (T+ 273) 

. a aT 
a ae (2) 
(1) and (2) gives | 
aT 
250 z= k (T—30) 
. aT ok 
“p39 = 50H 
Integrating we obtain, 
k 
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yy ma t 
T  30= e 250 
when t = 0, T = 150° 
I 
¢ -— —=-~ (0) 
150 — 30 =e 250 
; | 
= € 
at ef = 120 
Cog 
. T—30=120. « 0 
k 
350 


te. T = 30 + 120-e 
This relation gives the temperatare of the body at time t. 
Now T = 90° after 30 minutes 


—k 
san (30) 
+ 90 — 30 = 120-¢ 750 
30 k 
ic. 6O= 120e 0 
30 k 
, MW - 
If the temperatare is 60° at ¢ = ty, 
kt, 
60—30 = 120 ¢ 700 
ty 
ic. 30=120e 750 
kt, 
ee a 4 


From (3) we get 


( 30k \2 
e 250 = 
60 k 


1. e. é 250 — + Coo ceocece 5 


From (4) and (5), ¢; = 60 minutes 
the body will cool down to 60° in one hour, 
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EXE RCISE 7-4. 


1. The rate of increase of the mass of a water drop by condensation 
from surrounding air is proportional to its mass at the time. Find an expres- 
sion for its mass at time ¢ if the initial mass is my, If in 20 seconds its mass 


increases by <= mo What will be the increase in mass in the next 30 


seconds. 

2. Tho rate of increase of the population of a country at any time is 
proportional to the size of the population at that time. Find an expression 
for the size of the population after ¢ years from today if the population today 
is P. The population ofa country increases by half its value today within a 
period of next 10 years. What will be its population 30 years from now ? 


3. The mass of a crystalline deposit increases at a rate which is propor- 
tional to its mass at that time. The deposit has started around a crystal seed 
of 5 gms. Find an expression for its mass at time ¢. If in 30 minutes the 
mass of the deposit increases by 1 gm. what will be the mass of the deposit 
after 10 hours. 

4. The rate of decay of the mass of a radio activo substance is pro- 
portional to its mass at that instant. Find an expression for its mass ofter ¢ 


years if today it is mg. I:xisting evidence suggests that it will loose a th 


of its mass in 100 years. What will be its mass after 1000 years ? 


5. The rate of decay of a self destroying bacterial culture is propor- 


tional to a the number of live cells of the culture at the time. Find an 
expression for the mass of live cells at time ¢ if initially it is m,. If half the 
number is destroyed in 60 minutes what will be number of live cells after 4 
hours. 

6. It is found that the rate of decrease of the mass of a volatile _ liquid 
is proportional to (¢-+-1)-? at ¢ seconds, from the instant of exposure to atmos- 
phere. Show that the mass left in the container after ¢t seconds is 


mg — = , where k is the constant of proportionality and Mp the mass at 


t=0. What will bs the time taken by the liquid to evaporate completely ? 

7. The fixed deposits with a branch of certain bank are increasing at 
the rate of 6t—a at the end of time t from the date the branch is opened. 
Show that the deposits at time ¢ are given by- 3/3—uat, 

8. A body cools accordiug to Newtons’ law from 100° to 60° in 20 
minutes. ‘The temperature of the surroundings is 20°C. How long will the 
body take to cool down to 30° ? 

9. A mass m gms, of boiling water is left to cool in atmospheric tem- 
perature of 25°C, If it cools according to Newton’s law find an expression for 
its temperature at the end of ¢ seconds (Boilin. temperature of water is 100°C 
and specific heat of water is 1). If it cools down from 100° to 40° in 30 minutes 
what will be its temperature after one hour ? 

10. A silver plate of mass 500 gms was heated to 200°C and left to cool 


in an atmosphere ata temperature of 25°C. If the specific heat of silver 
is 0.056 and the cooling is according tu Newton's law, find an expression for 
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the temperature of the plate after time ¢. If after 20 minutes its tomperature 
is 150°C what will be its temperature after one hour ? 

11. Accopper tank at a temperature of 250°C is allowed to cool in a 
temperature of 50°C, If it cools according to Newton’s law and the specific 
heat of copper is 0-1], find an expression for its temperature at time ¢. If 
after 40 minutes its temperature is 200°C what will be its temperature at the 
end of 2 hours ? 

12. Population increases at a rate which is proportional to the size of 
the population at the time. The population of a city increases from 20 lakhs 
to 40 lakhs in 30 years. Find the population after another 15 years. 

13. The rate of growth of bacterial culture is proportional to the 
number of live cells at the time. Initially the number of live cells was 1000 
and after 10 hours their number was 8000. Find the number of live cells 
15 hours from the beginning. 

14. A body cooling according to Newton’s law cools down from 80°C 
to 60°C in 2 minutes. If the temperature of the surroundmgsit is 10°C in how 
much time it will cool from 60°C to 40°C. 

15. The temperature of a liquid is 75°C when the room temperature is 
25°C. After 15 minutes the temperature of the liquid is found to be 65°C. 
Show that after 90 minutes from the initial observation the temperature of 
the liquid is 38°C. 


ANSWERS 
25 at 27 6 \20 a 
1, Gq 70 5 Moe 2. >) Pye ae 5(=) gms ;5e ; 
ee a —tat ; 

—kt —kt 

9.T= 254756 ™ 598°0;10, Ta254175¢ 2 
—10k¢ 

WW. T=504200¢e ” ; 4 C. 12. 56:4 lakhs ; 13. 22694; 


14. 5 minutes approximately, 


Mathematics & Statistics Paper-II 


Time : 24 Hours | . Maz. Marks : 50 


Note: (t) All questions are compulsory. 
(11) All questions carry equal marks 


1. Attempt any FIVE of the following : 
(i) Find the g. 1. b. and }. u, b. of the set 
fw ft Tep12 <0. 2 eR} 2 
(tt) Discuss the convergence of the series 


1 
Ss nat] 


(iis) Find = Jif VeotVv y=@ 2 
(v) Test the applicability of Lagrange’s Mean Value theorem 
for | | 
f(a) = 3442 —2? in [1, 4] ve 2 
(v) Bvaluate| con Va re _ a | 9 
P | 
8 
(vt) Express | (22-43) dz as limit of a sum 2 
0 
(vst) Form differential equation whose solution is 
| Y = Ae®z + Be-%z 2 
(vitt) Solve (1+-y) dy—(l—zx) dy =0 2 
2. (a) Show that the sequence whose n* term 
I I I 
an, = 1+ Tr +O Pe cieeies Sos + at 
ig monotonic increasing ana bounded. 4 


(b) Answer any threc of the following : 
(i) Evaluate © 
lim 


n—>ool +/n?+1—n] : 


380 
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(i) Discuss convergence of the series 


fo) 1 | : 
> a 
n=) 


(iii) Evaluate lim _% 180 7 _ | 2 
: x30 Ll—cosz so 


(iv) Discuss continuity at x = 4 of the function 


) 216 2 
f(x = ——F for #4 


| i 
—(?) Obtain Derivative of f(z] = $42" 
from the first principle. 7 2 
3. (a) If « and » are derivable functions of x then show that 
du _ dv. | 
dfu\ ° de” “dx = 
ax (= )= 92 v0 . 3 
(6) If x7y7 = (2-+-y)Pta, then show that | 
dy y : 
daz 2 : 


_(c) (t) For the curve y = bex/ (where a and BD are cons- 
tants) show that subtangent is of constant length 
and sub-norma! varies as square of the ordinate at 
any point of it. 2 


(#i) The sides of a square are increasing at the rate of 
0-5 cm./sec. At what rate is the area increasing 
when the side is 10 cm. long ? 2 

a 4 ao | 
3. (a) A box with a square base is to have an opentop. The 
area of the material for making the box is 192 sq. cms. 
What should be its dimensiona in order that the volume 
is as large as possible ? . 4 
(6) Find the approximate value of tan-! (0-999) 2 

(c) Evaluate 
qe = 2 cosec® 6 

(*) ees I—cos 6 ° 
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(i) Ify = 2Ve sn dy 2 
dx 


4, (a) If f(x) and g(x) are two integrable functions, show that 
SC F(z) +-9(x)] dx = f(x) dx-+Jg(x) dx and if & is constant 
then show that fk f(x) dx = k § f(x) dz. 3 


(6) Integrate w. r. to z, any two of the following : 


L 
4) | ——_—__- —— _ dz 2 
we a Vz—1 
+2 
dx , 2 
i) lear ers 
(iit) | 2? log x dz 2 
: 008 2 
sea eee 2 
a?) 9—coa? x dz 
(c) A particle is projected vertically upwards with a 
velocity of 9-6 m/sec, Find how high it wiil rise ? 3 
5. (a) Evaluate the following 
/2 
 _ 2 
(*) | a 2 
0 
2 
(t2) | x et dx | . 2 
0 
(b) Find the area of the region bounded by the curve 
y =2* and the line y = z. 3 


(c) If the bacteria in culture increase continuously at a 
rate proportional to the number present and initial 
number is N,, find the number at time ¢. - 8 


OR 


6. (a) If f(x) is odd function i.e. f(z) = i( 2) then prove 
that . 


[fd = 0 3 
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m/2 

(6) Evaluate | 
0 

(c) (t) Solve the differential equation 


Sin? x : 
(1-+Cos 2)? 


yr— — = 7? 2 
(i) A particle moves under the law z = Sin & t, where x 


is displacement at time? and & is constant. Show 
that the motion is simple harmonic. 2 


— “——" aa Gans 
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